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Preface 

Multivariate polynomials are a basic tool in the approximation of functions. When 
my monograph on Constructive Approximation of Multivariate Functions wais pub- 
lished, now more than ten years ago, I could not know that a period of extremely 
active investigation on this field was just ahead. An important new key-word was 
given by Ian H. Sloan, hyperinterpolation, which is a discrete projection method, 
realizing the growth order of the minimal uniform projection norm on the sphere 
— whereas it is an open question, whether interpolatory projections do the same. 
In the general case, hyperinterpolation is still missing convergence. But by sum- 
mation, generalized versions arise, which are convergent even at the best possible 
order. Anyways, the new issue caused new interest in positive quadratures of high 
exactness, in particular in the geometry of their nodes, and in their weight dis- 
tribution. Using the new knowledge we estimate the approximation error even of 
certain discrete positive polynomial operators by means of the modulus of con- 
tinuity. They are gained from the Newman-Shapiro operators, which attend also 
our new interest. 

Naturally, there exists a severe complexity problem in higher dimensional spaces. 
We master it by a controlled truncation of the discrete operators, without destroy- 
ing the approximation order. 

Most of the results, gained for the sphere, define also an approximation method for 
the balls of lower dimensions. In the description of this process, the old orthogonal 
polynomials of Appell and Kampe de Feriet are very helpful. Another reason for 
their necessary revival is their behaviour under certain rotations, by which they 
become the welcome tool in the evaluation of some projections, defined by the 
average over a rotation group - with an important application to the Radon-, or 
more generally, to the k-plane transform. We finish by mentioning a high accuracy 
positive approximation method for the unknown density function. It constructs 
the approximants from the Radon-images as the data, thus solving the inversion 
problem of tomography by an approximation method of polynomial stability order. 

In view of this development, it will not be too surprising, that I decided to write 
the monograph quite anew, saving what has to be saved, but rejecting what is 
not fitting to the new concept. A large variety of problems is attached to help the 
reader to become familiar with the multivariate theory. All problems are solved in 
a separate section. 
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Preface 



Several parts of this book have been subject to advanced lectures which I hold 
at the University of Dortmund, or have been subject to discussion or cooperation 
with former members of my research group. I mention in particular Burkhard 
Siindermann, Michael Rosier and Ulrike Maier. I am aware of the motivation I 
owe them, and acknowlege this gratefully. I am also indepted to H. Michael Moller 
for valuable hints and remarks. 

Finally I acknowledge the great motivation which I received at the Bommerholz 
conferences on multivariate approximation, which I were lucky to organize together 
with my friends Werner Haufimann and Kurt Jetter, the last conference also to- 
gether with Joachim Stockier. My hope is that these conferences will stimulate 
and promote multivariate approximation also in future. 

Manfred Reimer 
February 2003 
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Introduction 




Chapter 1 



Basic Principles and Facts 

1.1 Preliminaries 

We investigate polynomial approximations to functions 

F : D-^ JR (1.1) 

where is a nonempty compact subset of IR^, r G IN, preferably in the uniform 
norm, but occasionally also in the quadratic average norm. The function is called 
multivariate^ if r > 2. C{D) denotes the space of all continuous functions (1.1) 
which is provided with the norm 

Halloo II^’IId := max{|F(a;)l : x & D}. 

Our particular interest is directed to the case where D is one of the following sets: 

:= {j; G IRH kl < 1}, 

5^-1 — {a: G IRH k| - 1}, 

E'^ {a: G IR"’ I X > 0, xi + ... + < 1}, 

{x G IR^ I X > 0, Xi + ... + Xy^ = 1}. 

is called the ball, S'^~^ the sphere and E'^ the simplex in IR’^. The sets are 
related by the mapping 

X (f){x) = {xj,xl,...,xlY, (1.2) 

which maps B^ onto E^, while the mapping 

X l-> t/;(x) = {xi,.,.,Xr, \Jl - x\ - ... - xD' (1.3) 

maps B^ onto the hemisphere 

5 ; := {xeS^\xr^i > 0 }. 
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So most of the results which can be obtained with respect to one of these sets 
may be interpreted as a result with regard to each other one. Hence it suffices, in 
principle, to investigate the space with the advantage that we can make 

use of the group of (proper) rotations on which is a strong tool. As we are 
going to be 'constructive', we represent the elements of this group by the elements 
of the matrix group 



A" {AeTR^^^\A'A = I,detA = +1}. 

Note that every basis transform in IR^ furnishes a transform A i-> AB in the 
representation of the elements of the group. A function (1.1) is called univariate 
if D C IR. Except for special functions we characterize univariate functions by 
small letters. For complexity reasons it is desirable to trace back multivariate 
functions to univariate ones. One way to do this is via product methods. But 
in rotation- invariant subspaces of C(S'^~^) reproducing kernel functions, which 
are bizonal and hence in principle univariate, are the more appropriate tool. The 
reason is that they are invariant under the subgroup of rotations which keep the 
other argument fixed. This gives us a first idea of how important rotations are in 
the theory of spherical functions. 

The euclidean inner product oi x,y e IR^ is written in each of the forms (x,y) = 
x'y = xy, depending on the context. To avoid inconsistency in the notation we 
define F(x') := F(x) for x e D. We suggest that the reader is familiar with the 
F- and with the B- function. Recall that 

= 9{I+y) = / (1-4) 
0 



is valid for > 0. 

1.2 Existence of a Reproducing Kernel Function 

Let V be a linear space of functions D JR, which is provided with the inner 
product (•,•). 

Definition 1.1 (Reproducing Kernel). A function G : D x D ^ JR is called a 
reproducing kernel ofY if the following holds: 

(i) G(x, • ) G V for all x e D, 

(a) G{x,y) = G{y,x) for all {x,y) £ D'^, 

(in) {G(x,-),F)) = F{x) for all F eY,x e D. 

Theorem 1.1 (Reproducing Kernel). IfY is finite- dimensional, then a uniquely 
determined reproducing kernel exists. 




1.3. Rotation-Invariant Spaces 
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Proof. Let Si,...,Sn be an arbitrary orthonormal basis in V. Define G : D x D 
JR by 

N 

G{x,y) := ^Sj{x)Sj{y) for x,y e D. (1.5) 

j=i 

Obviously, G satisfies {i) and (ii). Next let F G V and x e D. Then we get 

N 

{G{x,-),F) = '£{Sj,F)Sj{x) = F{x), 

i=i 

and (Hi) is also valid. So a reproducing kernel exists. 

Next assume that H is an arbitrary repoducing kernel of V. Then H{x^ • ) G V, 
X G D, is reproduced at y G D by • ), and we obtain 

H{x,y) = {G{y,-),H{x,-)} = {H{x, ■),G{y, ■)). 

But H{x, • ) reproduces G(y, •) G V at x, and we get 

H{x,y) = G{y,x) = G{x,y). 

As X and y were arbitrary this implies H = G. □ 



1.3 Rotation-Invariant Spaces 

Let r G IN \ {1}. Several important function spaces are covered by the following 
definition. 

Definition 1.2 (Rotation-Invariant Space). D is called rot at ion- invariant if 
D = AD := {Ax| x e D} holds for all A e A'^ . A subspace Y of G{D) is called 
rotation-invariant if D is rotation-invariant and if Fa = F holds for all F eY 
and all A G A'^ , where Fa{x) := F{Ax) for x G D. 

Obviously, G{B^) and G{S^~^) are rotation- invariant. 

In what follows we provide r G IN \ {1}, with the inner product 

{E,F) := {E,F)sr-i := j E{x)F{x) d^{x) (1.6) 

Sr-1 

for E,F G G{S^~^)^ where the integral is the surface integral of with respect 
to the standard measure uj{x). We use the abbreviation dx for do;(x), if the context 
allows this. For later use we define 

LJr-i •= meas{S^~^) = J dcj(x), '= meas{B^) = J dx (1.7) 

Sr-l 
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for r G IN, where the measure of = {+1, —1} is to be put to cuo = 2. Note that 



r ' Qr = ^r-l 




(1.8) 



holds, see Problem 1.1. 

In a natural way the inner product can be extended to the space of 

measurable and square-integrable functions S'^~^ IR. 

The definition (1.6) is such that 

{Ea,Fa} = {E,F} 

holds for E, F e and arbitrary rotations A e A^, as detA = 1. Exactly 

here we use that improper rotations are excluded by the definition of the group. 
The situation is not singular, and the question arises how this property of the 
inner product infiuences the structure of the reproducing kernel. 

Before we answer this question we remark that a rotation-invariant set D (which 
is nonempty and compact in by our general assumption) can be written in the 
form 

D = {xGIRH 

where Id is a compact set in IR. If we assume that D does not consist of a single 
point, then we may also assume without restriction of generality that 

cDcB^ 



holds, which in return implies 

{— 1,+1} C Id C [—1,+!]. 

With these notations the following is valid. 

Theorem 1.2 (Reproducing Kernel in a Rotation-Invariant Space). Let r G 1N\{1}. 

AssumeY is a rotation-invariant subspace ofC{D) with reproducing kernel G(x, y) 
with respect to the inner product ( • , • ) , which satisfies 

{Ea,Fa) = {E,F) 

for E, F G V and arbitrary A e . Then 

G[Ax,Ay) = G{x,y) 

holds for (x,y) G D x D, A G and a function h G G{Hd) exists, where 
Hd •= {Id \ {0}) X {Id \ {0}) x [-1, +1], such that 

G{x,y) = h{\x\,\y\,xy) 



is valid for x,y £ D \ {0}. 
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Proof. For x, y e D, A e we get Ax, Ay e D, and the following holds because 
of the properties (i) - {Hi) of the reproducing kernel: 



G{Ax,Ay) 



{Gix,-),G{A-,Ay)) 
{G{x,A-^-),G{-,Ay)) 
{G{-,Ay),G{x,A-^-)) 
{G{Ay,-),G{x,A-^-)) 
G(x,A~^Ay) = G{x,y) 



(by properties (i), (ii), (iii)), 
(property of the inner product), 
(symmetry of the inner product), 
(by property (ii)), 

(by property (iii)). 



Next let x,y £ D\ {0}. Moreover we assume, in the beginning, y ^ span{x}, such 



that 



\y\x±\x\y 



= V‘AA\y\{\A\y\^xy) > o 



is valid. We define 



u := u{x,y) := 



\y\x+\x\y 

\y\x+\x\y 



V := v{x,y) := 



\y\x - \x\y 
\y\x- \x\y 



which implies u,v £ and uv — 0. There is a rotation A E A'~ and an 

e e {+1, -1} such that 

Au = ei, Av = 662 . 



Note that e = — 1 is needed in the case r = 2 , only. It follows that 



\y\Ax-{- \x\Ay 
\y\Ax - \x\Ay 



\y\x-\-\x\y 
\y\x - \x\y 



ei, 



and hence 

Ax = p{Y^5k||2/|(|a:||2/| +a;2/) ej + ^ l\x\\y\{\x\\y\ - xy) 662), 

Ay = j^{y5|a:||2/|(|a;||?/| +x2/)ei - yj ^\x\\y\{\x\\y\ - xy) ee2|. 



So we obtain 



G{x,y) = \ \G{Ax,Ay)^G{Ay,Ax) = h{\x\,\y\,xy), 



L ^ 



where the function h is defined, with the abbreviation r = by 

K^,v,0 ■= 

+ 0 ei + ^i'^(^-C) £62] , I [^iT(r + 0 ei - ^ir(r-C) £62]) 
+ [\/l^(^ + 0 ei - y^iT-(r-C) €62] , i [y^H^+O ei + y^3'^(r-C) £62]) 
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for (^,^,0 G Hu- 

As G is continuous, the additional assumption y ^ span{x} may be dropped, and 
it is obvious that h is continuous in every point of the form (|x|, |y|,xy), G 
I^\ {0}. By the assumption S'^~^ C -D, the values of xy cover the interval [-1, +1] 
while X and y vary in D. Therefore h is defined and continuous \n Ho • Note that 
there is no claim concerning the values of G{0,y) and G(a:,0), respectively. □ 

Later we will we able to specify some reproducing kernels by the help of Theorem 
1.2 more detailed. 



1.4 Rotation Principles, T-Kernels 

We are interested in functions F of a rotation-invariant space which satisfy 
Fa — F for some rotations A, say for all A of a subgroup of A^. This is true, for 
instance, if F has the form F{x) — f{tx) for x G where / G C[-l, 1], t G 
and the subgroup consists of the rotations which keep t fixed. We generalize this 
idea as follows. 

Let G 1 < fc < r - 1, be orthogonal, and define T := (ti, ..., t/e), 

which is an r X A: matrix with columns ti, Then 

{AeA^\AT = T} 

is the subgroup of A^ whose elements let [T] span{ti, be fixed. Note 

that A^ = holds in the case k = r — 1. 

T can be completed by the columns of a matrix U = •••, Ur) such that 

(T,[/) G AF (1.9) 

In the case 1 < A: < r - 2 the construction is not unique. But if T is completed 
likewise by F = ..., instead of U, such that(T, F) G A^ holds, then we 

get 

A(T,F) = (T,t/), 

if we define A := (T, ?7)(T, F)', which implies in particular 

A G A^, Avr = Ur. (1.10) 

Lemma 1.3. Let r > 3. Assume T = (ti,...,^^), 1 < A; < r — 2, completed by 
U = (ix/c+i, ..., Ur) such that (T, U) G A^. And assume that v G S'^~^ is orthogonal 
to ti,...,tk. Then there exists an element A G A^ such that Av = Ur. 

Proof. T can be completed by F by the successive choice of Vr := v, r’r-i, •••, Vk+i 
where the choice of Vk~\-i decides on the sign of the determinant of (T, F) to be 
-hi. The remaining follows from (1.10). □ 
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Definition 1.3 (T-Kernel). Let Y be a subspace of C{D) where D is rotation- 
invariant, and letT = {t\, ...,tk), I <k <r — as above. Then 

Yt := {FeY\FA = F for all A G 

is called the T-kernel ofY. 

Note that Yt is a subspace of V and that k = r — 1 implies Yt = Y. 

Theorem 1.4 (T-Kernel oi C{S^-^)). LetY := C{S^~^), and let T = {ti,...,tk), 
1 < k < r — 1, be as above. 

(i) For f G C{B^) let F eY be defined by 

F{x) := f{T'x) for x e 



Then F G Yt is valid. 

(a) Vice versa let 1 < k <r -2 and assume F eYt> Then a function f G C(B^) 
exists such that 

F{x) = fiT'x) for all x e S^~\ 

Proof. Because of |T'xp = ~ ^ definition of F is correct, 

and for A G AL we get A' G AL and hence F(Ax) = f(T'Ax) = fUA'TYx) = 
f{Vx) = F{x). So we obtain F G Vt- 

Next let 1 < fc < r - 2, F G Yt- We choose U such that (1.9) holds and let U be 
fixed, X G S'^~^ be arbitrary. Then x can be written in the form 

k r 

X = + uj where w = ^ {x,Uiy)uj,, 

U = k-\-l 

y=k-\-l i>=\ 

In the case it; 7 ^ 0 we define v w/\w\ and obtain 



k k 

X = Y^{x,U)ti, + A 1 - Y^{x,uy^v (1-11) 

iy=l \ 1^=1 

where v G S^~^, v orthogonal to ti,...,tk- In the case rc = 0 the factor occurring 
with V is zero and the representation (1.11) holds with an arbitrary v, as above. 
Now we make use of the assumption 1 < A: < r - 2, which implies r > 3. By 
Lemma 1.3 there exists A G such that Av = Ur- Hence we obtain 



F{x) = F{Ax) = F I '^{x,tj,)tj, + 



L l/=l 



\ 



1 - 
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Finally we define / G C{B^) by 












U=1 



Ur 



for + ... + < 1. The definition of / is complete as the vectors {xti, ...,xtk)' 

cover B^ as X varies in 5^“^, and we obtain 

F{x) = f{xti,...,xtk) = f{x'T) = /(T'x), 



as claimed. □ 

Remark. For k = r — 1 the second statement of Theorem 1.4 would be that every 
F G C{S^~^) takes the form mentioned. For T = (ei, . . . ,er-i) this would imply 
that every F G C{S^~^) has the form F{x) = /(xi, . . . which is not true. 

So the restriction on k is necessary. We finish by the remark that if, in Theorem 
1.4, V would be defined by V := C{B'^)^ then / would have to be replaced by a 
function from C{B^ x [0, 1]), while f{T'x) has to be replaced by f{T'x, |x|). 

Theorem 1.4 furnishes immediately the following corollary. 

Corollary 1.5 (Characterisation of T-Kernel Functions in Assumptions 

as in Theorem 1.4, but 1 < k < r — 2. Then the following holds. F G is 

contained in the T-kernel ofC{S'^~^) if and only if F has the form F{x) = f{T'x), 
where f G C(B^). 

Proof. See Theorem 1.4, {i) and (ii). □ 

Remark. Let A: = 1 and let t := t\. Then we have T = (t) and the T-kernel 
functions take the form F{x) = f{tx). 

Definition 1.4 (Zonal Functions). A function of the form F{x) — f{tx) for x G 
where t G is fixed, is called a zonal function with axis t. 

Corollary 1.6 (Characterisation of Zonal Functions). Let r > 3. F e is 

zonal with axis t G S'^~^ if and only if Fa = F holds for all A G which satisfy 
At = t. 



1.5 Averages and T-Kernel Projections 

We want to define projection operators V ^ Yt for subspaces of C{D) by aver- 
aging the function values F{A'x) = F{x'A) over the group A^. In principle we 
could arrange this by means of the Haar integral on topological groups. But as 
we do not want to presuppose the reader to be familiar with this notion, we use a 
constructive method in what follows. 
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In the beginning let r > 2. A rotation A G is uniquely determined by its first 
r - 1 column vectors ai, ...,ar-i, say 

ai, ...,ar-i G 5^ 

ajQk = 0 for G r - 1}, j 7 ^ k. 

The * indicates that the last column of A is redundant. So we may consider A to 
be an element of the manifold 

{(ai,...,a^_i) e dj-aft = 0 forj ^ fc} , 

which is a compact metric space with respect to the euclidean distance function 
of 

Next we introduce the integral^ i.e., positive linear functional F : C(A^) i? by 
defining 



/ / $(ai,a2,...,a7^-i,*)daic!a2*-* da^-i (1.12) 

5^-1 52(a^_i,...,a3) 5i(ar-iv,a2) 

for $ G C(A^), where the integrals which occur are surface integrals with respect 
to the spheres 

CLjJf-l) •= S n [U 7 >_ 1 , 

= {x G xak = 0 for k = j 1, r — 1} 

for j = 1,2, ...,r — 2, respectively. Note that (1.12) implies 

liriloo = r(l) - (1.13) 

in the uniform norm. The definition of F is such that the following theorem holds. 

Theorem 1.7 (Left-Side Invariance of F). Let r > 2, $ G C(A^). Then 

F$(C’) = r$(-) (1.14) 



holds for arbitrary rotations (7 G A^. 

Proof. In (1.12) we replace $ by $(C • ) and substitute, step by step, 
Cai — 61, Ca 2 — 627 ...5 1 ~ ^r— 1. 
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Then we obtain 

r(^(C-)) = j ■■■ j j^Cai,Ca2, 

Sr-1 S^{ar-i,...,a3) S^{ar-I,...,a3,a2) 

jHh,Ca2, 

S‘^{ar-i,...,a3) S^Car-i:...,Ca3,Ca2) 




...,Car-i,^)daida2 • • • rfa^-i 



• Cl tt'p — ^ db'\^da2 " ' ‘ dcL'p — \ 



$(61,62,..., 6.-1, *)d6id&2 • • • d6._i=r($). 

5^-1 S^br-l,...M S^(br-l,...M,b 2 ) 

Remark. We may write the integral (1.12) more significantly in the form 

r $ - [ $(^) dA. 

Ja^ 

Then (1.14) takes the form 

[ ^{CA)dA=^ [ ^A)dA for C G AC (1.15) 

Ja^ Ja^ 

For this reason the integral is called left-side invariant We note that if we replace 
in the definition of the integral the column vectors by the row vectors, then we get 
an integral, which is right-side invariant. It is different in the case r > 3, where 
the group of rotations is noncommutative. 

Next we want to define integrals which are invariant only with respect to left-side 
factors C G (instead of A^). The subgroup should not consist of the identity 
matrix /, only. So we suppose r > 3 and l<fc<r-2in what follows. 

We complete T = (^i, ...,tk) again by some fixed U = ---.Ur) such that 

F ::= (T,t/) G A" 

holds. U is not uniquely determined. For A G A^“^ we define 

^)v. (1.16) 



-I- 1 



It is easy to see that Ct{A)T = T holds for arbitrary A G A^ such that A i-> 
Q(A) defines a mapping 

n : A"-^ ^ A^, (1.17) 

which is continuous and bijective, and hence defining a parameterisation of A^ 
with the parameter A G A^~^. Therefore we may define the integral 

:= [ ^Q)dn := [ $(0(A))dA 

Ja^ 



(1.18) 




1.5. Averages and T-Kernel Projections 
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for 4> G C(A’'). Note that 



a(BMA) = V ( °)v'v(^’^ a)'^' = ^'(o BA 

holds for A,Bg A^~^. 



V' = Q(BA) 
(1.19) 



Theorem 1.8 (Left-Side Invariance of 7^). Letl < k <r-2,T = {ti,...,tk) where 
ti,...,tk G are orthogonal. Then 



7J$(C-) = 7^$(-) 



holds for arbitrary $ G C(A^) and C G A^. 

Proof. Let C G Ay, say C = 0,{B), B G A'"'*', where we use that 0 is bijective. 
For arbitrary $ G C'(A’’) we get 



7^$(C-) = f ^C{Q{A))dA = [ 

Ja' 



^n{B){n{A))dA 



= f ^n{BA))dA = [ = 7^$( ■ 

7a’-'= Ja^-i^ 



where we used Theorem 1.7 with r - k instead of 



r. 



□ 



Remark. If we choose f/^ instead of 77, = 1, 2, and define likewise K := {T, 

^ ^ Vj for o = 1,2, then we get with B := UfUi G A’'“*^ 



^u{A) := K 



O A 



n2(A) = mVjV2)(^^ ^yVjV2yVj = V:(^^ ^,^^^Vj = n,(B'AB), 

and hence 

f ^Q2{A))dA = f $(fii(7lB))dA. 

J J 

The factor B' could be cancelled because of the left-side invariance of the integral, 
not so the factor jB, which corresponds to a basis transform in the space [U] = [T]-^. 
So the integral is uniquely determined by the group of rotations which keep [T] 
fixed, while fti and O 2 are different parameter representations of this group with 
the transform law given above. 

Averages 

First we note that (1.18) implies 

II-^tIIoo = (1.20) 



for 1 < /c < r — 2. 
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Next let V be a rotation-invariant subspace of C(D). For F eV and x e D we 
define 

(n5.F)(o;) := [ F{n'x)(m, (1.21) 

UJl'-UJr-k-l JAr^ 

Q as above. Obviously, by averaging the function values of F this defines a mapping 
from V onto some subspace of C{D), We complete the definition by defining 

(n^F)(x) F{x) for fc = r - 1. (1.22) 

Theorem 1.9 (T-Kernel Projections in Let 1 < k < r - 1. Assume 

V is a closed rotation-invariant subspace of C{S'^ T = (^i, . . . , tk) consists of 
orthonormal columns, and is defined as above. Then the following holds for 
arbitrary F G V. 

(z) ||n^||oo ^ n^i = 1, 

(ii) (n^F)(C • ) = (n^F)( • ) for all C G A^, 

(m) (n^F)(t) = F{t) for all t e n [T], 

{iv) is a projection V ^ Vt, 

{v) IFj.{FG) = F • Wj.G for all F eYr, G eY. 



Proof. For fc = r - 1 we get Alf = {1} and Ulf = idy, and the statements are 
obvious. Next we assume 1 < A: < r — 2. Then (i) is obvious. Equality holds if 
1 G V. (ii) For C G we get G' G and hence 

(n^F)(Cx) = [ F{Q.'Cx)dVl 

Wl-'-Wr-fc-l Jxij. 

= [ F{{c'nyx)<m = (n^f)(a;), 

Ui-’UJr-k-l Ja^ 

where the left-side factor G' could be cancelled, (iii) is obvious as Q,t = t implies 
il't = t. 

(iv) We write (1.21) in the explicit form 



{WtF){x) = ^ / F{n'{A)x)dA. 

iUl' ■ - Ur-k-1 JA^-^ 



The integrand is a continuous function in the variable A and the parameter x. 
Each of them is varying in a compact set. Therefore the integrand is uniformly 
continuous in (A,x) and the integral is a uniform limit of functions of V. As V is 
closed, n^F G V is valid, and (ii) implies II^^F G Vt- Finally let F G Vt- Then 
we get 



{WrF){x): 



UJ\ ' ' ' 



-•/ FQ'(A){x)dA= f F{x)dA = F{x), 

1 ^1” '^r-k-1 JA^-^ 



where we used (1.20). So, is a projection onto Vy. 




1.5. Averages and T-Kernel Projections 
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(v) Next we assume F e Vt, G G V, and get from (1.21) 

(n^r^G)(x) = ^ / Fn,(x}G(i}'x)dn = F{x)(U^j.G)(x) 

UJl • ‘ ' UJr-k-1 JAl^ 

for arbitrary x G where we used (1.17), i.e., G A^, and Definition 1.3, 

i.e., = F. □ 

Definition 1.5 (T-Kernel Projections in C{S'^~^)). V as in Theorem 1.9. In view 
of Theorem 1.9, (iv), the mapping 

• V^Vt, 

is called the T-kernel projection ofY. 

In the case fc — 1, where T = {t) holds for some t G we write A[,ri[ and Yt 

instead of A^^, 11^ and Vt, respectively. Note that in this case the elements ofVt 
have the form 

F{x) = f{tx), feC[-i,l], 
i.e., they are zonal with axis t, see Definition 1.4. 

Definition 1.6 (Axial Projection). !![ : V -^Yt, t G S^~^, is the axial projection 
ofY with respect to the axis t. 

As a corollary of Theorem 1.9 we get the following theorem. 

Theorem 1.10 (Axial Projection). Let r > 3,Y a closed rotation-invariant sub- 
space of and assume t G dimVt = 1. Then there is a uniquely 

determined g G G[— 1, 1], satisfying g{l) = 1, such that 

(E[F)(x) = F{t)g{tx) 

holds for all F eY and x G . 

Proof. By Theorem 1.4 the elements of V^ have the form f{tx), f G G[— 1, 1], and 
there is a nontrivial function of this kind. In view of the dimension of V^, we get 
for arbitrary F G V and with some constant c{F) 

(E[F)(x) = c{F)-f{tx). 

By Theorem 1.9, {Hi), we obtain 

F{t) = {UlF){t) = c(F)/(l). 

Now assume /(I) = 0 would hold. Then all F G V vanish at x = t. Since V is 
rotation-invariant, this yields V = [0], and hence Vt = [0], which contradicts. So 
we get /(I) ^ 0, c(F) = F(t)//(1), and hence 

(n[F)(x) = F(t) 5 (te), 

where g is defined by g := ///(I) G G[— 1, 1]. □ 

Remark. For r = 2 (and fc = l = r — l)we get = idy, and the statement 
would be that every F G V is zonal, which is not true for V = C{S^) itself. So 
the assumption r > 3 was necessary. 
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1.6 Reproducing Kernels in C(S’^ 

Let r G IN \ {!}, be provided with the (standard) inner product (•,•) 

induced by the surface integral, see (1.6). We assume that V is a finite-dimensional 
rotation-invariant subspace. Theorem 1.1 ensures us that V has a reproducing 
kernel G. By Theorem 1.2 



G(Ax,Ay) = G(x,y) 

holds for x,y e S^~^, A G A^, since the inner product satisfies 

(Ea,Fa) = (E,F). 

The particular situation allows us to determine the structure of G more precisely. 

Theorem 1.11 (Reproducing Kernel in Subspaces of Let r G IN \ {1}, 

and letY be a rotation-invariant subspace of G{S'^~^) with reproducing kernel G. 
Then a uniquely determined univariate function K G C[-l, 1] exists such that 

G{x,y) = K{xy) 

holds for X, 1/ G and the following inequality is valid, 

\K{0\ < m for (1.23) 

Proof. The first statement follows from Theorem 1.2 by the identification D := 
S^-\ Id = {1}, Hd = {1} X {1} X [-1, 1], and 

K(0 := Ml, 1,0 



for C e [-1,1]- 

For r > 3 there is another, direct and more elegant proof, which we do not like to 
omit. Let y G 5^“^ be fixed. Then 

G{Ax,y) = G{x,y) 

holds for all A G Ay. By Theorem 1.4, (zz), a function gy G C[—l, 1] exists such 
that 

G{x,y) = gy{xy) 

is valid for all x € S^~^. Now let z G 5’’“^ be an arbitrary point, say 

z = Ay where A G A^. 



It follows by our previous result that 

gy{xy) = G{x,y) = G{Ax,Ay) = 9Ay{{Ax,Ay)) = 9z{xy) 




1.6. Reproducing Kernels in C(S^ 
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holds for dill X e The values of xy cover [-1,1] as x varies in ^ This 

yields 

Qz = 9 y = - ' = K 

for arbitrary y,z e S'^~^ where K G C[-l, Ij. Actually, G(x, y) = K{xy) holds, as 
claimed. 

In order to prove the second statement, we use the inequality of Schwarz and 
obtain 

K{xyf = {K{x-),K{y-)f 

< {K{x -),K{x- )){K{y ■),K{y)) = K{xx)K{yy) = K{lf. 

It follows that (1.23) holds, since the values of xy cover the interval [—1, Ij. □ 

Remark 1. In (1.23) equality occurs if and only il ^ = xy and K{x’) = ^ K{y-) 
is valid with some constant 7 . Inserting y and x, respectively, we get 



K{xy)=^K{l), K{l)=^K{yx), 

and hence K{xy) = j‘^K{xy), where K{xy)‘^ = K{1)‘^ 7 ^ 0 holds in view of (1.23) 
and K ^ 0. This implies 7 = ±1. Therefore, equality occurs in (1.23) if and only 
if ^ = xy and 

K(x-) = ±JT(y •) 

is valid. Note that this equation does not imply x G {+y, — y}, as the example 
iG = T^, y > 2, (Cebyshev polynomial of the first kind) demonstrates. 

Remark 2. The kernel K{xy) is zonal in the variable x with axis y, and vice versa. 
For this reason we call it a bizonal function. 

Some Integration Formulas 

We finish this section by presenting three basic and often used integration formulas, 
which are offered for proof in Problem 1.2 - Problem 1.4. The proofs can be found 
in the section Solutions. 

Let r G IN \ {1}. First we define x G for x = (xi, . . . ,x^)' G IR^ by x 

(xi, ...,x^_i)'. If F G C{S^~^) does not depend on x^^, this means, if a function 
F G exists such that F(x) = F(x) holds for x G then 



j F{x) duj{x) = 




Sr-l 



Br-1 




(1.24) 



is valid. 

This result can be generalized as follows. For s G {0, 1, ...,r - 2} we define x G 
^ ...^Xr-s-iY • If F G C{S'^~^) does not depend on x^_s, ...,Xr, 
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this means, if a function F G C(B^ ^ exists such that F(x) = F{x) holds for 
X G then 

j F{x)dw{x) = (jOs J F{x){l — \xf)~ dx (1.25) 

gr-l Qr-s-1 



is valid, where we recall that uq = 2 holds by definition. 
(1.25) can be used to prove the formula 



/ (txr 

Sr-l 



dx = 27t 




(1.26) 



for t e S'^ ^ and even p G INq. More generally, let / G C[— 1, 1] and t e S'^ The 
integral 

j f{tx)<Lj{x) 

Sr-1 

does not depend on the choice of t. So we may choose t := ci^ and get from (1.25) 
the equations 



1 

j f{tx)cLo{x) ^ UJr-2 j = ^r-2 

Sr-l -1 

In particular, putting /(^) we get (1.26). 



7T 

J /(cos (j)) {sin (l)Y~^d(j). 

0 

(1.27) 



1.7 Problems 



Problem 1.1. 
Problem 1.2. 
Problem 1.3. 
Problem 1.4. 



Prove formula (1.8), i.e., calculate the values of O^^and of cjr-i- 
Prove formula (1.24). 

Use the result of Problem 1.2 to prove formula (1.25). 

Prove formula (1.26). Which value takes the integral if p is odd? 




Chapter 2 

Gegenbauer Polynomials 



In the constructive theory of spherical functions the Gegenbauer polynomials play 
an important role. Apart from constant factors they are certain Jacobi polynomials. 
For a^/3 > -1, the indices^ the Jacobi polynomials of degree ^ G INq are 

defined as orthogonal polynomials with respect to the inner product 

1 

if, 9 ) ■= j f{x)g{x){l-xr{l + xfdx, (2.1) 

-1 

q;,/ 3 > —1, which are normalized by the condition 

pK/3)(l)= + (2.2) 

Apart from constant factors, the Gegenbauer polynomials of the Gegenbauer index 
A > — ^ are obtained by putting 

There is no need in our theory to use Jacobi polynomials in their generality. On 
the contrary, the Gegenbauer polynomials are basic, and we want to make this 
transparent in what follows. So we begin with a short introduction to Gegenbauer 
polynomials and a presentation of their most important properties. Throughout 
in what follows denotes the space of univariate polynomials of degree ji G INq. 



2.1 Generating Function 

First we assume 0 ^ A G IR. The generating function is defined by 

1 

(1 -2x2 + z2)^ 



G\x,z) : 



(2.3) 
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for X e [-1, +1], 2 ; G C, | 2 :| < 1. For fixed x the function is holomorphic in |z| < 1, 
so it can be expanded in a Taylor series 

00 

(2.4) 

/2=0 

which generates the coefficients C^(x). For sufficiently small \z\ we get 

00 / \ \ 00 / \ \ /c / 

G\x,z) = [i+z{z-2x)]-^=f;^r )z>={z-2x)’^=j^r 

k=cG ' fc=o'^ ' ' 



Substituting fi = 2k-j,p = k- jwe obtain 






and comparing the coefficients in this formula and in (2.4), we get 



.. m 



iy=0 



11— 2v 



for A 0 and p G INq, where we use, for convenience, the Pochhammer symbol 



(2.5) 



k-1 

{a)k ■■= + 

j=o 

for a G C and k G INq, in the representation. Note that (a)o = 

(a )2 = a{a + 1), and so on, while Stirling’s formula yields the useful formula 

nk+a) m , 

{b)k r{a) r{k + b)^r{a) ’ 

which holds fora>0, b > 0 as k tends to 00 . Here and in what follows the symbol 
~ indicates asymptotic equality. 

(2.5) shows that C^{x) is a polynomial of exact degree p. It is called the Gegen- 
bauer polynomial of degree p and index A. 




2.1. Generating Function 
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3 3 

Figure 2.1. Gegenbauer Polynomials and Cq . 

For A = 0 the function (2.3) degenerates, and (2.4) is unsuitable for a proper 
definition. So we change the definition of the generating function and of the cor- 
responding Gegenbauer polynomials by replacing (2.3) and (2.4) by 




1 

1 - 2xz + 



Y,U^{x)z^, 



11=0 



which are satisfied by the Chebyshev polynomials and of the first and of the 
second kind, respectively. A comparison of the coefficients yields 



CH = To, 

C° = l-T, for Me IN, 



( 2 . 8 ) 
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and 

cl. = u, 

for arbitrary // G INq. In particular, is again a polynomial of exact degree /x, 
and as a summary we add that 



c;: e ( 2 . 9 ) 

holds for arbitrary A > -1 and p G INq. Here we have put := [0]. Moreover, 
for later use we put also C^i 0. 

The Gegenbauer polynomials have numerous important properties. 

Derivatives 

Differentiating (2.5) we get 



= 2AC'^1J (2.10) 

for A ^ 0 and 6 INq. Differentiating (2.7) we obtain, together with (2.3) and 
(2.4), 



Y —c°(x)z>^ = - 

dx ^ 1 — 2xz + 

/j,=0 

and a comparison of the coefficients yields 



12=1 



is = 2cy, (2.11) 

for p G INq. 

Special Values 

For A ^ 0 we get from (2.4) and (2.3) 



oo ... oo 

= 7TT7W = 



.(A) 



12 \^)y ^2v 



{i + z^y 

and a comparison of the coefficients yields 



(1). 



^^2.(0) = 

CUM = 0 



for V G INq. Similar we obtain 

oo 

yL = D 






( 2 . 12 ) 




2.2. Differential Equation 
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and hence 

C^(l) = ^ (2.13) 

for [ji G INo and A 7^ 0. The corresponding values of are well known from (2.8). 
In particular we get C^(l) > 0 for arbitrary A > -1, and for later use we may 
define the normalized Gegenbauer polynomials 

cl ■■= CUClil) (2.14) 

for p G INo, but now for A>-i , only. The normalisation is such that C^{1) = 1 
holds. 

2.2 Differential Equation 

For partially diflFerentiable functions F(x, z) we denote the partial derivatives with 
regard to x and 2: by Fx and Fz^ respectively. It is possible to prove that 

(1 - + (2A + l)[zG^ - xG^] = 0 

is valid for A 7^ 0, see Problem 2.5. Because of this partial differential equation, 
the following theorem holds. 

Theorem 2.1 (Differential Equation of (7^). For arbitrary A G H, G INq, the 
Gegenbauer polynomial G^ is a solution of the dijferential equation 

(1 - x‘^)y" - (2A + l)xy' + + 2\)y = 0. (2.15) 

Proof. For A = 0, where, apart from constant factors, the Gegenbauer polynomials 
are the Chebyshev polynomials of the first kind, the result is well known. So we 
may assume A 7^ 0 in what follows. 

00 

We put y,x \= G^ such that (2.4) takes the form = G^{x,z), and 

fj.=0 

define the differential operator D by DF := zFz. Using Dz^ = jj,z^ we get easily 
the equation 

00 

y][(l - - (2A + l)xyl + y,{fi + 2A)2/^] 

)Li = 0 

= (1 - x^)Gl, - (2A + l)xGl + D{D + 2X)G\ 

Some further calculations yield 



D(D + 2A)G^ = + (2A + l)zG^, 
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and inserting this above we obtain 

oo 

^[(1 - x^)y" - (2A + l)xy'^ + /x(y, + 2X)y^] 

jj.=0 

= (1 - + (2A + l)[zG^ - xG^] = 0 

by the result from above. Since the coefficient which occurs with must vanish, 
we get (2.15), as claimed. □ 

The Gegenbauer polynomials are not characterized by the differential equation 
alone. However the following characterisation theorem is valid. 

Theorem 2.2 (Characterisationof Gegenbauer polynomials). Let X > p eJNo. 

Every solution y of the differential equation (2.15) which satisfies 

(*) y G 

(a) y{-x) = {-lYy{x), 

has the form y = const • C^. The Gegenbauer polynomial is the uniquely 
determined solution which satisfies (i), (ii), and 

{in) y{l) = (7^(1). 

Proof. Assume y is a solution of the differential equation and satisfies (i) and (ii). 
Then it has the form 

L§J 

y{x) = 

i/=0 

and satisfies 

L-J 

(1 - x^) — 2u){p -2v - 

iy=0 

L^J [— J 

- (2A + 1) (^ - 2n)ai,x'^~^'" + p,{p + 2A) X = 0. 

i^=0 

This equation can be brought to the form 

L-J 

X {(m - + 2){p - 2i/ + l)aj._i 

~[{p - 2u){p -2u-l)-\- (2A + l){p - 2v) - p{p + 2X)]a^}x^~‘^^ = 0, 
with a -I := 0, and a comparison of the coefficients yields 



Aiy{p - z/ + X)aip = -{p - 2z/ + 2){p -2iy + l)ajp-i 

for z/ = 1,..., L|J. So the leading coefficient ao is arbitrary, while the remaining 
coefficients are uniquely determined multiples of oq. This means that y has the 
form 



y{x) == aQz{x) 




2.3. Orthogonality 
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where the leading coefficient of 2; equals 1. But is a solution of (2.15), so we 
get 

C^{x) = aoz{x), 

where ao is the leading coefficient of C^. In view of (2.5) it is nonvanishing, and we 
get z{x) = aQ^C^{x). Inserting this above we obtain the first statement. Because 
of ^ 0, the second statement is an immediate consequence of it, where the 
constant is uniquely determined by the value of 2/(1). □ 

Next we assume A > 0 and // G IN. Using the abbreviation y we define the 

polynomial 2: by 

z{x) := (1 - + nifj, + 2A)y^(x). 

It is even and nonnegative on [—1,1]. It follows from (2.15) by some calculation 
that 

z'(x) = 4Axy'^(x) 

holds. So z(x) is strictly monotonically increasing for 0 < x < oc, and we obtain 
in particular 

0 < z(x) < 2:(1) = 2:(-l) 
for —1 < X < 1, which implies 

(1 - x^)y'^(x) + /u(fi + 2A)y^(x) < + 2X)y^(l) 

and hence y^(x) < y^(l), in this interval. In other words, we obtain 

(2.16) 

for — 1 < X < 1, /i G IN, and A > 0, where equality implies x G {—1, +1}. 

In the Chebyshev case A — 0 we get 2:(x) = z{l) = const. (2.16) remains valid for 
— l<x<l, //GIN, but equality occurs for /x > 2 even in interior points of the 
interval. 



2.3 Orthogonality 



We assume A > |, again, and use the abbreviation y^ ■= for u G INq. From 
the differential equation (2.15) it follows that 

[(1 - x‘^)^'^iy^ '] ' + y{iJ, + 2A)(1 - x'^)^~^y^ = 0 

holds. So we obtain for E INq, 0 < z/ < /x, using the differential equation and 
integration by parts, 

1 

y{y + 2X) f y^y^(l - x^)^-idx 




,A+i 



1 1 
- -1 




- x^)^+2dx. 
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For u = 0 we get = 0, and hence 

1 

j = 0 (2.17) 

-1 



is valid for this particular value of u. For 1 < ^ we get by the help of (2.10) 

or (2.11), respectively, 



I C^Cl:{l-x^)^-idx 

-1 




- x^)^'^idx, 



where 

T f A, if A ^ 0, 

1 1, if A = 0. 

The right side vanishes by the result just proved, and (2.17) is valid for = 0 and 
ly = 1. For 1 < 1 / < fi we repeat our procedure successively, with the final result 
that (2.17) is valid for arbitrary ly £ {0, 1, ...,// — 1}. 

Definition 2.1 (Inner Product belonging to the (7^). For A > -A, f,g£C[-l,l] 

we define the inner product 




-x^)^ 2 da;. 



With this definition (2.17) takes the following form. 

Theorem 2.3 (Orthogonality of the C^)). Let A > Then [C^,C^]x = 0 holds 
for iy,g£ INo and v ^ g. 

Because of Theorem 2.3, the Gegenbauer polynomials possess all the well-known 
properties which orthogonal polynomials have in general. In particular, they sat- 
isfy a recurrence relation, see Problem 2.1, and their zeros are interlacing, which 
is demonstrated by Figure 2.1. The formula of Christoff el-Darboux takes the fol- 
lowing form. 

Theorem 2.4 (Formula of Christoffel-Darboux). Let \> - \, and let\\ ■ || denote 
the norm induced by the inner product [ • , • ]a. Moreover, for G INq let k,, denote 
the leading coefficient of the polynomial P,,{x) := C'^(o:)/||C'^|| = ki,x'' +TLD. 
Then 



Kffix,y) 



K . Pu+i{^)Pui.y) - Pui^)Pu+i{y) 

k^l+l x-y 



Y,Pu{x)PAy) 



y=0 



is valid. In other words, Kn{x,y) is the reproducing kernel o/F^ with respect to 
[• , The leading coefficients are positive. 




2.3. Orthogonality 
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Remark. We write TLD for ’terms of lower degree here and in what follows. 

Proof. For the sign of the leading coefficients we refer to (2.5), if A 7 ^ 0, and 
to (2.8), if A = 0. So it suffices, in view of (1.5), to prove that Ki^{x,y) is the 
reproducing kernel of IP^, this means that the requirements (z), {ii) and (Hi) of 
Definition 1.1 are satisfied. 

Actually, (z) and (zz) are valid. To prove (zzz), let / G be arbitrary and z/ G IR. 
Then we get 

where <p{x) := is a polynomial of degree jU— 1 in the variable x. Therefore 

the integral vanishes, and we get 

[Ki^{- ,y)J]x = K{y)f{y) 

where 

hf,{y) := ,y),l]x- 

X, y) is a polynomial in y of degree /z for every fixed x. Therefore hn{y)f{y) is 
also a polynomial of this degree. This implies that /z^ is a constant, and h~^K^{x, y) 
has all defining properties of the reproducing kernel, see Definition 1 . 1 . So we get 
from (1.5) 

h~^K^{x,y) = '^P^{x)P^{y). 

i /=0 

The constant can be determined by integration, this means from 

/ Ki,{x,x){l- x^^-idx = = y+1. 

Actually, from the definition of K{x^y) we get for ^ > x, 

K^{x,x) = {Pl^-^{x)Py,{x) - Pl{x)P^+-i_{x )) , 

where 

ip;+i(a;)-(M + l)P 4 x) + TTD. 

Inserting this above and using orthogonality again we obtain 

hfd = . • , ^ = [Pfi^Pfj]x = 1 ? 

/i -h i 



and the theorem is proved. 



□ 
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Special Systems 

As mentioned above, the Gegenbauer polynomials of index A = 0 are, apart from 

constant factors, the Chehyshev polynomials of the first kind^ and the 

1 

are the Chebyshev polynomials of the second kind. The polynomials are known 
as the Legendre polynomials. The index A = 0 plays an extra role only with respect 
to the normalisation. This follows from the equation 

^lim ici(x) = ?r„W (2,18) 

which can be proved by the help of (2.5). 

Zeros 

For /i G IN it follows from Theorem 2.3, together with (2.9), that is orthogonal 

to the whole space It is well known that this implies that hais exactly fi 

simple zeros which can be numbered such that their order is 

vLi < •■• < 7?1 < + 1 - 

We write them also in the trigonometric form rj^ = cos -0^ , where the order is 
0 < v>i < . . . < 1 <i’^<7T. 



2.4 Bessel Functions 



In the asymptotic representation of Gegenbauer polynomials the Bessel functions 
of index a > —1, a = X — are very helpful. They are defined by 



- (irEri* 

k=o ^ 



(-1)^ 

+ l)r{a + k + l) 



(i) 



2k 



(2.19) 



The series converges for arbitrary x E C. For reasons to become clear later we 
prefer to use the normalized Bessel functions 



Za{x) ■■= r(a + l) 




(2.20) 



with the representation 



Za{x) 



^ (-l)^r(a + l) 

^ r(fc + l)r(a + A: + 1) V 2 J 



( 2 . 21 ) 
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Figure 2.2. Normalized Bessel Function Zi . 



Za is an entire function, and it is normalized such that 

Z,(0) = 1, Z'^{0) = 0 (2.22) 

holds. See Figure 2.2. Besides we note that 

( 2 - 23 ) 

is valid, and it is easy to see that z := Zq, solves the differential equation 



xz" + (2q: + l)z' + = 0. (2.24) 

In what follows we assume a > Then (2.24) implies immediately that the 
function F := z‘^ -\- with the derivative 



F'{x) = 



is nonnegative and monotonically nonincreasing in the interval 0 < x < oc. And 
as a nonzero entire function, it cannot vanish on an interval. So it must be positive 
everywhere, i.e., 

z^(x) + z'^(x) > 0 (2.25) 

holds for 0 < X < oo. Therefore we may introduce ’polar coordinates’ R{x) > 0 
and (f){x) by 

z{x) = R{x) cos (p{x), 
z'{x) = —R{x) sin 0(x), 
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where c/)(0) = 0, see (2.22), and where R and (j) are continuously differentiable. 
Differentiating both equalities, eliminating by the help of (2.24), 2 ; and z' by 
the help of (2.26), and eliminating R' finally from the system obtained, we get 

<p'{x) = 1 - • sm{ 24 >{x)). 

For X > 2a + 1 we get and by integration it follows that 

(f){x) > (j){2a + 1) + ^(x - [2a + 1]). 

Together this yields that (j) is monotonically increasing in [2a + l,oo), where 
lim (/){x) — +00 holds. Inserting this in (2.26) we see that z{x) has countably 

X— >oo 

many zeros in [2a + 1, 00 ). But as an entire function it has finitely many zeros in 
[0, 2a + 1), at most. Therefore the positive zeros of z = — and hence of — 

can be enumerated in the form 

0 < ja,l < ja ,2 < ■■■ {-> + 00 ). 

They are called Bessel zeros. Moreover, (2.25) shows that all zeros are simple. 
Because of (2.23) the same holds for the positive zeros 

0 < ja+ 1,1 < ja+ 1,2 < • • • (^ + 00 ) 

of z', Za-\-i and hence of J^+i. Note that for a > 0, has the additional zero 
j^ Q := 0. We want to compare the location of both systems. 

Lemma 2.5. Let a > and assume that Z^^ is nonvanishing in the interval 
a < X < b where a > 0. Then Z'^ has at most one zero in this interval. 

Proof. Assume ^ and rj, a < ^ < rj < b, are two consecutive zeros of z'. They are 
both simple zeros, so 2 : must have a relative extremum at both of these points, 
but of different character: one being a maximum, the other one being a minimum. 
Therefore z" must agree with 2 : in sign at one of these points, say z{^)z"{^) > 0. 
If we insert this together with z'{^) = 0 in (2.24) then we get a contradiction. So 
the assumption was false, and the lemma is proved. □ 

Lemma 2.5 allows us to prove the following important theorem. 

Theorem 2.6 (Interlacing Property of the Bessel Zeros). Let a > —^. Then the 
following holds. 

i) The Bessel zeros have the interlacing property 

ia+ 1,0 = 0 < ja,l < ja+ 1,1 < ja,2 < jcx+1,2 < •■• (^ +Oo). (2.27) 

a) Za{x) is positive and monotonically decreasing for 0 < x < 
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Proof. Let z = Za diS above, take notice of (2.24), and assume that ja+i,i < ja,i 
holds. Because of z'(0) = 0, z"(0) < 0, we get z^(x) < 0 for 0 < x < ja+ 1 , 1 , while 
z'(x) > 0 holds in a right-side neighbourhood of But 2:(0) = 1 implies that 

z(x) is positive for 0 < x < and must attain a positive relative minimum 

at ja-j- 1 , 1 ’ However, z(x) vanishes at ja,i, so there must be a relative maximum 
between. This implies that z' has at least two zeros in an interval where 2 ; is 
positive, which is impossible by Lemma 2.5. So we obtain ja^i < Ja+ 1,15 where 
equality is excluded by (2.25). Together this proves assertion (ii). Next let fc G IN. 
z' h 2 is at least one zero in the interval {ja,kjja,k-\-i)i but cannot have additional 
zeros, again by Lemma 2.5. Finally we get (2.27) in full by counting and comparing 
the location of the zeros ja,k and successively. □ 

Corollary 2.7. Z_i{x) = cos x, ^i(x) = 

Proof. It is easy to see that the functions on the right side satisfy the corresponding 
differential equation (2.24) together with the initial values (2.22). □ 



2.5 Asymptotics 



For the normalized Gegenbauer polynomials, as defined in (2.14), or to be more 
precise, for the functions C^{cos 0), // G IN, two types of asymptotic formulas exist 
for /i ^ 00 , which are valid either under the restriction 

(«) 

or under the restriction 



(b) 

respectively, where c is an arbitrary positive constant. 

Type (a) 

Let A > 0, c > 0 be fixed, /x G IN. We replace by ^ such that the aim is to 
determine the asymptotics of C^{cos ^), subject to the restriction 

(a') - c < (j) < c. 

From (2.14) and (2.16) we obtain ||C^||oo = in the maximum norm on [—1,1], 
and using Markov’s inequality we get H^G^IIcx) < If follows that 






< const • fi 



(2.28) 



with some constant, which depends on c, only. So it suffices to investigate the 
expression — which we expand into a Taylor series. 
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By a repeated application of (2.10), we get for fc G {0, 1 , . . . , /i}, in view of (2.14) 
and of (2.13), 



= (i;- "‘It 



fc(A)fc (ly (2A + 2fc)^_fc 
(l)fc (I)m-A: (2A)^ 

= TiVTot; • (m “ + l)fc(M + 2A)fe 



(l)fc(2A)2. 

n^+k) 

P(k + l)r{X + i + fc) 



11 [(m + - (k + A)^ . 



So we get, with a — \ — 






(-i)'=r(Q + i) 

r(fc + i)r(a + fc + i) 



(/u + A)2 - (k + a)2 u 

\2 



Obviously, for fixed k the coefficient occurring with converges for /r — > oo 
to the corresponding coefficient of Zq,, see (2.21). Actually, a comparison of the 
functions yields 

Theorem 2.8 (Asymptotics of C^{cos ^)). 



lim C^(cos — ) = Za{(t>) 

/i— ^oo ^ fji 

holds uniformly on compact sets for A > 0, where a = X — 

Proof. In the case A = 0 we get 

C°(cos f) = T^(cos = cos </. = (</.), 

see Corollary 2.7, and the statement is true, obviously. 

Next let A > 0, this means a > — ^, and let if be a compact set in IR, say 
K C [— c, c] holds for some c > 0. For /i G IN, // > m, we get 

<A + B 

where 



A 

B 



r{a + 1) 

r(fc + i)r(a + fc + i) 



TT (m + A)^ - (av + A)^ _ ^ 

Po 



-A r{a + i) h I n I u 2 fci ( r 
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Now let e > 0 be given. We choose m so large that 

B<^ 



is valid for all (j) E K. Next we choose //q > ^ so large that 



and 



I cos 









< 



hold for p > po, again for all (j) E K. This is possible because of (2.28). Then we 
get 



CJ (cos 4) - Z„ 

H ?) - ci (i - ^(^>01 + \ci (l - kO") 



< 



^ ^ A B ^ 6 



Za{c^) 



for arbitrary (f) E K and p> po^ and convergence takes place, as claimed. □ 

Type (b) 

The following theorem contains a more general result than we have announced. 



Theorem 2.9 (Upper Boimd for |(7^(cos (j))\). Let A > 1. Then a constant ki{\) 
exists such that 



[(/^ + l)sin (/>]^|C^(cos <?i)| < fci(A) 
holds for all p E INq and (j) eJR. 

Proof. Let u{x) := {1 — x‘^)^ C^{x). Since u is odd or even, it suffices to investigate 
u{x) for 0 < X < 1. It follows from (2.15) that u satisfies the differential equation 



(1 - x^)u" — xu + f{x)u = 0 



with 

f(x) ;= + \-x^’ 

f'(x) = -2A(A-l)p-^ <0 

for 0 < X < 1. 

Now let us define U by 

/7(x) := (1 — x^)u'^(x) + /(x)ii^(x) 
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for 0 < X < 1. Then we get, by the help of the differential equation of u, 

U'{x) = f'{x)u^{x) < 0, 

again for 0 < x < 1. Therefore U{x) < (7(0) is valid in this interval. Because of 
f{x)u^{x) < (7(x), this implies 

/(x)(l-xY|C^^(a:)|2<|(^C,^)(0)|V(/i + A)2|c^^ =: R^{\). (2.29) 

We evaluate i?^(A) by means of (2.10), (2.12) and (2.13), and get 



= 



(1) 12 I (^ + A)2[i^] , 



— iv IS even, 



r 1 2 

(2A)^ , if = 2z/ + 1 is odd. 



Note that the inequality 



Hi 



A + A + ^ + k \ (2A)2 

1 + K 1 ^ K ) (2)21 



holds because of the assumption A > 1. Using this we get 



i?^(A) < 



(1)m ) if M is even, 

(2A)^ \ if i^ 



In both cases we obtain finally 



R^{\) < 



(/^ + A)^ ^ (l)/x 
p 1 (2A)^ 



Now let x^ G [0, 1) be defined by 



^ (/i + A)2- 



f{x) > > 0 (2.32) 

holds for 0 < a: < since / is a monotonically decreasing function. It follows 
from (2.29), (2.30) and (2.32) that 



(m + 1)^^(1 - x-^)^\Cl{x)\^ <{n + . A • ^ 



^^-•r(2A + l) (2.33) 



holds for 0 < X < see (2.6). 
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In the interval < x < 1 we obtain from (2.31), together with (2.16), 

+ + < a2A. (2.34) 

In view of (2.33) and (2.34) it follows that 

+ < kliX) 

holds for 0 < X < 1, and hence for —1 < x < 1, if we choose the constant fci(A) 
such that 

kl{X) = max{r(2A + l),A2^}. 

With X = cos (j) this finishes the proof. □ 

Corollary 2.10 (Upper Bound for |C^(cos 0)|). Let A > 1. Then a constant fc 2 (A) 
exists such that 

\C^{cos(l))\ < fc 2 (A)(M + l)^“^(sin 
holds for 0 < (f) < 7T and arbitrary p G INq. 

Proof. Multiplying the inequality of Theorem 2.9 by C^(l) we get the statement 
in view of 

which holds for oo, see (2.13) and (2.6). □ 



2.6 Asymptotics of the Gegenbauer Zeros 

In this section, the positive zeros of (cos (f>) are given, in more detailed notation, 

by 

0 < < ■ ■ ■ ■ 

Theorem 2.11 (Asymptotics of the Gegenbauer Zeros). Let A = a + | > 0. Then 
lim fiip^ , = jak holds for every fixed A; G IN. 

fl^OO ’ 

Proof. Let A > 0. First we want to prove that 

lim C^^^(cos^) = Z^+i{<t>) (2.35) 

holds uniformly on compact sets. So assume K is a compact set in IR, say K C 
[-C, c] is valid for some c > 0. For (j) G K and p > 2 we get, using HC^^^Hcx) = 1 
and Markov’s inequality again, 

^u-l ( cos -) - ( cos ^ ) < {p- 1)^ • cos - - cos ^ 



= 2{p — 1)^ sin 



Mm-1) Kt-1) 



< 
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Actually, in view of Theorem 2.8 this implies (2.35), uniformly for all (j) ^ K. 
Next let fc G IN be fixed. For e > 0 and /c = 1, . . . , fc we define the intervals 

ja,K, 1 



and consider their union 



k 

U{e) ~ Q 4(e). 



From (2.27) we get 

(ja,/t) 7^ 0* 

Therefore, an cq > 0 exists such that does not vanish on ?7(eo), where we 
may even assume eo to be so small that 



0 < ja,l - ^0 < Ja,l + eo < ja,2 ~ Cq < • • • < ja,k + “ ^0 (2.36) 



holds. Because of (2.23) it follows that is monotonic on each of the intervals 
/i(e),...,//e(e) for 0 < e < eo- 

Now let e, 0 < e < Co, be arbitrary, but fixed. In view of the monotonicity of 
on 

^a{ja,K e) • H“ c) <! 0 

is valid for k = 1, . . . , fc, and because of Theorem 2.8, some /xi G IN exists such 
that (7^ ( cos ^) has a zero ^ in the interior of 7^(e) for = 1, . . . , fc and // > /ii, 
where 

0 < 4>ii < 4>^2 <■■■< < ja,k+i - eo (2.37) 

holds in view of (2.36). 

Moreover, from (2.10) or (2.11), respectively, we obtain 



d 




cos — ) 



2A . (f) 
sm — 






for /i G IN, and from (2.35) it follows that some p 2 > exists such that 



C^“^Vcos — ) 7^ 0 and — < tt 
holds for (f) e U{e) and p> P 2 - This implies that 



d 




cos — 



) 7^0 



is valid, again for 0 G U{e) and p > P 2 > Therefore, C^(cos^) is monotonic on 
the intervals 7,^(e), k = 1, . . . , A:, for p > p2, such that is the unique zero of 
(7^ (cos ^) in the corresponding interval. 
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Next we consider the set 



V := [0,ja,fc+i - eo] \U{e). 

Za does not vanish on the closure V of V. Again by Theorem 2.8 it follows that 
some fis > /i 2 exists such that C^(cos does not vanish for // > /i 3 on F, and 

hence on V. It follows that all zeros of C^(cos in [0,ja,k-^\ ~ ^o] are already 
given by (2.37). This implies 

and hence 

for /c = 1, . . . , A: and all ^ > /is. In particular, 

lim l^'>Pu,k = ja,k 

holds for arbitrary fc G IN. □ 

For further information on Gegenbauer polynomials we refer to Szego [73] and to 
Tricomi [75]. A comprehensive work on Bessel functions is due to Watson [77]. 

The original work of L. B. Gegenbauer (1849-1903) is scattered over the last three 
decades of the nineteenth century. Some references can be found in [ 21 ]. 

2.7 Problems 

Problem 2.1. For /i G IN the following recurrence relations hold: 

(/i + l)G^+i - 2(/i + A)xC^ + (/i + 2A — l)C'^_i =0, 0 7 ^ A G IR, 

+ 2A)Cyi - 2{fi + A)xC^ + MCy 1 =0, A > -i, 

where Cq = Ci{x) = 2 Ax for A 7 ^ 0, Cq — ^5 ^i^(^) — ^ arbitrary A > — I. 
Problem 2.2. For arbitrary A G IR and /i G INq, 

holds, where = 0 , and so on. 

Problem 2.3. For A > 0, /i G INq, the coefficients in the expansion 

L^J 

x^ = ^iJi-2yC ^_2^{x) 

v=Q 



are positive. 
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Problem 2.4. (Rodrigues Formula) Let A > -i, /t G INq. Then 

CUM = . 

Problem 2.5. Prove that satisfies for A / 0 the following partial differential 
equation: 

(1 - x‘^)G^^ + z‘^G^^ + (2A + l)[zG^ - xG^] = 0. 

Problem 2.6. Let a> ja,o := 0 as above. Prove 

ja,k-\-l ‘^ja,k “i“ ja,k — l 0? k E: IN. 

Hint: Let u{x) := x^ Za{x). u satisfies the differential equation 

+ + = 0 - 

Compare the location of the zeros of u and of v{x) := u{x-\-ja,k-i —ja,k)^ k G 
IN, in the interval [ja,ki ‘^ja.k — j a, k-i] by means of Sturm’s method^ see Tricomi 
[75], p.l75, for instance. 




Part II 

Approximation Means 




Chapter 3 

Multivariate Polynomials 



The theory of multivariate polynomial approximation is characterized by a great 
variety of polynomials which can be used, and also by a great richness of geo- 
metric situations which occur. This chapter presents the most important facts on 
multivariate polynomials. 

3.1 The Zoo of Multivariate Polynomials 

Let r G IN be a fixed space dimension. Naturally, we are interested in the case 
r > 2, but do not exclude the case r = 1 in the beginning. The elements 

m = (mi, . . . ,mr) G 

are called multiindex (multiindices). We define a semi- order on 7T by the defini- 
tions 



m > 0 : 4=^ m G INq, 
m> n : m — n > 0, 

n,m e 71 . Note that, for convenience, multiindices are written horizontally. A 
monomial is an expression 

Mm{x) := := ^ - x^^ (3.1) 

where m G INq, i.e., m > 0, and where 

X = (xi, . . . ,Xr)' G IR^. 

In addition to (3.1) we define 



Mm{x) := x'^ := 0 for m ^ 0, 



(3.2) 
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i.e., if rrij < 0 holds for one j at least. A (real) polynomial in r variables is a finite 
sum 

P{x) = Y,(^mx"^, c^elR’". (3.3) 

By we denote the real linear space of all polynomials (3.3). 

A polynomial is well defined by its coefficients Cm = c^(P), m > 0, which we 
complete by the definition Cm = Cm{P) 0 for m ^ 0. The linear functionals Cm 
defined by 

P" 3 P^c^(P) gIR, me Z", 

are called coefficient functionals. 

The following subspaces of are of particular interest: 



K 


:= {P\P{x) = E 

\m\<fji 


^elNo 


ip;: 


:= {P\P{x) = E CmX”"}, 

\m\=iP 


M e INo 


pr 


:= {P\P{x) = E 

nKm 


me INS, 




{P|PeF", AP = 0}, 





where A is the Laplace operator^ i.e., where 

We agree that a polynomial space occurring with a subindex ^ 0 is always the null 
space [0]. To make the notation more convenient, we agree also that, consistent 
with (3.2), every polynomial occurring with a subindex ^ 0 is defined by 0. 

A polynomial P eJP^ is said 

- to have total degree /i, if P G p G INq, 

- to have degree m, if P G P^, m G INq, 

* 

- to be homogeneous of degree //, if P G P^, p G INq, 

- to be harmonic^ if P G 



A polynomial P is homogeneous of degree p if and only if 



P(Ax) = P{x) (3.4) 

holds for arbitrary x G and A G P. By combination of the spaces defined above 
we obtain the additional spaces 



m; := p;nK^ := p;;np^ 

again for p G INq. In view of (3.4), the elements P of PJ^ have a uniquely deter- 
mined representation 

v=0 \n\=i/ 
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This corresponds to the space decomposition 

p;; = ip;;* (3.5) 

In Section 4.1 it will be proved that 

IH5 0 iH[ 0 . . . 0 e;; (3.6) 

holds likewise. These structures define relations between the dimensions of the 
different spaces and show that the homogeneous and the homogeneous-harmonic 
polynomials play a basic role. We note that by the maximum principle or by (3.4), 
respectively, a harmonic or homogeneous polynomial which vanishes on is 
always the null polynomial. This implies that 

||P|| 5 r-i = max{|P(a;)| : x e 5'’’“^} 



1 r* * 5i< 

defines a norm on each of the spaces H^, and 

In order to determine some dimensions we define the mapping PJ^ P^~^^ by 

Plj,{Xi,...,Xr,Xr+l) := x'^^iPn i J0-) • 

The mapping is linear and because of P^(a;i, ...,Xr) = P^{xi, ... ,Xr,l) bijective. 

* 

This means that the spaces PJ^ and P^"^^ are isomorphic, 

n= ( 3 . 7 ) 

We denote their common dimension by 

M; :=dimP^ =dim 1?::+^ 

PPM 

Prom (3.5) we get the recurrence relation 

K = + • • ■ + 

forrGlN\{l}, /iG INq, with the initial values 
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which together have a unique solution. It is easy to confirm that this is given by 
the binomial coefficient , such that we obtain 

dim p;; = (3.8) 

dim p; (3,9) 

for r G IN, /i G INq. 

The dimensions of the corresponding harmonic spaces are determined later, see 
Corollary 3.11. 

Homogenisation 

Above we mapped r-variate polynomials onto (r + 1) -variate homogeneous poly- 
nomials. In what follows we discuss a similar map where, however, the image is 
again r-variate. It is defined for even and for odd polynomials, only, which depends 
on p being even or odd, respectively. So let us define the additional spaces 

Q; := {Q e p;| Q{-x) = i-lTQix), x e IR’’} 

for r G IN, /i G INq. Then we get 

K ^ % 

and 

with := [0]. The elements Q of have a representation 

LtJ 

i/=0 |n|=/i— 

with real coefficients c„. It follows that 

LtJ 

- XI X Cnixl + '-' + xlYx^ 

i/=0 \n\=ii—2i/ 



is an element of P^, which permits the following definition. 

Definition 3.1 (Operator of Homogenisation). Let r G IN \ {1}, p e JNq. The 
operator of homogenisation * : ^ is defined by 
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Multinomial Coefficients 

* 

The polynomial (a;i +X 2 H hXr)^, fJ. € INq, is an element of IP^. The expansion 



(xi + X2 H h XrY = 



m 



(3.10) 



defines the multinomial coefficients (^) for r € IN, m € INq. It is easy to see that 
the usual binomial coefficients (^), /i, € INq, 0 < ly < /a, have to be identified 

with 



The multinomial coefficients satisfy 



V^IX — V 

= if!. 

m! 



for m > 0, |m| = G INq, where m! is defined by 



m! := mi! • • • m^^l 



for m G INq. Moreover, by our agreement from above we get 

= 0 for m ^ 0 or \m\ ^ fi. 



(3.11) 



(3.12) 



(3.13) 



The Homogeneous Polynomials 

Bounds for the Coefficients of a Homogeneous Polynomial 

We agreed in defining = Cm{P) for m ^ 0 by zero. Often this allows us to omit 
the indication that m is in INq. For the coefficients of the homogeneous polynomials 
the following bounds are known. 

Theorem 3.1 (Boimd on \cm{P)\^ Kellogg). Assume P G r G 1N\{1}, /a G INq, 
is bounded by ||P|| 5 r-i < 1. Then 

\Cm{P)\ < (3.14) 

holds for \m\ — fa. In the case r = 2 all bounds are lowest possible. 

Proof. First we consider the case r = 2. So let 

P(^,7?) = ^a,^-V, 

1^=0 
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and assume in the beginning that even the stronger condition 

||P||s-i < 1 (3.15) 

holds. Each coefficient occurs either with 

-v)] = + • • • , 

or with 

5 [Pi^> V) - -P(C. -^)] = V + ' ' ' , 

where both homogeneous polynomials satisfy the norm condition put onto P. 
Therefore it suffices to investigate the coefficients of homogeneous polynomials 
which are either even or odd with respect to the second argument. 

First we assume P to be even in the second argument. We write it in the form 

p{^, v) = boe - he~w + T • • • • 

There are two particular polynomials of this kind, namely 

= m + ivY = (o)^^- 

and 

A((,n} - P{(,n} = + ■ 

Note that cq = A(1,0) — P(1,0) > 0 holds because of (3.15), and that 

^(cos 0, sin (f)) = cos pcj) 

attains the values +1, —1 alternatingly (/i+l)-times as 0 runs from 0 to tt. Likewise 
A(cos 0, sin 0) — P(cos 0, sin 0) alternates (// + l)-times and hence it has p roots 
in the interval (0,7 t). This implies that the nonzero polynomial 

CqZ^^ - C2Z^~‘^ -h T • • • , 

which is even or odd, respectively, vanishes //-times while 2 : = cot (j) runs from +00 
to — 00 . So all of its roots are either zero, or occurring in pairs (^, — ^), ^ G IR, and 
so it can be written in the form z^q{-z‘^) where all roots of the polynomial q are 
negative. This implies that the coefficients of q do not change their signs. Because 
of Co > 0 this implies 

Co > 0, C2 > 0, . . . , 




- hiy > 0, for = 0, 1, . . 



2 



and hence 
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Now we replace P by -P, and obtain likewise 



2u 



+ i> 2 v > 0, for i/ = 0, 1, . . . , 



Together with \u 2 v\ = \h 2 v\ this yields 

\a 2 t.\ < ^ 2 ^^, fori/ = 0,l,---, 



Next we assume that P is odd with respect to the second argument. Then we get 
the estimates 



|^^2iy+l| < 






, for z/ = 0, 1, . . 



/i- 1 



+ 1 

by a similar comparison of the polynomials 

v) = T • • • 

and 

+ Qe-VT , (3.17) 

where 

B(cos </), sin</)) = sin ficj). 

Together this proves (3.14) under the stricter assumption (3.15). However, by a 
continuity argument, (3.14) remains valid under the original assumption, and the 
statement of the theorem holds in the case r = 2. 

The remaining is proved by mathematical induction with respect to r. So we 
assume that the statement of Theorem 3.1 is true for the dimensions 2, . . . , r — 1. 

This is valid for r = 3. Next assume P G say 

P{x) = CrnX^, 

| m |=/2 

satisfies the assumption 

\\P\\sr-^ < 1. 

For X G IR^ we define x := (xi, . . . ,Xy^_i)'. Writing it in the form 

X = ^y, ye 5 ’’“^ 

we get, with m = (m, m^^). 



P{&,V) = X] ( Yj 

rrir=0 |m|=/LA — TTlr- 



V^-mr^mr 
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For fixed y G we obtain P{^y^p)^ which is 

a homogeneous polynomial in the two variables ^ and ry, is bounded in absolute 
value by unity for (^,ry) G 5^. So the homogeneous polynomials 

V c- 

|m|=/x— rur 

which occur as coefficients of , ry) , are bounded in absolute value by ^ ) , 

and by our assumption with respect to the dimensions 2 , . . . , (r — 1 ), we get 



< 



p \fp-rrir 
p - mr^mrj \ ffi 



for |m| = p, where we used (3.11). Hence the statement holds also for the dimension 
r, and mathematical induction finishes the proof of the inequality (3.14). In the 
case r = 2 every bound is attained either for P = A, or for P = P, respectively. □ 

* 

We remark that for r > 2 every P G P!) can be written in the form 



P{x) = 



(3.18) 



v=0 



where the ^^(x 2 , . . . , x^) are homogeneous polynomials in the variables X 2 , . . . , 
of degree n. For /x > 1 we can write (3.18) also in the form 



M-2 

P(x) = aix^ + p{ct 2 X 2 H h arXr)x'^~^ + ^2 %-y{x 2 , . . • , x^)x^ (3.19) 

with uniquely determined ai , . . . , G IR, which we collect in the vector 

a \= (ai,. . . ,a^)' G IR"'. (3.20) 

Using this notation, we can supply Theorem 3.1 with the following theorem. 



Theorem 3.2 (Leading Coefficients of P G P]^). P G P^, r > 2, /i G IN, 

llPlI^r-i < 1 implies |ap = af H h < 1 . 

Proof, (a) First let r = 2. Then P(x) takes the form 

/i — 2 

P(x) = aiX^ + PU 2 X^~^X 2 + ^ hyXiX^~'' , 

with real coefficients 60 ,... , 6 /^- 2 * Now we assume that \a\ > 1 holds. Using the 
polynomials (3.16) and (3.17) we put P(x) := aiA(x) + U 2 P(x), and get 

/jL — 2 

F{x)-P{x) = y^c^x'{x'^~'' = x‘^-q{—) 

1/— n ^2 
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with some real coefficients cq, . • . , c^- 2 , and hence with some real polynomial q E 
Next we write a in the form 

a = |a|(cos e, sin e)', 0 < e < 27 t. 



Then we obtain 

F(cos (/), sin (/)) = \a\ cos(/x(^ — e), 

and so F(cos 0 , sin (j)) attains, alternatingly, (/i + l)-times the values ±|a| while 
(f) is running from ^ to ^ + tt. In view of the assumption on P this implies that 

F(cos 0 , sin (j)) — P(cos (/>, sin (/>) = (sin 0 )^ • ^(cot (/)) 

changes (/i + l)-times its sign. So there are zeros in the open interval (^5 ^ F'Tr), 
where sin 0 vanishes at most once. This implies that g(cot 0) has at least /i — 1 
zeros in this interval at a finite value of cot 0. It follows that q itself has /i - 1 
zeros, at least, and so it vanishes. This yields F{x) - P{x) — 0, and hence 

P {cos (f), sin (j)) = |a| cos(/i 0 - e). 

Again by the assumption on P we obtain 

1 > \\P\\sr-. = H > 1, 

but this is a contradiction. So our assumption on |a| was false, and the statement 
of Theorem 3.2 is valid for r = 2. 

(b) Next let r > 3, let a := (a 2 , . . . , ar)\ and choose the orthogonal matrix A such 
that 

a|Ae 2 

holds. Obviously, x\ = e[x is invariant under the substitution Ax x, and from 
(3.19) we get 

fi—2 

P{Ax) = aiX^ -h ir\a\x^~^X 2 + ^ g^_^,(x 2 , . . . , Xr)x^, 

u=0 

where the g^_j,(x 2 , . . . ,x^) are homogeneous polynomials of degree ^ again. 
Now let F{x) := P{Ax). F{x) is a homogeneous polynomial of degree and 
satisfies HFH^r-i = ||F|| 5 r-i < 1 . Moreover, ai and \a\ occur as the particular 
coefficients in the bivariate homogeneous polynomial 

ax -2 

F(xi,X 2,0, ...,0) = aix^ + /i|a|x5'“^X2-f ...,0)xi 

u=0 

of degree /i, which satisfies 

|F(xi,X 2 , 0 , ... ,0)1 < 1 for xf + X 2 = 1 . 



ei = Aei, 
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By the result from (a) this yields 

|ap = tti + |ap < 1, 



as claimed. □ 

Remark. For P ^ 0 the norm of P/\\P\\sr-i is unity, and Theorem 3.2 yields 

l«l/ll'P||s’-i < 1, i-e., 

|a| < ||P||s.-i. (3.21) 

For the original work see Kellogg [27]. 

The Gradient of a Homogeneous Polynomial 

Theorem 3.3 (Euler’s Partial Differential Equation). Every P G /i G INq, r > 
2, satisfies Euler’s partial differential equation 

x'grad P — pP = 0. 

Proof. From P{x) = we obtain 

\m\=fi 

x'{gradP){x) = E rn^CmX'^ = E f E 
* 

Lemma 3.4. Let P G p G INq, r > 2, and let A be an orthogonal {r x r)- 
matrix. Then 

\{gradP){Ax)\ = \{gradPA){x)\ 

holds for x G . 

Proof. The statement follows immediately from {grad Pa){x) = A' (grad P){Ax) . □ 

Theorem 3.5 (Gradient of P G Pp. Let P G Pp p G INq, r > 2, and define 
G{x) := \{grad P){x)\‘^ . Then we get 



^ CmX^ = flP{x). □ 



Proof. For p = 0 the statement is obvious. Next assume p>l. 
(a) First we want to prove 



\{gradP){x)\'^ < (3.22) 

for arbitrary x G S^~^. Let us represent x in the form x = Aei, where ^ is a 
properly chosen orthogonal matrix. Because of IjPU^r-i = ||P^|| 5 r-i we have to 
prove, equivalently. 



\{grad PA){ei)\'^ < ^2||P4|||r-i. 
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Pa is again an element of IP^, so it suffices to prove 

l(gradP){e,)f < fi^Pfsr-. (3.23) 



for arbitrary P G To this end we use again the representation (3.19). It 
follows that 



= M9o(0) = fj.au 

(a|:^)(«i) = (s|:9i)(0) = for 1 ^ = 2,..., r, 



and hence 



{grad P){ei) = fia. 
Together with (3.21) this yields 



\{gradP){e^)\^ = < fj^\\P\\\ 

which implies that (3.22) is valid for arbitrary x G S'^~ 



2 

5r-l , 

^ . This is the same as 

(3.24) 



(b) Next we choose x e S'^ ^ as an extreme point, i.e., such that \P{x)\ = ||P|||^_i 
holds. Then Lagrange’s optimality condition 

{gradP){x) = \x 



is satisfied with some A G IR. Together with Theorem 3.3 this yields 

A = x{gradP){x) = I^P{x) 

and 

G(x) = fj-^P\x) = 

So we get 

\\G\\sr-. > fj^ml-.. 

Together with (3.24) this finishes the proof. □ 

Remark. For F G C{D), ^ ^ D ClR^ compact, the set of extreme points is defined 
by 

S{F) := {xeD\ |F(x)H ||F|b}. 



It is easy to see that £{P) C £{G) holds for P G in the situation of Theorem 
3.5. But even £{P) = £{G) is valid, except for particular polynomials P. For 
details we refer to Hakopian [24] and to Reimer [52]. 
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The Harmonic Homogeneous Polynomials 

We investigate the conditions on the coefficients of a homogeneous polynomial 

* * 

which make it become harmonic. Note that IH^ = holds for fi G {0, 1} such 
that only the case /i > 2 is interesting. 

Let r > 2 and /i G INq be fixed, and define the index set 

M := M{r,ix) := {m G INq : |m| = /i}. (3.25) 

The homogeneous polynomials of degree /i are characterized by their coefficient 
vector 

C := 

Now let us introduce the partial differential operators 




for n G INq. They are biorthogonal with the monomials in the following sense, 

= m\Sm,n 

holds for m,n G Ad, where 5m, n is the Kronecker symbol Restricted to homoge- 
neous polynomials 

P{x) = Y, Cn(P)^” 

this yields 

C„(P) = ~ D^P for m£M. (3.26) 

m! 

* 

This is a realisation of the map P c = c{P) of the elements P of onto 
their coefficient vector c := and the following theorem holds. 

Theorem 3.6 (Characterisation of the Null Element in Pp. Let P G Pp r > 

2, // G INq. Then P = 0 is valid if and only if D'^P = 0 holds for allm G M(r,ii). 

Proof. The map onto the coefficients is bijective. □ 

Next let P G Pp /i > 2, which implies AP G P^_ 2 - Because of Theorem 3.6, P 
is harmonic if and only if 

P^(AP) = 0 (3.27) 

holds for all n G INq with \n\ = — 2. But (3.27) is equivalent to 

r 

^^n+2e.p ^ 
v=l 
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and because of (3.26) also with 

r 

+ 2e^)\ Cn+e, = 0, (3.28) 

holding for all n G INq with \n\ = - 2, where we used the abbreviation Cm = 

Cjn{P)- In order to make this equation more significant, we define the normalized 
coefficients 




for m G INq, and 0 for m ^ 0. Actually, in this notation the following 

theorem is valid. 

Theorem 3.7 (Difference Equation of the Coefficients of i/ G Up. P G Pp r > 

2, G INfo is harmonic if and only if the normalized coefficients Cm = Cm{H) 
satisfy the multivariate difference equation 

r 

= 0 (3.29) 

for all n G INq which satisfy |n| = /i - 2. 

Proof. For jr G {0, 1} the statement is evident. Next let /x > 2. Then (3.29) is 
equivalent to (3.28), (3.27), and hence with P being harmonic. □ 




Figure 3.1. Difference Equation Lattice. Vertices of 
Marked Triangle contribute to = 0. 
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In view of (3.29), the restrictions of the coefficient functionals onto are, in 
general, linearly dependent. In particular, we can write (3.29) for m = n-\-2er > 2er 
in the explicit form 

r— 1 r— 1 

— ~ ^ ^ ^m+2(ety — e^) ~ ~ ^ ^ ^m+2ety,mr— 2? (3.30) 

1^=1 1^=1 

with n := (ni, . . . , n^-i) for n G Z^, again. For > 2 this formula allows us 
to reduce the last index by two, step by step, by a linear combination of the 
coefficients, until the index nir takes the value 0 or 1, respectively. So we get the 
following lemma. 



Lemma 3.8 (Reduction of the Coefficients in Hp. Let r > 2, p > 2, H e 

The normalized coefficients Cm = Cm{H) of H satisfy the reduction formula 



c 



m — 




(3.31) 



for m G INq, |m| = /i, a = 0, 1, . . . , . 

Proof. We use mathematical induction with respect to A. For A = 0 equation (3.31) 
is trivial and true. Next assume 0 < A < [^J, which implies nir > 2. All terms 
on the right side of (3.31) can be reduced by the help of (3.30). This yields 



(- 1 ) 



r— 1 

“EE 

1^=1 |n|=A 



^m+2n-|-2eiy ,mr-— 2A— 2* 



Replacing in the inner sum n-\- Cy by n we obtain 




^m+2n,mr — 2(A+1) • 



For |n| = A + 1 we get 



r— 1 



u=l 



SU-e-J- 



r— 1 

E 

U = l 



WUy 



n\ 



(A + 1)! 



n! 



and hence 




(3.32) 



This is itself an interesting formula on multinomial coefficients. Changing now the 
order of summation, and inserting (3.32), we see that (3.31) is valid also for A + 1, 
instead of A, and mathematical induction finishes the proof. □ 




3.1. The Zoo of Multivariate Polynomials 



55 



In what follows we make also use of the index set 

I :=I{r,ij) := {m G AI(r,/i)| G {0, 1}}. (3.33) 

For A , Lemma 3.8 yields, in particular, that the coefficients of a harmonic 

homogeneous polynomial of degree fi satisfy the equations 

Cm = 0^'\cm+2n,mr-2[^l (3-34) 

N=m ^ ^ 

for m G A4. So the complete coefficient vector c = (cm)meM is determined already 
by the initial vector {cm)mei' Moreover, the following theorem holds. 

Theorem 3.9 (Solution of the Difference Equation). For every arbitrarily given 
initial vector (cm)meJ the difference equation (3.29) has a uniquely determined 
solution 

Proof. If {cm)meM solves (3.29), then (3.34) holds by the arguments from above, 
and the solution is uniquely determined by the initial vector. Next we assume the 
initial vector to be given. We have to prove that it determines a solution of (3.29). 
To this end we complete the vector {cm)meM by defining the numbers 
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In other words, (cm)^GM solves the difference equation (3.29), as claimed. □ 



Applying Theorem 3.9 to our original problem, we get the following characterisa- 
tion theorem. 

* 

Theorem 3.10 (Characterisation of To every initial vector {cm}ij,£X{r,iJ,) 

* 

there exists a uniquely determined H G such that Cm{H) = Cm holds for all 
m G X(r,/i). 

* 

Proof. Obviously, by Theorem 3.7 the polynomial P G with the coefficients 
Cm{P) = Cm is harmonic if and only if the difference equation (3.29) is satisfied. 
The remaining follows from Theorem 3.9. □ 

Corollary 3.11 (Dimension of Up. 



dim Ml 



/i + r-2\ //i + r-3\ 

r-2 r-2 ) 



Proof. Prom (3.34) it follows that the dual space of 1H() is generated by |I| coef- 

* 

ficient functionals. This implies |J| > dim Hp Vice versa, from Theorem 3.10 it 
follows that we may define Hm for m G J by 

Ml 3 Hm : Cn{Hm) = Sm,n for m,nel. (3.36) 

* 

These elements are linearly independent, so we get |J| < dim M^. Together this 
* 

yields dim M^ = \I\. But |J| is the number of (r - l)-variate monomials of 
degree p or p — 1. We evaluate this number by means of (3.9), and the theorem is 
proved. □ 

It follows from (3.36) and Corollary 3.11 that the family 

{■^m } m^T{r^ji) 

* * 

is a basis of M ^ , where every H G M^ has the representation 

H ^ (3.37) 

mGX('T,/x) 

while P G Ml is in if and only if 

Cm{P)Hm = 0. 

mGX(r,/i) 



p - 



(3.38) 
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Remark. The index set T{r^jji) is chosen such that the restrictions of the corre- 

* 

spending coefficient functionals onto form a basis in its dual space. There are 
many other choices possible to guarantee this. 

Polynomials in the Kernel of Other Partial Differential Operators 

The spaces of harmonic homogeneous polynomials can be written in the form 

h;; = f;; n ker(A). 

Though these spaces play a particular role in our theory, it is quite natural and 
worthwhile to generalize them as follows. 

We replace A by a homogeneous partial differential operator of order k which has 
the form 

r 

L = 

U=1 

with constant real coefficients Then P G implies 

LP G 

and P G ker(L) holds if and only if 

D^LP = 0 

is valid for all n G INq with |n| = /i - hi. This is equivalent to 

r 

v=l 

for all n G INq with \n\ = fi — hi. Now assume Ur / 0. Then this difference equation 
allows a reduction to the initial values Cm, ^ { 0 , 1 ,...,/^ — l}, as in the case 
where L is the Laplace operator. 

Wave Equation 

The wave equation is a particularly interesting example. Here the differential op- 
erator is hyperbolic and takes the form 

r— 1 

L =: 

The interesting space is now 



W; P; nker(L), 
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which consists of the homogeneous polynomial solutions of the wave equation. If 

* * 

we compare now the theory of and of we see that there is only a little 
change necessary, which concerns the signs: (3.29) has to be replaced by 

r— 1 

On+2er ~ ^ ^ ^n-\-2ei, ~ 9 
1^=1 



for all n G INq with \n\ = p — 2, and (3.34) has to be replaced by 



= E 



l"l=L^J 



^m+2n,7Tir — 2[^^J • 



Theorem 3.9, Theorem 3.10, and Corollary 3.11 remain valid with replaced 

by w;. 

A General Principle of Generating Polynomial F ami lies 

Let r > 2. Assume {QAiliieiNo ^ given sequence of even or odd univariate 
polynomials of exact degree fi, i.e., assume has the representation 

LfJ 

= a^/O, (3.39) 

1^=0 



with real coefficients. For t and x in IR^ we get 

L2 J 

CL^-2iy{tl^l p ’ ' ’ + {tf ' -y tlY . (3.40) 

u=0 

This is a homogeneous polynomial in the variable t and can be written in the form 

(3.41) 

\m\=iJ, 

which defines Am{x) for |m| = p and x G 

In order to determine Am{x) we order (3.40) by powers of t. So we get 




(3.42) 
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A comparison with (3.41) yields 




and we see that the Am form a family of multivariate polynomials 

Am e JPm, m E Wq. 



(3.43) 



(3.44) 



The unique homogeneous component of degree /i is obtained for n = 0, i.e., we get 



Am{x) = «m(^)^“ + TLD{x), (3.45) 

where TLD is again an abbreviation for ’terms of lower degree \ but now in the 
multivariate sense of TLD G here and in what follows. 

The following theorem is concerned with a basic property of the Am- 

Theorem 3.12 (Basis Property of the Am )• Let r >2 and let the family of polyno- 
mials be defined by (3.43), where 7 ^ 0 holds for all jjL G INq. Then 

the subfamily 

is a basis of for arbitrary /i G INq. 

Proof. In view of 7 ^ 0 the statement follows immediately from (3.45). □ 

Moreover, replacing in (3.41) the variable ti^ by -ti, and Xi, by — Xj,, we find that 

A^(...,-x^,...) = (-1)"^"A^(. ..,x^,...) (3.46) 

holds for = 1 , . . . , r, which implies 

Am{-x) = {-irAmix), (3.47) 

and hence Am ^ for |m| = fi. Therefore we can homogenize the Am, as 

* * 

explained in Definition 3.1, and get the additional family of polynomials Am G IP^ 
defined by 

Am{x) = (3.48) 

for |m| = ( 1 . If we homogenize (3.41) likewise with respect to the variable x, then 

♦ 

we see that the Am satisfy the symmetric equations 



Am{x)f^ = mx^Qf. 

\m\=^ 




(3.49) 



We finish our consideration by evaluating the pivot coefficient for later applica- 
tions. 
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Theorem 3.13 (Pivot Coefficient of Am)* 




Proof. From (3.43) and (3.48) we obtain 



(3.50) 



Am(^) 





„m—2n 



i^! + 






2\|n| 




|n|<LtJ|/N|n| 



/i - 2|n|\ 
m — 2n J 





^m-2n-\-2l 



We collect the terms which occur with the monomial which are just the terms 
where I = n, and get immediately the statement of the theorem. □ 



The Families of Appell and Kampe de Feriet 

In this section we present two families of r- variate polynomials and 

which depend on a parameter s, which we call the Appell index. For 
r = 1 they coincide with some Gegenbauer polynomials. For r = 2 they were 
introduced already by Hermite. For arbitrary r G IN, but restricted to the case s G 
IN, these polynomials were studied intrinsically by Appell and Kampe de Feriet, 
[2]. However, several results can be generalised to more or less arbitrary indices. 
In particular, in our context the index s = — 1 is of great importance. 



The polynomials Vm^ and Um^ depend on s, but also on r, which is the number 
of variables which occur at least formally. We make this apparent by writing 
and instead of Vm^ and Um\ respectively. 

We obtain the family if we identify in (3.41) with the Gegenbauer poly- 

r+s— 1 

nomial ^ , where 5 G IR is arbitrary in the beginning. The are then the 

corresponding i.e., they are defined by the expansion 



r+s-l / fr \ 

' m = E (3-51) 

^ ^ \m\=n 



where t and x vary in IR'". If we write C^(^) for arbitrary A € IR in the form 



LtJ 



i /=0 



(3.52) 
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then (3.44) and (3.45) take the form 



^ m ^ ^ r 



(3.53) 



V:,’^(x) = + TL£>(x), (3.54) 

both for |m| = G INo, ^ ^ IFl and arbitrary s G H. 

Now let us assume r + s - 1 ^ 0, first. Then we get from (2.3) and (2.4) 



1 

(l-2^r + r2)"^ 



11=0 



(3.55) 



for 1 < ^ < 1, 0 < |r| < 1. For t,x e , 0 < \t\ < I, we may replace ^ and r by 




Inserting this in (3.55) we get, together with (3.51), 



1 

{i-2tx+fiy-^ 



= E E 

\m\=ii 



(3.56) 



which is an r- variate version of (3.55). 

For r + s- l==0we have to change the generating function and get from (2.7) 
likewise 

oo 

1 - log(l - 2tx + t^) = E E (3.57) 

M=0 \m\=ii 

instead of (3.56). 

For r = 1 the equations (3.56) and (3.57) reduce to the defining equations of the 
corresponding Gegenbauer polynomials, and we obtain = C^. 

For r > 2 let t := (ti, . . . ,tr-i)', ^ • • • ,Xr-i)', ffi := (mi, . . . ,mr_i). Then 

tr = 0 implies 

l-2tx + t^ = l-2fx + ? and 



which corresponds to a reduction of the dimension r by one, and (3.56) or (3.57), 
respectively, yields 

Here and in what follows * indicates a variable which does not appear — see 
(3.53). 
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Next we replace r by r + 1 and 5 by s - 1. Then we get for r G IR and s G INq by 
a repeated application of our reduction method 



= ••• = 



(3.58) 



These equations say that it is possible to reduce the index s to the value of -1 by 
treating as an element of 

The are obtained in a similar, though different way from the expansion 



+ t^(l - x^)] ^ 



tx 



[{txy +t^l-X^)]-2 



Ul;:{x)r, (3.59) 



in the beginning for arbitrary s G IR. Actually, for p G INq the left side is ho- 
mogeneous in t of degree p, such that the U^^{x) are defined for x G IR^ as the 
coefficients occurring with where it is obvious that they are polynomials of 
degree /i, i.e., that 

€ p; (3.60) 

holds for |m| = // G INq. Replacing Xy and ty in (3.59) simultaneously by —Xy and 
—ty^ respectively, we get 



. . , -X., . . .) = (-i)™^f/;;;*(. . . ,x., . . .) ( 3 . 61 ) 

for = 1, . . . , r. Moreover, we obtain 

Ul^^{x) = C|(l)('^') x^ for X € S^-\ (3.62) 



But in general is not in nor does a chain like (3.58) exist. 

But there are expansions for the U'!^^ corresponding to (3.56) and(3.57). To see 
this let 






tx 



2m i 



[{txf + r(l - x^)] 



for x,t E B 
and 0 < r‘^ < t‘^ < 1 



[{tx)^+t^l-x^p 

x\ < 1, 0< \t\ < 1. Actually, these assumptions imply — 1 <^<i 
Therefore we may insert these values in the equations 



1 

(1 — 2^r -h r‘^)i 

1 - log(l - 2^r + r^) 

and together with (3.59) we obtain 

1 

[(1 — tx)‘^ -f — x^)] ^ 



^C|(0r^ if s 7^0, 

fi=0 

00 

11=0 



EE fors^O, (3.63) 

fx=0 \m\=ii 
00 

E E 

\ m \= iJ , 



1 — log [(1 — tx)^ + — x^)] 



(3.64) 
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The functions on the left sides of (3.56), (3.57), (3.63) and (3.64) are called the 
generating functions of the polynomials which occur on the corresponding right 
side. 

For s G IN and \m\ = /a e INq it is possible to derive from (3.63) the formula 



jjr,s 
^ m 



( \ LtJ 



!/=0 



1 






(3.65) 



where A is the Laplaee operator, see [2], p.262 (11). It is easy to bring this to the 
form 



r(s±i\ 

u^'(x) = r{ij,+s) 



(_i)i«i 






For s = 0 and |m| = p e IN it follows likewise from (3.64) that 

. ipLtJ 1 



x'"-2"(l-a;2)l"l. 

(3.66) 



2\f/ A 



u=0 



22‘^(l).(i) 



I-(l-x2)‘^A 



(3.67) 



and 



u:^\x) = 



1)! (-i)i”i 

nil'tJ 22H(i)|„|n!(m-2n)! 



,m— 2 n 



(1-X2)I 



n| 



(3.68) 

holds, see [19], formula 2.3.16, where has to be identified with Note that 

= 1 is valid. It is tedious to derive these formulae from the corresponding gen- 
erating functions. So we omit this, in particular, since we obtain a corresponding 
result in a different way in Section 4.3. 



Remark. The polynomial systems of Appell and Kampe de Feriet earn our interest 
by their important property of being biorthogonal with respect to certain weight 
functions on the ball. We derive this property in Section 4.3 from a basic bi- 
orthonormal system of spherical harmonics, which we bring down from the sphere 
to lower dimensional balls. The situation is comparable with the complex plane, 
where the orthogonality of the monomials on the unit circle is basic. Moreover, 
we restricted ourselves, finally, to the case 5 G INq, where the index s = 0, which 
was not considered by Appell and Kampe de Feriet, plays a separate role. Note 
that it follows from (2.13) that C^{1) vanishes for s = -1 and /i G IN, such 
that Uff degenerates on in this case, see (3.62). Nevertheless, just this 

index corresponds to the spherical harmonics and hence with our theory. This will 
become clearer later. 



We finish this section with the remark that the and the are represented 
by certain Rodrigues formulae, and that they satisfy certain partial differential 
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equations. In our context this is without interest. Moreover, there exist recurrence 
formulae for both systems. This we discuss in Section 7.6 in a more general setting. 



3.2 Polynomials on Subsets 

The elements P of are defined by their coefficients with respect to the mono- 
mials, which means as a subject of algebra. For this reason we call them, more 
precisely, algebraic polynomials. On the other hand, an algebraic polynomial P 
defines a polynomial function 



3 X P{x) G IR 

by the usual evaluation rules. The space of all polynomial functions is denoted by 
P^(IR^). It follows from the Fundamental Theorem of Algebra that a polynomial 
function vanishes only if P is the algebraic null polynomial, which means if all 
coefficients are zero. Therefore the map from the algebraic polynomials to the 
polynomial functions is an isomorphy, 

P^(IR^) ^ JPF 

We can generalize this as follows. Let V be a subspace of JP^ and let D be a 
nonempty subset of IR’^. Then we define the space of polynomial function restric- 
tions 

Y{D) := {P\d : P€V}, 
and by the arguments from above we get 

Theorem 3.14 {D cont£dning an Interior Point). Assume Y is a subspace of P’’ 
and D C IR^ contains an interior point. Then Y{D) = V holds, together with the 
statements 

(i) dim Y{D) = dim V, 

(a) II • ||d is ^ norm onY. 

If D does not contain an interior point, the situation can change, but need not. 

For instance, let r > 2 and p > 2. The space JP^^ contains the nonzero algebraic 
prime polynomial 

E{x) := xl~\ \-xl -1. 

The corresponding polynomial function vanishes on *5'’^“^, so JP^^{S^~^) cannot be 
isomorphic with JP^^ itself, while dimP|^(S'^~^) < must hold. We could try 
to compensate for this lack by replacing the polynomial ring P^ with the ring 
JP ^ Likewise we could proceed if D is an arbitrary algebraic vari- 
ety. But to our knowledge this approach weis not awarded by success, until now. 
Moreover, it has the disadvantage of promising nothing for the case where D is 
arbitrary. 
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In what follows we assume, again, that V is an arbitrary subspace of and that 
0 ^ Di c D 2 C IR^ holds. Then the space V(i5i) consists of the restrictions of the 
elements of ¥(£^ 2 ) onto Di. This furnishes immediately 

Theorem 3.15 (Comparison of Dimensions). IfY is a subspace of JP^ and if 0 ^ 

Di C D 2 C IR^ holds, then 

dimV(Di) < dimV(D2) < dimV. 

We add a theorem where a situation of particular interest occurs which is not 
covered by Theorem 3.14. 

Theorem 3.16 (Harmonic and Homogeneous Spaces). Let r > 2, /i G INq, and let 
* 

V be either the space or a subspace of Then the following holds: 

(i) V(5"-^) ^ V(B") ^ V, 

{ii) dim V( 5^-1) = dimV(B^) = dimV, 

(Hi) llPlU-i = ||P||b- for all PgV. 

Proof. {Hi) follows from the maximum principle or from (3.4), respectively. The 
right side of {i) follows from Theorem 3.14, the left side from (Hi), since P\sr-i 
vanishes only for \\P\\b^ = 0, and hence if is the null element in Y{B^). {ii) 
is an immediate consequence of {i). □ 

Corollary 3.17. For r > 2 and fi € INq, || ■ ||sr— i is a norm on the spaces IH’', 
P^, and fc. 

Remark. To make the notation more convenient we agree on the following. If 
an element of V(P) is the restriction of a polynomial P onto D, then we write 
P G Y{D), though this may be incorrect in a strict sense. For instance we may 
* 

write 1 G P^^ for /x G IN, since 1 is the restriction of (xf H h x^)^ onto 



3.3 Problems 

Problem 3.1. 




\ fA 



Problem 3.2. 



z/ 



fl — V 
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Problem 3.3. 

ifm^2n^ n G INq, 
ifm = 2n, n E INg, |n| = u. 

Problem 3.4. Prove for r G IN and p G INq by mathematical induction: 

5] a:™ = ;r G IR^ 

\m\=fi 

where the expression on the right side is the divided difference of order r - 1 with 
respect to the monomial and the nodes Xi,X 2 , . . . 

Problem 3.5. Let D be the margin of a non-degenerating triangle in IR^. Calculate 
the dimension of JP^iD). 

Problem 3.6. Determine \\Mm\\ = max{|a:’^| : x G 5^}, r > 2, m G INq. 



/ 

Sr-l 



x^duj{x) = 



0 , 

^ r^ rju+^) {:) 
r(.+5)(-)> 




Chapter 4 



Polynomials on Sphere and Ball 



In this chapter we investigate the space of polynomial restrictions onto 

the unit sphere and its subspaces. The elements of are called 

* 

spherical polynomials, the elements of spherical harmonics of degree p. 

The most important subspaces are finite-dimensional rotation-invariant subspaces 
(Definition 1.2). They are distinguished by a very rich theory and a numerical 
analysis at a reasonable degree of complexity — which is one of the most important 
problems in the multivariate case. Several basic results on spherical polynomials 
are transferrable to the ball. 



4.1 The Rotation-Invariant Subspaces of 

Let rGlN\{l}bea fixed space dimension. It is obvious that the (unrestricted) 

* 

polynomial spaces JP^ , JP^ and are rotation-invariant. The following lemma 
is also obvious. 

Lemma 4.1 (Intersection of Rotation-Invariant Spaces). If the subspaces Yi and 
V 2 ofJP^{D) are rotation-invariant, then Yi nV 2 is rotation-invariant. 

Not so obvious is the following theorem. 

Theorem 4.2 (Harmonic Space). For r e IN \ {1} the space is rotation- 
invariant. 

Proof. Assume H G A € and let Ha{') consistent with 

Definition 1.2. Obviously, Ha G holds as P^ is rotation-invariant. We calculate 

the Hesse matrix of Ha and get 

-^'1 A 

dxydx^ ) 
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By the invariance of the trace this yields 

{AHa){x) = {AH){Ax) = 0, 

i.e., Ha eB.''. Therefore, H’’ is rotation-invariant. □ 

Using Lemma 4.1 and Theorem 4.2 we get easily the following corollary. 

Corollary 4.3. For r e {1} the spaces 
Ujr(^r-i)^ and are rotation-invariant. 

Dimensions 

* 

We want to determine the dimensions of the most important subspaces. P G 
vanishes on if and only if P is the null polynomial, see (3.4). Therefore the 

spaces and F^(5'^“^) are isomorphic, and(3.9) yields 




Likewise, H G vanishes on 5'^ ^ if and only if H is the null polynomial. 

* * 

This follows from the maximum principle. Therefore the spaces lHj[) and 
are also isomorphic, and Corollary (3.11) yields 




Next we intend to calculate the dimension of F^(5^ ^), which is not quite so easy. 
To this end let 

F G f;(5^-^) 

be arbitrary, say 

F = P\sr-1 where P G F;;. 

We write P in the form 

P = Ap B 

where A G F^ and B G FJ^_^ are defined by 

Mx) = ^[P{x) + {-lYP{-x)], 

B{x) = l[Pix)-{-irP{-x)]. 

It follows that 

F{x) = A{x) + B{x) for x G 
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♦ * * * 

where A G B G This is a decomposition of F by its even and its 

odd part, or vice versa, so the decomposition is unique, and we get the following 
theorem. 

Theorem 4.4 (Decomposition of 

ip;;_i( 5 ^-') (4.3) 

is valid /or r G IN \ {1} and ji G INq. 

As an immediate consequence of Theorem 4.4 we get now, for r G IN \ {1} and 
//GINo, 




which is the dimension wanted. 

Reproducing Kernels 

It is our aim to characterize in what follows all rotation-invariant subspaces of 
pr^^r-i j finite dimension. This will be possible by determining their reproduc- 
ing kernels with respect to the inner product (•,•). By Theorem 1.11 they have the 
form 

G{x,y) = K{xy), x,ye S''~\ 

where K € (7[— 1,1], This means that K{x-) is contained in the corresponding 
axial kernel. In the actual case further information on K is available. 

Lemma 4.5. Let r G IN\{1},V a rotation-invariant subspace of 
N := dimV G IN. Then the following holds: 

K eJPlil-1,1]), (4.5) 

m = (4.6) 

iOr-l 

Proof. Recall (1.5), i.e., recall that 



N 

K{xy) = J2Sj{x)Sj{y) 

i=i 

holds for X, y G provided {^i, . . . , 5 at} is an orthonormal basis of V. Identi- 
fying y = X and integrating the resulting equation over we get 

N 

= Y.{Sj,Sj) = N, 

j=l 
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which proves (4.6). Next let t,u e ^ be fixed, where tu = 0. K{t-) is in V, and 
hence in Therefore F G exists such that 

K{tx) = F[x) holds for x G 

Now we define 

for (^, 77 )' G F^. Then $ is a bivariate polynomial of degree /i, which is even with 
respect to rj. This implies that is a polynomial of degree p with 

respect to the variable But 



yr^) = m) 

holds for -1 < ^ < 1. So is a univariate polynomial of degree /i, as claimed. □ 

Definition 4.1 (Particular Reproducing Kernel Functions). Let r G IN \ {1}, 

* 

// G INq. The reproducing kernel function K G F^ 0 / the spaces 
FJD(S'’^“^), and F^(5’^“^), is denoted by TJ^, and F^, respectively. 

The Spaces IH;;(S^-i) 

We get complete information on the reproducing kernel in the spaces of spherical 
harmonics since the axial kernels are outmost elementary in this case. 

Theorem 4.6 (Axial Kernels in 1H^(S"'“^)). Let r e IN \ {1,2}, ^ e INq. For 

t G the axial kernel of Y := IH^(5^~^) with axis t is given by 

Yt = span{Cf^ (t^)}. 

Proof. Let Yt be the axial kernel of V with axis and assume if G Vt, say 
* 

if = i^Ur-i where F G By Corollary 1.5 a function / G C[— 1, 1] exists such 
that F(x) = f{tx) holds for x G 

Applying our arguments used in the proof of Lemma 4.5 with respect to K we 
obtain 

/ e JPl- (4.7) 

Besides we get 

f{-tx) = F{-x) = (-l)''F(a;) = f{tx) 
for arbitrary x G 5’’“^. Since the values of tx cover the interval [—1, 1], this implies 

/(-o = i-irm) (4.8) 
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for -1 < ^ < 1, and hence for arbitrary ^ G IR. It follows that f{tx) can be 
homogenized, where 

\xn = F{x) (4.9) 

is valid, first for x G but as homogeneous polynomials of degree /i occur on 
both sides, even for arbitrary x G IR^, x 7 ^ 0. Now it follows from AF = 0 that 

A|x|'‘/(^)=0 (4.10) 

must hold for x G IR^, x ^ 0. Using the abbreviation 

tx 

^ — r for 0 / X G IR’^ 

|x| 

we get by a simple, but lengthy calculation that (4.10) is equivalent to 

(1 - e)nO -{r- WiO + + ^ - 2)/(0 = 0 . (4.11) 

By Theorem 2.2 this implies, together with (4.7) and (4.8), that 

/(O = const -C^iO 

holds with some constant, and so we get 

H{x) = F{x) = const {tx) 
for X G 5^"^ This holds for arbitrary G V^, therefore we obtain 

Vi C span|c,?“(l •)! . 

But f — itself satisfies (4.7), (4.8) and (4.11), and hence (4.10). This implies 
Yt 7 ^ [ 0 ], and hence 

V( = span|c7i?“(f oj , 

as claimed. □ 

Because of Theorem 4.6 we are able to prove the following theorem. 

Theorem 4.7 (Reproducing Kernel of 11^(5^"^)). Let r G IN \ {1}, // G INq. The 

* 

reproducing kernel of 11^(5^“^) is given by 

= -F- . (7^ (xy) 

UJ-p—l 

for x,y e , where N = dim IH))(5’'’“^). 



(4.12) 
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* 

Proof. is rotation-invariant, see Corollary 4.3, so the reproducing kernel 

takes the form 

G{x,y) = K{xy) 
for x,y £ 5''“^ see Theorem 1.11. 

For r > 3 this implies that K{x-) belongs to the axial kernel with axis x, and 
Theorem 4.6 yields 

K{x') = const (^O* 

The constant can be determined by means of Lemma 4.5, i.e., from 

N 

const = K{1) = . 

UJr — l 

Together this yields (4.12). 

In the exceptional case r = 2, the assumptions of Theorem 4.6 are not satisfied, so 
we have to look for a direct proof. It uses the homogenous harmonic polynomials 

A^{xi^X 2 ) = + 2 x 2 )^ and B^(xi,X 2 ) = ^{xi + 2 x 2 )^. 

Actually, from (4.2) we obtain A" = 1 for /2 = 0, and A = 2 for /x > 1, and using 
the parameter representation 

xi = cos(/), X 2 = sin(/), 0 < (j) < 27t, 

we confirm easily that the systems 




are an orthonormal basis for /x = 0 and /x > 1, respectively. So we get from (1.5), 
with yi = cos'll;, ^2 = sin-0, and first for /x > 1 only, 

G{x,y) = ^ Afj,{x)Ai^{y) + Bf,{x)Bfj,{y) cos |U</) • sin + cos ytiV' • sin /iV’ 

= hi<f> - i’) = 



For /X = 0 we get similar 

G{x,y) = = -^C^(x,y), 

ZTT ^r — 1 

and in all cases the statement of the theorem is true. □ 

Remark. The value of A is well known from (4.2). Using (2.13) and (2.8), respec- 
tively, we can bring (4.12) to the form 




if r > 3, 

if r = 2, /X G IN, 
if r = 2, /X = 0. 



(4.13) 
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Theorem 4.6 enables us to prove the following well-known theorem. 

Theorem 4.8 (Funck-Hecke). Let r G IN \ {1,2}, p € JNq, F e and 

H e 1H;;(5’'-1). Then 

l{F,t) := j F{tx)H{x)(ko{x) = A{F)-H{t) (4.14) 

Sr-1 

holds for t G where the constant is given by 

1 

A(F) = ujr-2 I F{^)Cp" (0(1 - ey-^di. (4.15) 

-1 

Proof. For arbitrary rotations A G A[ we obtain 

l{F,t) = j F{tx)H{Ax)cLo{x). 

Sr-1 

Averaging both sides over the group A[, we get 

I(f,f) = J F{tx){UlH){x)cko{x). 

sr-1 

Theorem 1.10 and Corollary 4.3 imply together 

{niH){x) = Hit).g{tx) 

with a uniquely determined function g e C[-l, 1] which satisfies g{l) = 1. Since 

g{t-) is located in the axial kernel of with the axis t, it follows from 

Theorem 4.6 that 

g{t-) = Cif{t-) 

holds. Inserting this above in the integral we get 

l{F,t) = A{F)-H{t) 

with the constant 

1 

A(F) = j F{tx)C^;f {tx)du{x) = LJr-2 j Fiocif (0(1 - C")^d0 

sr-1 _1 

where we used, finally, the reduction formula (1.25) with s = r - 2. □ 

By the help of the Theorem of Funck-Hecke we can prove the following, most 
relevant corollary. 
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Corollary 4.9. For ^ INq, r G IN \ {1}, x,y e ^ the following holds: 

j Gl{xz)Gl{zy)dbj{z) = 

Sr-1 

Proof. For p = v the statement follows from the reproducing property of • ). 

Next assume v ^ p.\n Theorem 4.8 we identify F H{‘) := G'K'y)^ and 

obtain, for G 5^“^, 

/ Gl{xt)Gl{ty)dw{t) = • Gl{xy) = 0, 

Sr-l 

where we use that 

1 

A^,u = ^r-2 I (0(1 - = 0 

-1 

holds in view of (4.12) and of Theorem 2.3. □ 

In what follows we use the abbreviation Gi, = G^ for u G INq. Then we can write 
the result of Corollary 4.9 in the form 

{G^{x • ), Gy{ • y)) = G^{xy) • (4.16) 

for G INq and arbitrary x^y E S^~^. In other words, for u ^ p all zonal 

elements of IH^(5^~^) are orthogonal to all zonal elements of IH^(5^“^). Actually, 
this yields the following important theorem. 



G’'^{xy) , = 

0 , if 



Theorem 4.10 (Orthogonality of the Spaces IHj^(5’^ ^)). Let r G IN \ {1}. For 

p,v £ INo, p ^ V, the spaces lHj^(S'^“^) and IH^(5'^“^) are orthogonal with 
respect to the inner product ( • , • ) . 



Proof. Let A G IH^(5^ ^) and B G IH^(5^ ^) be arbitrary. By the reproducing 
property of G^ and of G^, we get, for x G 5^“^ 



A{x) = {G^{x • ), A), B{x) = {G,{x - ), B). 
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Using shorthand notation, we obtain 
(A,B) = f A{x)B{x)dx 

\x\ = l 

^ /{/ Gf,(xy)A{y)dy ■ / Giy{xz)B{z)dz^ dx 

I2/N1 \z\=i 

= j j A{y)B{z)[ I G^{yx)Gy{xz) dz dy 

|yl = l |2:| = 1 |a:| = l 

- 0 , 

where we used Corollary 4.9 to get the last equation. 

In the following we use the symbol eV, e G {0, 1} in a direct sum in order to express 
that the subspace V actually occurs for 6 = 1, but is to be omitted for e = 0. 

The Finite-Dimensional Rotation-Invariant Subspaces of 1P^(S^“^) 

We are now able to describe all finite-dimensional and rotation-invariant subspaces 
ofP;(5^-i). 

Theorem 4.11 (The Rotation-Invariant Subspaces in ). Let r G Esf\ {!}, 

and assumeY is a finite- dimensional subspace ofJP^{S^~^).Y is rotation-invariant 
if and only if it has the form 

V= (4.17) 

1^=0 

where p G INq, 6q, . • . , G {0, 1}. The decomposition is orthogonal with respect to 
the inner product ( • , • ). The reproducing kernel ofY is given by 

G{x,y) = ^e„Gl{xy) for x,y £ 5"'“^ (4.18) 

iy =0 

Proof. Obviously, if V has the representation (4.17), then it is rotation-invariant. 
Next assume V is a finite-dimensional rotation-invariant subspace. It is contained 
in for some p G INq. By Theorem 1.11 its reproducing kernel has the 

form G{x,y) = K{xy), where K G Pj,([-l,l]) holds by Lemma 4.5. 
From (4.12) we get 

G,eTPi\lPi_, (4.19) 

for u G INq, where we recall once more the definition P_i = [0]. It follows that K 

has a uniquely determined representation 

KiO = Ee.G.(0 

i /=0 



(4.20) 
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with real coefficients Since K{xy) is the reproducing kernel of V, we get 

K{xy) = {K{x-),K{-y)) 

for x^y E S^~^. Here we insert (4.20) on both sides and obtain 
K{xy) = 

1^=0 ti=0 

In view of (4.16) it follows that 

K{xy) = 

u=0 

for arbitrary x,y G 5^“^. The values of ^ = xy cover the interval — 1 < ^ < 1 
while X and y vary in This implies 

K{0 = (4.21) 

U=0 

A comparison of the coefficients in (4.21) and in (4.20) yields which is 

equivalent to G {0, 1}. So (4.18) is valid. 

Finally let F G V be arbitrary. Then we get for x G S'^~^ 

F{x) = {K{x-),F) = ^e,(G.(a:.),F). 

i /=0 

The function Fy defined by Fy[x) := {Gy{x •), F) for x G is contained in 
* 

This follows immediately by representing Gy{x-) as in (1.5) by an 
orthonormal basis of Therefore, 

F - 

iy=0 

is an orthogonal decomposition, which corresponds to the decomposition (4.17). □ 

The Spaces and 1P;;(S^-^) 

Let V be defined as above but by the choice of eo = ci = . . . = 1. Then 

^ * 

dimV = 53 dim 

u=0 
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holds. In view of (4.2) and of (4.4) this yields 

dimV = dim 

But V is a subspace of P^(S'^“^). So V = P^(5^“^) must hold, and we obtain 

(4.22) 

i/=0 

Next we recall (4.3), which is a decomposition of P^(S'^~^) by its even and its odd 
component, or vice versa. If we decompose (4.22) correspondingly, then we get 



Lf J 




= © ih;-2.(5’-'), 


(4.23) 












(4.24) 



Equation (4.22) says that every spherical polynomial is the sum of spherical har- 
monics and hence the restriction of a harmonic polynomial of the same degree. It 
follows that 

c ip;(5'-1) c ih;(5’-1), 
where the left-side inclusion is trivial. Together this yields 

(4.25) 

This result is interpreted by 

Theorem 4.12 (Harmonic Extension of a Spherical Polynomial). Let r E IN \ {!}. 

The harmonic extension of a spherical polynomial is a harmonic polynomial of the 
same degree. 

We summarize the most essential results by the following space diagram. 



f;(S’--i) = ip;;(S’'-i)0 ]p;;_i(5’'-i) 

Has'--!) = 0 h;:(5’-i). 

iy=0 



(4.26) 



Finally we recall that the restricted harmonic spaces are isomorphic with the 
unrestricted ones. This proves the anticipated formula (3.6). 



The reproducing kernels of the spaces ^) and IPJ^(5’^ ^) are known from 

Theorem 4.11, in principle. In view of Definition 4.1 they are given by 

L§J 

pr \ prr 



(4.27) 
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and 






(4.28) 



1^=0 



respectively. These representations can be simplified as follows. 



First we assume r > 3 and let A := For p G INq we get from (4.13) 



g:. = 



h' + X 



Or— I 



and hence 






oo 






lj,=0 



= a-^+1) 



1 



(1 - 2^r + r^)'^ 






(1 - 2^r + r^)^+i 

oo 

IJ,=0 

again with ^ = 0. By a comparison of the coefficients we obtain 



1 

“ iJr-l 



ril ri2 

^/x-2 



and together with (4.27) this yields finally 



r = 



1 r^2 



(4.29) 



again for p G INq. 

Next let r — 2. From (4.13) we obtain 



01 = if PS IN, 

G§ = ir„ = iPo-Cf-J 



with U-i = U -2 = 0, and in view of see Section 2.1, (4.29) follows from 

(4.27), again. In other words, (4.29) is valid for arbitrary r G IN \ {1}. 

Finally we get from (4.27) - (4.29) 






UJr 



G^+Cl_, 



(4.30) 
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Figure 4.1. Reproducing Kernel Function Tg . 

The formulae (4.29) and (4.30) are the kernel representations wanted. However, 
sometimes it is important to know that can also be expressed by means of a 
unique Jacobi polynomial in the form 



■ M ' / r+l \ 

^ r -1 ( 2 ) m -1 



for r G IN \ {1} and /x G IN. We prove this formula as follows. For arbitrary 
/ G IPji_i and t = ei e S'^~^ we get by the reproducing property of 



0 = J rj^{tx)[f{tx){l — tx)]du}{x) 

Sr-l 

Sr-1 

1 

= 0Jr-2j + 

-1 

where we used (1.25) with s = r - 2 in order to get the last equation. So, is 
orthogonal to and this implies 

r;(o = const 

The constant can be calculated from the values for ^ = 1. For, F^ ^ ^ (1) is 

known from (2.2), and F^(l) from (4.6), which takes the form 

r;(i) = ^ dim 
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Note that the dimension on the right side is known from (4.4). Together this yields 
(4.31). 

* 

Remark. In view of (4.29) and of (4.31), the kernel functions and are 
orthogonal polynomials with respect to the interval — 1 <^<1. Therefore they 
have p simple roots in the interior of the interval. 



The Laplace-Beltrami Operator 



The spaces of spherical harmonics are related to the Laplace-Beltrami operator 
on the sphere. To explain this, we assume that F is a real function which is defined 
in an open neighbourhood of S'^~^ and twice continuously differentiable. In every 
point X e we define for arbitrary a G with ax = 0 the directional 
derivative 



{Df^F){x) 




k 

F{xcos 0 + asin cf)) 



( l )=0 



for k G {0, 1,2}. Using the abbreviations 






dx, 



-F and 



dx^dx,^ 



for k; = 1, . . . , r, we get by some calculation the equation 



’^\x)a^ - x'{gradF){x). 

U=1 K=1 



By means of the Hesse matrix F"{x) := ^ we bring this to the 

form 

{D^^F){x) — a'F"{x)a — x'{gradF){x). (4.32) 

Now we complete Ur := x by ui, , Ur-i G 5^“^ such that U = {ui, . . . ,Ur) e A^. 
Then we get 

(AF)(x) = trace (^F"{x)^ = trace (u' F" {x)U^ , (4.33) 

independently of the choice of i^i, . . . ,'Ur-i- In view of (4.32) this implies 



r— 1 



{AF){x) = y] + (»■ - l)x'{gradF){x) + x'F”{x ) ; 



i/=i 



(4.34) 
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It follows that the expression 

1 — 1 

(AF)(x):= (4.35) 

iy=l 

depends on x, only, and not on the choice of the system , Ur-i- Therefore it 

defines a map 

F ^ AF. 

A is called the Laplace-Beltrami operator on Note that the definition of AF 
uses function values taken from 5^“^, only. So A belongs to the inner geometry of 
the sphere. Actually, it allows us a better understanding of the spaces of spherical 
harmonics. 

Theorem 4.13 (Eigenspaces of A). For F G r G IN \ {1}, p G INq, 

AF = AF + p{p 4-r — 2)F 

* 

holds. is an eigenspace of A with respect to the eigenvalue — — 2). 

* 

Proof. Assume F G Then x'{gradF){x) = pF{x) holds, which is Euler’s 

* 

partial differential equation. Since the components of gradF are in PJ^_i, we get 
likewise 

x'F'\x)x = /i(/i - l)F(x). 

Inserting this in (4.34) we obtain, together with (4.35), the first statement. But 
* 

for F G we get AF = 0 and hence AF = -p{p + r - 2)F, as claimed. □ 

4.2 Biorthonormal Systems on the Sphere 

a) Biorthonormal Systems of Homogeneous Polynomials 

* 

Let r G \{1}, /i G INq. The polynomial P G P^ vanishes on if and only if 

* 

F = 0. Therefore ( • , • ) is an inner product on P^, and 

II • II2 := vTFT 

is a norm by which P^ and P^(S'^“^) are isometric. 

* 

Because of (4.29) we may identify in (3.39) with F^, and (3.41) takes the form 

E Prn{x)r. 



(4.36) 
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This defines the polynomials Pm ^ IP^ for \m\ = p, which correspond to the 
Using the notation of (3.52) we find that the coefficients of are now given by 

1 2 

and for G 5^“^ we get from (3.49) 

f;{tx)= Pm{t)Mm{x). (4.37) 

\m\=fi 

Recall that Mm is defined by Mm{x) = 

* * 

Next let P G be arbitrary. By the reproducing property of PJ^ we get 

P{x) = (r;(a:-),P) = {Pm,P)MM 

\m\=ip 

for X G S^~^. But the polynomials on both sides are homogeneous. So we obtain 
the even stronger result 

P= {Pm,P)Mm. (4.38) 

\m\=ij. 

Theorem 4.14 (Biorthonormal Systems in P()). Let r € IN \ { 1 }, // € INq, 

* 

M{r^p) := {m G INq : \m\ = p}. The system {Pm}meM{r,fi) the mono- 
mial system {Mm) 7 n£M{r,^l) biorthonormal, i.e., 

{Mm^Pn)=Sm,n (4.39) 

* 

holds for m,n e M{r,p). Each of the systems forms a basis in F^. 

Proof. Obviously, the monomials form a basis. Next choose P = Mm where |m| = 
p. Then (4.38) takes the form 

Mm= {Pn,Mm)Mn, (4.40) 

|n|=/i 



and (4.39) is valid. Vice versa (4.39) implies that the Pn are linearly independent, 
but their number equals the dimension. This finishes the proof. □ 

Prom Theorem 4.14 it follows that Mm has a representation 
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with some real coefficients c^,/. Together with (4.39) this yields, for \m\ = p = \n\ 



{^rri') l^n) — ^ ^ ( T/ ? -^n) — 

\l\=^x 

and hence 

Mm= {Mm,Mn)Pn- (4.41) 

|n|=/x 

♦ 

But inserting P = P„ in (4.38) we get likewise 



Pn= Y Pn)Mm, (4.42) 

\m\=ii 

again for |n| = /i. These are basis transforms, so 

[{L,Pn))~^ ^ [{Mrn^MrS) (4.43) 

must hold. Both matrices are Gram matrices and hence positive definite. The 
matrix Mn)) can be evaluated since 

(M«,M„)= I x'"+"do(:r) 

Sr -1 

is known, see Problem 3.3. 

* 

Coefficient Functionals in Representers and Norms 

Formula (4.38) can be written in the form 



Cm{P) = {Pm,P) 



(4.44) 



♦ * 

for P G which is saying that Pm is the representer oi the coefficient functional 



* 

c 



p 

m 




* 




for \m\= p. With 

||c^ 112,00 max{|c„(P)| : Pg IP;), ||P ||2 < 1} 



we get 
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Theorem 4.15 (Norm of c^). iei r e IN \ {1}, m e INg, |m| = p,. Then 

\Cm{P)\ < Cm{Pm) (4.45) 

* * 

holds for all P G which satisfy \\P \\2 < Equality holds if and only if 

P G {-\-Pmj-Pm}- Moreover, 

||^^||2,oo — ll-Pmlb (4.46) 

is valid. 

Proof. Using the assumptions, we get from (4.44), 

|Cm(P)|<||it||2-||P||2<||it||^, 

and hence 

\Cm{P)\ < Cm{Pm)- 

* 

Equality holds if and only if P has the form P — ^Pm, where 

ItI ‘ |^m(-Em)| ~ m)- 



* * 

Because of Cm{Pm) = ||EWi ||2 ^ holds if and only if 7 G {+1, — 1}. 

Next assume ||P|l 2 < 1- Then we get, using the result from above. 



\\Pmh \Cm{P)\ = \c„^{\\Pm\\2 ■ P)\ < Cm{Pm) = \\Pm\\l, 

and hence 

|Cm(.P)| < 



Equality holds for P = Pm/WP-mh- Together this implies (4.46). □ 

=1' * 

We evaluate UPmlli — Cm{Pm) by means of Theorem 3.13, where we identify 
* 

and Pm- It follows that 



^{Prr 



%-2|ra| 

l«l<LfJ 



'/u-2|n|\ 
m — 2n J 




(4.47) 



where we used the particular choice of together with (4.29) and (3.52). 
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b) Biorthonormal Systems of Harmonic Homogeneous Polynomials 

Let r e \{1}, p G INq, again. But now we identify in (3.39) with G^, which is 
possible in view of (4.12). In this case (3.41) takes the form 

Rm(x)r, (4.48) 

which defines the polynomials 

Jim e (4.49) 

for \m\ = fihy identification with the corresponding A^. Likewise (3.49) takes the 
form 

^ = Rrr,{t)x^. (4.50) 

\m\=fi \m\=ii 

For fixed t G we get 

since f = G^^ satisfies the differential equation (4.11), such that (4.10) is valid. It 
follows that 

0 = A ^ Rm{x)r - Y i^Rm){x)t^ 

\m\=fj, \m\=ii 



for X € IR*^ and t € 5'’ h This yields [ARm){x) = 0, and hence 

Rm G H)) for \m\ = p. (4.51) 

* 

But for jU > 2 the situation is different now, since the number of the Rm with 

* * 

\m\ = ij, is now greater than the dimension of i.e. the Rm are no longer 
linearly independent. But in spite of this the following remains valid. 

* 

Coefficient Functionals in Representers and Norms 

For H G and x G 5^“^ we get, using the right side of (4.50), 

H{x) = (G;(x ■),//) = {Rm,H)x"^, 

\m\=^ 

which implies 

H= Y (Rm,H)Mm. 

\m\=^i 



(4.52) 
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This result is comparable with (4.38) and says that 

c^{H) = {Rm,H) 



(4.53) 



holds for H E and \m\ = fi. So Rm is the representer of the coefficient 
functional 



* H 

:= 






With 



||c"|| 2 ,oo := max{\cmm : H e \\Hh < 1} 
we get the following theorem, which corresponds to Theorem 4.15. 

Theorem 4.16 (Norm of c^). Let r G IN \ {1}, m G INg, \m\ = p. Then 



(4.54) 



holds for all H G satisfying \\H \\2 < ||i?m|| 2 - Equality holds if and only if 
♦ * 

H G {-\-Rm,-Rm}- Moreover, 



c 



H 

m 



|2,oo 



ll^mlb 



(4.55) 



is valid. 



Proof. The proof follows the lines of the proof of Theorem 4.15. □ 

* * * 
We can evaluate ||i?m ||2 = <^m{Rm) again by means of Theorem 3.13, where Am 

* 

has now to be identified with ii^. So we get for r > 3 



Cm ( Rm ) — 



2/x + r — 2 V ^ ~ 

{r-2)ujr-i ^ I m - 2n 



(4.56) 



where we used the particular choice of (4.13), and (3.52). For r = 2 a similar 
equation holds. 

Constructive Harmonic Extension of Spherical Polynomials 

* 

The Rm are homogeneous and harmonic. Moreover, they agree on the unit sphere 
with Rm, i.e., they satisfy 



Rm{x) = Rm{x) for all X G ^ 
Because of these properties, the following theorem holds. 
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Theorem 4.17 (Harmonic Extension of a Spherical Polynomial). Let r G IN \{1}, 
jji G INq. Every P G has a uniquely determined representation 

P ~ ^ ^ ^mPm 



with real coefficients am, and 



U{P) ;= ^ amRm 
is the harmonic extension of P\sr-i to 

Proof. The Rm inherit the basis property from the Am, see Theorem 3.12. There- 
fore, P can be represented uniquely as stated. H{P) is harmonic by construction, 
and for x G we get 

H{P){x)^ amRm{x)= amRm{x) ^ P{x). 

|m|=/i \m\=i2 



This finishes the proof. □ 

Selection of a Basis 

* 

We mentioned already, for ^ > 2 the Rm with |m| == /i are linearly dependent. So 
the question arises how a basis can be obtained by selection of a proper subsystem. 

In view of (4.51) the right side of (4.50) is harmonic with respect to t. It follows 
* 

that the Rm{^) occur on the left side as the coefficients of a harmonic homogeneous 
polynomial of degree which satisfy, as we know already, a difference equation. 
Actually, using Lemma 3.8 we get 






N=L^J 









n J\m + 2n,mr-2[!f\J • 

(4.57) 



Now let H G IH^ and x e ^ be arbitrary, again. Using the left side of (4.50) 
we obtain 

H{x) = {Glix-),H) = y] {Mm,H)Rm{x), 

\m\=ii 



and hence 



H= {Mm,H)Rm. 

\m\=n 



(4.58) 
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In view of (4.51) and of (4.57), this yields the right-side inclusion of 

4: ;|e >|< 

span[Rm\m G J} C IH^ C span[Rm\Tn G X}, 

while the left-side inclusion is obvious. For the definition of the index set I = 
J(r,/i) we recall (3.33). In other words, 

= span{Rm \ m G X} (4.59) 

is valid. This is, in essential, the statement of the following theorem. 

Theorem 4.18 (Basis in Hp. Letr G IN\{1}, p G INq. The system {Rm}mex{r,^) 
* 

is a basis of 

Proof. In view of (3.33) and of Corollary 3.11 we get 

\I\ = dim H;. 

Together with (4.59) this yields the statement. □ 

Now recall once more (4.50), but we use only the equation 

Rm{t)x’^- (4.60) 

\m\=ii \m\=iJ, 

* 

If we represent the Rm^ which occur on the right side, by the basis of Theorem 
4.18, then this takes the form 

Y Rm{x)t^ = Y (4.61) 

\m\=fi mET 



with some Sm G Now we apply the same procedure to the left side and 
obtain 

Y Rm{x)S,n{t) = Y Rm{t)Sm{x) (4.62) 

mCX mEr 

for arbitrary G IR’^. By applying the Laplace operator with respect to the 
variable x we get 

0 =Y {^Rm){x)Sm{t) = Y Rm{t)[ASm){x), 

mET mEX 
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and since the Rm, which occur on the right side, are linearly independent we 

* 

conclude that A5„ = 0 must hold. Together this yields 

Sme h;: 

for |m| = p. So we derived another particular system of harmonic homogeneous 
polynomials, and actually it has the property wanted. 

Theorem 4.19 (Biorthonormal Systems in IHj;). Let r e IN \ {!}, /i e INq. The 

^ 5|C 

systems {Rm}m€i(r,fi) and {Sm}m€i(r,fi) are biorthonormal bases in i.e., 
Rm, Sn e and 

{Rrn, *^n) ~ ^m,n (4.63) 

holds for m,n E I{r, p) . 

Proof. By Theorem 4.18 the Rm,mel = I{r,p), form a basis of IH;;. Moreover, 

G;:(te) = 4(t)i(x) 



holds for X G ^ It follows that 

Rm{t) = (G;(t-),i?m) = J](il„,5„)iL(t), 

and a comparison of the coefficients yields (4.63). Prom this it follows that the 

* 

Sn, n E I{r,p), are linearly independent. But their number is equal to the space 
dimension, so they form also a basis. □ 

* 

Explicit Representation of the Syn,o- 

The Rm share property (3.46) with the Am- So Rm is even or odd with respect to 
the last argument, if is even or odd, respectively. Moreover, from (4.62) and 
(4.61) we obtain 

^ ^ i?77i(x)5m(0 ~ ^ ^ Rm{^)t^ - 

m^X \m\=^ 

With respect to the variable Xr the even part is given by 

LfJ 

Sm,o{t) = Rfh,2x{x)t^t^^ ^ 

\rh\=/T X=0 \fh\=ft-2X 
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where t — (ti, . . . , m = (mi, . . . ,m^_i), and so on. We reduce the right 

side by means of (4.57), and using the substitution [ = m + 2n we get 



|ml=/x 



L“J 

= E E E 

A=0 |m|=/i— 2A |n|=A 



) ^ Rfa+2nfi{x)t'^tf' 



= E 

|f|=M 



E 

|s|<LtJ 






Here we used the equation 

/ /i \ ^i\ ^ 2|n|\ 

\l-2n,2\n\) (/ — 2n)!(2|n|)! \2\n\)\l-2n j 



By Theorem 4.18 the Rmy, |m| = p, are linearly independent. So we get by a 
comparison of the coefficients, and replacing t by x, 

E (-1)'"' 

|s|<LfJ 




2|n| 



ffi — 2h 



(4.64) 



again for |m| = p and arbitrary x G IR’^, where x = (xi, . . . , x^_i)'. 

* 

To justify our denoting the coefficients on the right side of (4.61) by S'm(^), let us 
consider the polynomial 



*^m,o(^) 




E (- 1 )'"' 

|n|<LtJ 





p — 2|n| 
m — 2n 



-m-2n 



(1 






(4.65) 

for ffi e 1Nq“^, p = |m|, and x as above. Actually, due to this definition (4.64) can 
be obtained by a homogenisation of (4.65), i.e.. 



*^m,o(^) — 




holds. Therefore we obtain from (4.63) 

{Rfh,0'> *^n,o) — ^fh,n’> (4.66) 

* 

first for |m| = jnj, only. But since Rmp and Sn,o are in IH|'^|(5'^“^) and in 

* 1 1 
), respectively, (4.66) is valid even for arbitrary m,n G INq . 
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Moreover, from (4.65) we obtain the important equation 



5^,o(x,0) = (4.67) 

for X e S^~‘^ and fh G INq“^. 

Restrictions onto 



The Rrhy^ |^| = restricted to *5^ \ form a basis in the subspace of IH^(S'^ ^) 
where the elements are even with respect to The restrictions of the correspond- 

* 

ing Sfh,o agree with the restrictions of the Srh,o^ and so they are also contained in 
this subspace, and because of (4.66) they form also a basis. Moreover, using this 
biorthogonality relation again, we get the basis transforms 



^ ^ {RmPi Rn,o) 

\n\=fi 


(4.68) 


^ ^ ^fi,o) Rn,0-! 

\n\=^ 


(4.69) 



for \m\ = p. In particular, the transform matrices are inverse one to another, i.e., 
we obtain ^ 

(^{Rrh,OiRn,o)^ = (^{SrfiPiSnp}^ • ( 4 . 70 ) 

Both matrices are Gram matrices and hence positive definite. 

Next assume that fc G {1, 2, . . . , r — 1} is a fixed number. This includes the as- 
sumption r G IN\{1}, in what follows. The elements of IR^ and the multiindices 
in INq are denoted by x = (xi, . . . , Xk)' and fh = (mi, . . . , m/c), respectively, and 
so on. We order the indices 



m — (m,0) G INq~^ x INJ, |m| = p, 
arbitrarily, but such that all of them which have the form 
m = (m,0) G INq x 1Nq“^, |?fi| = fi, 

and which are called to be of the first kind, precede all the other ones. Then (4.68) 
takes the form, with x G 



Rmyif^) fi) 
* 



{Rm,0<) Rn,o) 



where the column on the right side is obtained by the help of (4.67). 

Now we get because of the particular shape of the right side 

^7fi,o(^5 *) ~ ^ ^ {Rrh,0’) Rfi,o) (^•'^^) 

\h\=fi 

for |?fi| = p and f G 5^"^, and the following theorem is valid. 
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Theorem 4.20 (Basis in ^)). Let r € IN \ {1}, /c G {1, 2, . . . , r - 1}, and 

p G JNq. The restrictions of the functions 

Rrhfi, (m,0)elNgx]NS-^ |77i|=M, 
onto 5^“^ form a basis in 

Proof. Because of (4.71) the restrictions are in The matrix 

o)^ 

which occurs in this linear system is regular. So (4.71) is a basis transform. □ 

The T-Kernels in IH;(S^-^) 

Let 1 < fc < r — 2, and assume T = (ti, . . . , t^) is an r x fc-matrix with orthogonal 
columns ti,. . . ,tk G S^~^. We want to describe the T-kernel Yt of the space 

V:= h;;(5"-1). 

First let us recall that T can be completed by columns it/c+i, • • > ,Ur G such 
that 

;= (t,u) = (ti,...,tk,Uk+i,...,Ur) (4.72) 

is in A^. With E := (ei, . . . ,e/e) we get T = VE^ and it is easy to see that the 
equivalence 

F G Ye Fy-i G Yt (4.73) 

is true. So it suffices to study V^. 

To this end let F G define an element of V^;. We define / G JP^ by 

f{xi,...,Xk) := l(^F{xi,...,Xk,0,...,0,+yl-x‘l 

+ f(xi,...,xfc,0,...,0, --^1 -xf x|j (4.74) 

for + • • • + < 1. Note that 

/(-Xi,...,-Xfc) = (-l)^/(xi,...,Xfc) (4.75) 

holds. Now let x G 5^“^ be arbitrary. Because 1 < A; < r — 2 there are matrices 
A, A e such that 

Ax = , . . . , Xfc , 0, . . . , 0, +y^l - xlj 
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and ^ 

holds. And using F G V^; we get Fa = F = and hence 

F{xi,...,Xr) = ^(^F{Ax) + F{Ax'^ = .,Xk). 

It follows that 




first for X e only. But because of (4.75), homogeneous polynomials occur on 
both sides. So the equation is valid identically. The question arises now what does 
the condition AF = 0 impose on the polynomial /. 

Theorem 4.21. Let r G IN \ {1,2}, fc G {1,. . . ,r - 2}, /i G INq, g G JP^. Then a 
uniquely determined h G IP ^_2 '^ith h{—xi , . . . , —Xk) = (— l)^/i(xi, . . . ,Xfc) exists, 
such that f = g F h satisfies 

=0, (4.76) 

where x = {xi, . . . ,Xr)' and where A is the Laplace operator in IR^. 

Proof. Let / be a polynomial of the form f = g F h, this means of the form 

, e = (el,••■,a)'elR^ (4.77) 

m 

where the sum is extended over all m G INq with |m| < jj and |m| = p mod (2). By 
a simple, but lengthy calculation we find that (4.76) is equivalent to the equation 

k k k 

E E - 1) +^i{^i + r- 2)/ - 0, 

L/=l K=1 U=1 

to hold for = xi/|x|, . . . ,^/c == Xk/\x\ and x G 5^“^, i.e., to hold for arbitrary 

^ G and hence for arbitrary ^ G IR^. Inserting (4.77) in this partial differential 

equation, we get the equivalent equation 

0 = E -EE E'amTO^TOKC 

u=l m u=l K=1 m 

+ E - (?■ - 1) E Yl'ammA^ + /x(/t + r - 2)E'am^’". 

i/=l m v>=l m m 

Comparing the coefficients we find that this equation is equivalent to 

k 

|m|(|m| + r - 2) - |u(p + r - 2) + 2){mu + 1) a„+ 2 e. 
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holding for \m\ = /i — 2, /x - 4, — For a given 

|m|=/i 

this recurrence equation has a unique solution. So h is uniquely determined by g. 

□ 

Corollary 4.22. Let l<fc<r — 2, p e JNq, T, E andY = be as above. 

Then the following spaces are isomorphic: 

Yt=Ye = ipJ;. 

Proof. Yt — Ye is valid because of (4.73). Next let F E Ye, and let / G IP^ be 
defined by (4.74). In view of (4.75) we can represent / in the form / = g-\-h with g E 
* , 

JP'f and with h E IP ^_25 which satisfies h(— xi, . . . , — x/e) = (— l)^h(xi, . . . , x/;;), 
too, and where g is uniquely determined by /, and hence by F. This defines a map 

YeB F ^ geW';. 

Moreover, assume ^ = 0. By Theorem 4.21, h is uniquely determined by but in 
the present case, 0 is a solution, and therefore h = 0 must hold. So the kernel of 

our map V^; — > JP^ is the null-space, the map is bijective, and Ye = IP^ holds. □ 
Corollary 4.23. Assumptions as in Corollary 4-22. Then the following holds: 

dlmV^= + 



Proof. The right side equals the dimension of P^, which is given by (3.9). So the 
statement follows from Corollary 4.22. □ 

We have prepared now the tools by which the following theorem can be proved. 

Theorem 4.24 (T-Kernel Basis in H^(5'^“^)). Let 1 < k < r — 2, p e INq; and let 
T = (ti, . . . consist of orthogonal columns ti,. . . ,tk E Then a basis for 

* 

the T -kernel of p E INq, is given by the spherical harmonics with the 

representation 

Rihfi {hx,..., tkx, *,■■■,*) for X E 5 ''“^ 
where (m, 0) G INq x 1Nq“^ and |t^| = p. 



(4.78) 
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Proof. Because of R^^o\sr-i = R^^o\sr-i the functions in (4.78) are in V 

!|< 

So are the functions R^^q{V' • ) for arbitrary rotations V e A^. Choos- 
ing V as in (4.72), we get 

R^y{V' • ) == R^y{{ti •),..., (tfc • )^ ^ ^ Vt, (4.79) 

since R^^o does not depend on the arguments notified by *, see (4.49). By Theorem 
* 

4.19 the are linearly independent. So are their restrictions onto 5^“^ and 
hence the functions (4.79). By Corollary 4.23 their number equals the dimension 
of Vt, which finishes the proof. □ 

Remark. In Section 1.4 we mentioned that k = r - 1 implies Vt = V. Besides, a 

* _i 

comparison of the dimensions yields Vt ^ for // > 1. So the assumption 

l<fc<r — 2is indispensable. 

T-Kernel Projections in 

Let l<fc<r-2, /iG INq, T = (ti, . . . , t^) and 

V = (T,U) = {ti,...,tk,Uk+l,...,Ur) e A'', 

as above. We want to determine 



n^G;(a'-) 

for a fixed a G 5^“^, which is the image of the function G^(a'-) G IH^(S'^~^) 

under the projection 11^ onto the T- kernel of IHJ^(S'^“^), see Theorem 1.9, (iv). 
Prom Theorem 4.24 we know that with some real coefficients o 

[n^G^(a'-)](x) = ^ *,■■■,*) (4.80) 

|m|=^ 

holds for X G where fh = (mi, . . . , mk) varies in Nq, again. The fixed points 

in of the group AJj^ are exactly the points of the form 

t = n, (4.81) 

and Theorem 1.9, (iii), yields 

G'^^ia'Ts) = ^ a^,oi?m,o(si,---,Sfe,*,...,*), (4.82) 

which should enable us to determine the coefficients a^^o- Note that 
G^^ia'TS) = G))((aG)si + ■ ■■ + {atk)sk) = . . . ,atk,*, ■ ■ ■ ,*) ■ I™ 

\rh\=fi 
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holds, where we used that 

s = (si, . . . , Sfe, 0, . . . , 0)' ^ ^ 

and 

, . . . , at ]^ , \ , . . . , au-p^ G S 

is valid, while s'^ vanishes if > 0 holds for some u e {A: + 1, . . . ,r}. Together 
with (4.82) this yields 

^ ^ • • • 5 ^^5 *7 • • • 5 *) ^ • • • 5 *5 • • • ? *) ' S ~ . 

\fh\=fi \fh\=fj, 

(4.83) 

Actually, using this equation we get 

Theorem 4.25 (T-Kernel Projection of G^(a' )). Let r G IN \ {1, 2}, /i G INq, 





,r- 2}, T = {ti, 


. . ■ ,tk) 


as above, and a e ^ . Then 




[n^G(;(a'.) 


(x) = 








E E 




■ ,atk,*, 




(4.84) 


\m\=ii \n\=n 











holds for X G 5^ ^ where the coefficients are defined for (m,0),(n, 0) G 
INg X by 

= ((^™.o,^n,o)) • (4.85) 



Proof. Using (4.71) we get from (4.83) for 5 G \ 

^ ^m,0 ^ (-A^m,0? '^n,o) ^ ^ -A^m,o(^U? • • • ? at]^^ *,..., *)s ~ . 

|?n|=/Li |n|=/Li |m|=/2 

A comparison of the coefficients which occur with yields 

^ ^ (-^^,0) -^n,o) ^^,0 ~ -^?fi,o(^Ai5 • • • 5 *...,*) 

I^1=M 

for |m| = /i. This is a system of linear equations for the unknown a^^Q. The matrix 
on the left side is a Gram matrix, and hence regular. So we obtain, with the 
coefficients defined by (4.85), 

^^,0 ~ ^ ^ * -^n,o(^U? • • • 5 *!>••• 5 *)^ 

\h\=fi 



and inserting this in (4.80) we get the statement of the theorem. 



□ 




4.2. Biorthonormal Systems on the Sphere 



97 



Particular Assumptions on the Fixed Points 

In the case atk = 0 the representation (4.84) becomes redundant. To see this recall 
that every rotation in has the form 

where V = (t, ^ A^, see (1.16). Now let us use the transform 

^ := V'x. 

Then we obtain 

a'Bx = ^^(t,u)'x 

and it is obvious that G^^(a'Bx) does not depend on Nor does the average over 
all B e depend on On the other hand, using (3.45) with Am = Rm we get 
from (4.80) 

[lUrGlia' -)]{x) = + TLD, 

\ih\=p. ^ ' 

where > 0 is now the leading coefficient of = GJi, see (4.48). The values of 
^ = (6i • • • ) ik)' cover B'^ while x varies in 5’’“T Together this implies 



= 0 for TUk = 0, 



and (4.80), (4.82) change so far as in takes now the meaning of {mi, . . . , 0). 

Theorem 4.25 including its proof remains valid literally, except that the inverse of 
the coefficient matrix is now the submatrix of (4.85) which belongs to the rows and 

columns with the indices (mi, . . . ,mfc_i,0), mi + 1- mfe_i = p, only. Formally 

this means that k has to be replaced by fc — 1. 

In the case atk — 0, atk-i = 0 we repeat this procedure, and so on. This yields 
finally 

Corollary 4.26 (Particular Assumptions). Assumptions as in Theorem 4.25. More- 
over, for some n e {0,1, ... ,k - 1} let E'r.K := span{er-u\ v = 0, 1, . . . , k - 1}, 
where has to be put to [0] for k = 0. And assume that the last k fixed points 
are in Er,K, 

tk-u e for P = 0,l,...,K-l, 




Chapter 4. Polynomials on Sphere and Ball 



while the remaining k - k fixed points satisfy 
tk-^ e for V = 

Finally let a G Then 

n^G;;(a'.)](x) = 

\m\=fj,\n\=fi 

holds for xe S^-\ where (m,0), (n,0) G INg“^ x 

Remark. For k = 0 no further assumption is put upon the fixed points, and the 
statements of Corollary 4.26 and of Theorem 4.25 agree. 



4.3 Biorthonormal Systems on the Ball 

In the beginning of this section we assume r G IN\{1,2}. The inner product on 
the left side of (4.66) is defined by an integral over In view of (4.49) and 

of (4.65), the integrand does not depend on so formula (1.24) can be used to 
reduce the integration domain to The result is a biorthogonal relation on 

the ball B^~^. But a further reduction, say by formula (1.25), to a ball , 

where s is positive, is impossible since 5^,0 depends on \x\^ = xf H hx^_^, i.e., 

on all of the remaining variables. 

For this reason we change our strategy. We assume s G {I,...,?" — 2} and 

xW+\ 

For these indices (4.66) takes more than ever the form 



*) *^n ,0 (^5 xC)d(jj{pFj . 

Sr-l 

Now the integrand does not depend on the variables x^_s, . . . , x^_i, see (4.49) and 
(4.64), and we get by an application of (1.25) with respect to these s nonoccuring 
arguments 
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where we used the notation x = (xi,..., Xr-s-i)'. Substituting Xr = \/l - ^ 

we bring this to the form 



i 

j , *, *) j *, Vl-x^-0 (1-C^) 



^ s —1 I *) 

Br - s-l 



s-2 

2 









Here we arrive at a point where we can derive the biorthogonality of the Appell 

* * 

systems from the biorthogonality of the systems {R^^o} and 

First we get by a comparison of (4.48) and (3.51), together with (4.13), 

2/i “hr 2 „ I I 

"" (r 9V , ^ ^ ^0’ 1^1 "" 

[r - Z ) UJr-l 

In the case of our particular indices this yields, in view of (3.58), 



Rm,0 — 



2/i “hr 2 



(r 2^Uj-—i 



(4.86) 



which is still valid for s = 0. 

Next we introduce the polynomials by 






2/i + r — 2 ujs- 
r — 2 ujr 



i 

[ 4o(5,*,VT^-0(l-^")^d^, (4.87) 
^r-1 J 
-1 



but in the beginning for s G {1, . . . , r - 2}, only. Inserting this above we get the 
result wanted, 

Qr-s-1 



For s = 0 we obtain the same result from (4.66) by an application of (1.24), 
provided we define t>y 



7 -yr-i, 0 /-x _2/i + r — 2 1 

Un {x) • 2 ■ ■5n.o(a;, *) 



for (n,0) = (n,0) G Mg ^ x INg and with x = x = (xi, . . . ,x^_i)', in this case. 
Our result takes a more handsome form if we replace r - s - 1 by r. So we get 
finally the following theorem. 



Theorem 4.27 (Biorthonormal Systems on 5^, Appell and Kampe de Feriet). For 

r G IN and s G INg, the polynomials and , m,n e INq, have the following 
properties: 



{i) e f;;,, e f;;, 

(n) [F^’^£/r].,, = 



(4.88) 
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where the inner product is defined by 

[E,F]r,s:^ j E{x)F{x){l-x^)^dx (4.89) 

Bv 

for E,F e Each of the systems \m\ < p, and , \m\ < p, is a 

basis in For \m\ = p, the and Uff are orthogonal to 

Proof. With f := r -s-1 the assumptions r G IN \ {1, 2} and s G {0, 1, . . . , r - 2} 
are together equivalent to 1 < f < f + s, and hence with f G IN, only. For (4.88) 
we refer to (3.53) and our result from above. Moreover, because of Theorem 3.12, 
the with \m\ < p form a basis in JP^^. Together with (4.88) this implies 

that the corresponding do the same. □ 

The are the polynomials of Appell and Kampe de Feriet, as introduced in 
Section 3.1. Theorem 4.27 says that the are biorthogonal to the as the 
polynomials of Appell and Kampe de Feriet are, see [2], p.260. Therefore 

Uf;: = const -Uf;: 



must hold, where the constant is obtained from 



ryr,s jjr 
m 1 ^ rr 



const • = const. 



This yields 



— [^m 5 \r,s * 



(4.90) 



for m G INq. 

We should remark that for r = 1 the definition of the inner product [• , see 
(4.89), is consistent with Definition 2.1, where B^ = [-1,1]. 

In order to get an explicit expression for U'!yf we insert (4.64) in (4.87), replacing 
r — s — 1 by r, m by m and x by x. So we get, for r G IN \ {1, 2}, s G INq, p = |m|. 



— 2^+r+g-l ^ ^ v 

^rn r+s-1 iJr+s \m) ^ 

E (-i)”(2W(':')C-3b(i»i + 4 1) - ixRi”i, 

|r^l<LtJ 



where we used the equation 



1 

I = 5(|n| + i,f), 

-1 



which follows from (1.4) by the substitution of = r. Using (1.8), (1.4) and 
Legendre ’s formula 

22|n| 1 

r(2|n| + i) = — r(|n| + -)r(H + i), 
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we get by some further calculation the representation 



^ m 



\ ^ / V ^ /7t 2 2^l"ln!(m - 2n)!r(|n| + ^) 

(4.91) 



l«l<LfJ 



For X ^ ^ this formula takes the simple form 



£/-(x) = + 



■ X' . 



Inserting this in (4.90) and comparing the result with (3.62), we obtain together 
with (2.13) the important formula 






r,s Tjr 
m ’ ^77 



r{^) {s)f, 

' /x+ ' m! ’ 



(4.92) 



but for r G IN \ {1}, only. For r = 1 the equation (2.13) has to be replaced by 
C^(l) = 1, and a similar formula holds. 

Decomposition of the Space IPj[^(B^) 

In what follows let r G IN, s G INq and /i G INq, again. We identify = P^(B^) 
by isomorphy, but the elements of these spaces are always treated as functions 
B^ ^JR. 

Theorem 4.27 suggests the following definition. 

Definition 4.2 (Appell Spaces The Appell space with respect to the inner 

product [•, ']r s is the orthogonal complement in . The reproducing 

kernel o/V^’" denoted by • , • )• 

Recall that JPLi = [0] holds by definition. 

It follows from Theorem 4.27 that has the following basis representations. 



span{U^^ : \m\ = n} = = span{V^^ : \m\ = p}. (4.93) 

Moreover, every F G can be represented in the form 



F= 

|m|=/i 



with real coefficients a^, and using (4.88) we get for |n| = p 



Y. ^rn[U:;:,Vn]r,s=an. 

|m|=/i 

Inserting this above we obtain 

F= 

\n\=ii 



(4.94) 
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Likewise we get 

F= (4-95) 

|n|=/i 

In (4.94) and (4.95) we identify F = and F = (7^^, respectively, and obtain 
the following result. 

Basis Transform in 

H' 



|n|=)Lt 


(4.96) 


\n\=fj. 


(4.97) 



holds for \m\ = p. It follows that the Gram matrices which occur in these systems 
are inverse to another, 



ryr,s yr 
m 5 n 



m,neiAi 



= 



(4.98) 



m,nGA1 



These results enable us to prove the following theorem. 

Theorem 4.28 (Orthogonal Decomposition of Reproducing Kernel of 

Let r G IN \ {1, 2}, s G INq. Then 



IP; = (4-99) 

K = 0 

holds, and this is an orthogonal decomposition with respect to the inner product 
[•, -]r,s- The spaces k G INq, are rotations-invariant. For x,y G the 

reproducing kernel ofW^^ has the representations 

^ ^ U^^^{y)V:;i^{x). (4.100) 

|m|=/Lt |m|=/x 

Proof. The have the basis property, so every F G has a unique represen- 
tation 

f='LT. 

1^=0 \n\—u 

with real coeflSicients This corresponds to the decomposition (4.99). Next let 
i/, AC G INo, where v ^ and use (4.93) to write 

\r.* = span[v:’^ : |n| = 

\r/ = span[ul'^ : \k\ = k}. 
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Then (4.88) implies immediately 
SO the decomposition is orthogonal. 

Moreover, the inner product satisfies [EA,FA]r,s = for E,F e C{B^) and 

.A e A^. So it follows from Definition 4.2 that the are rotation-invariant. 
Next we define the polynomial function by 

Hy{x,y) := 5] U:^^{x)V;;%y) 

|m|=/i 

for x,y G B^ . Because of (4.93) we get 

it) 

Moreover, every F G can be represented in the form (4.94), and this implies 
(m) [H;^^{x,-),F]r,s = F{x). 

Finally we want to prove symmetry, i.e., 

(ii) H;^^{x,y) = H;’^{y,x). 

To this end we introduce the vectors 

U{x):= U:;i^(x) , V{y):= 

again for x,y € B^, where the row index m runs in M{r,y). Likewise we define 
the matrix 

with row and column indices m,n G M{r,y). Note that A = A' holds. 

With this notation we get from (4.96) and (4.97), respectively, together with (4.98), 

U{x) = AV{x), V{y)^A-^U{y), 

and this yields 

H;’^{x,y) = U'{x)V{y) 

= V'{x)A'A-^U{y) 

= V'{x)U{y) = H;^^{y,x), 

for arbitrary x,y 6 B^. So {ii) is also valid. By Definition 1.1 and Theorem 1.1 
H'^'^{x,y) is the uniquely determined reproducing kernel, and we get 

H;’^{x,y) = G'~’%x,y) = H;’%y,x), 

which is equation (4.100) in short notation. This finishes the proof. □ 

In the following section we use our results to give Theorem 4.25 and Corollary 
4.26 a definite form. 
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4.4 The Image of • ) under T-Kernel Projections 

In Section 7.3 we prove that the spaces can be represented, additionally to 
(4.93), in the form 



\r/ = span{G'-+^+\a'-)\aeS'-^}, 

see Theorem 7.6. So it is important to know the action of the T-kernel projections 
onto the functions • ), and more generally, onto • ), where a G 

and AC G IN. We begin with the first case. 

Let r G IN \ {1, 2}, A; G {1, . . . , r — 1} and put s := r — 1 — k. Then (4.86) takes 
the form 

(4.101) 



-^m.O — 



2/i+r-2 



m,0 — [r-2)ujr-i 



V= 



k.s 



where = |m|, and for (m, 0), (n,0) G INq x INq |ml = /i = |n|, we get 
Rn, o)r = f Vt’^(x)Vi’^(x)du;(x) 

\ / Or — 1 



/ 2/x+r-2 y 

\^(r-2)u;r-i J 



CJo 



rrk,S rrk,S 



J k,s 



where we used formula (1.25) again. Because of (4.98) this yields 



(R^,0,Rn,0}r) ^ . ’ (4.102) 



m,nGA4 



m,nEA4 



where A4 = M(k,jLi). In view of (4.85) this means that we obtained the 
m^h e M{k,/i), in an explicit form. Inserting this in (4.84) we get, together with 
(4.101), 



(u^^G''^{a'-)){x) = 



i E E ■V^^^{ah,...,atk)Vt%xtu...,xU). (4.103) 

\m\=n\n\=n'- 



A more compact formulation is contained in the following theorem. 

Theorem 4.29 (T-Kernel Projection of GJ^(a' • ), Final Form.). Let r G IN \ {1, 2}, 

k G {l,...,r — 1}, /i G INo; and a G S'^~^ . Let T = (ti , . . . , ^^) consist of the 
orthogonal columns ti, . . . , G , and put s := r — 1 — k. Then 

{n^rGlia'-)){x) = iG^-*(a'T,x'T) (4.104) 

holds for arbitrary x G S'^~^ . 
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Proof. Using (4.96) and (4.100) we get from (4.103) 
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\m\=iJ, 



as claimed. □ 

Particular Assumptions 

In the particular situation of Corollary 4.26 we have to determine the coefficients 
for (m,0),(n,0) G INq""" x |??i| = /x = |^|, from 



r,k — K 



-1 






where (4.101) has to be replaced by 

TP _ 2/i,+r— 2 jz-k—n^s 

•^'".0 “ (r-2)0Jr^i ' ’ 

with s — r — k + K — 1. It follows, similar to above, that 

(n5.G;;(a'.))(a:) = 

\m\=i^\n\=ix'- Jfe-K,s 

(4.105) 

holds for X e 5''“\ now, instead of (4.103). By the assumptions of Corollary 4.26, 
o, X and G , . . . , tk-K have the particular form 



' a\ X 

“=',0' ” . 



for z/ — 1, . . . , A: - where a, t G while x varies in for x G So 

we are invited to view the problem from beneath, i.e., from the ]R^~'^-level. For 
this reason we transform it by the help of the following definitions. First let 

f \= r - K, 
k k — n, 
s:=f + AC-l-fc, 
f \= (ti,...,4_^), 

which implies s = s. Hence T can be written in the form 

f O 



T = 



O I 
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with the K X K unity matrix I. Next we want to define the action of 11^ onto 
functions F G Obviously, we may identify F with F E C{S'^~^) defined 

by 

F(xi, . . . ,Xr) := F{xi , . . . ,Xr-n) for x e 

Because of the particular form of T the function Fb depends for B E on 
the arguments Xi, . . . only. So does the average over all B. It follows that 

(n^^F) (x) depends on these arguments, only. This allows us the additional defini- 
tion. 

Definition 4.3. Let T be as above. The average operator 

: C{B^-^) C{B^-^) 

is defined by (x) := (H^F) (x) for x = (^) G S'^~^ , i.e., x E B^~'^. 

Using the transform from above and Definition 4.3 we formulate Corollary 4.26 
now in the following form. 

Corollary 4.30 (Particular Assmnptions). Let rGlN\{l}, A:G{l,...,r — 1}, k E 

IN, /X G INo,and define s:=r-\-K — 1 — k. Assume that T = (U, . . . , consists of 
orthogonal columns U, • • • ^ S'^~^ , and let a E Then 

= ^C^/iaXx'T) (4.106) 



holds for X E B^ . 

Proof. First we replace in formula (4.105) all terms by the corresponding barred 
terms. After that we omit the bars. So we get the explicit representation 



(n^''G;+'^(a'-))(x) = ^ E E UtMy V^’^{a'T)Vy{x'T). 



\m\=i^ |n|=/4 



k,s 



Finally we use (4.96) and (4.100), again, to obtain (4.106). □ 

For an application in tomography we add the following corollary, which is just 
Corollary 4.30 under the assumption fc = 1. 

Corollary 4.31 (Particular assumptions, and A: = 1). Assumptions as in Corollary 
4-30, but k 1, t := U G . Then 

■ )) (x) = Gl+^{at)Gl+'^{tx) 

holds for X E B^ , where 
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Proof. For fc = 1 we get s = r k - 2, and in view of (4.100), formula (4.106) 
takes the simple form 

• )) (:r) = const ■ 

From (3.51) and (3.59), respectively, we get with t := ei, 

= g| = (4.107) 

In view of (4.12) this implies 

(n^^G;+«(a' • )) (x) = const ■ G;+'^(at)G;+>^(tx), 

again with some constant. We determine the constant by inserting the fixed point 
X = t, which yields 

G;+^(at) = (U^/G;+^(a' • )) (t) = const ■ G;-^'^(at)G;+>^(l) 

and hence const = 1/GJ^“^'^(1), which finishes the proof. □ 

Remark 1. It follows from Theorem 1.9, (i), that 

n^;"l = 1 (4.108) 

is valid again. 

Remark 2. In the case k = 1 the right side of (4.104) takes the form 

where we put t := ti and used (4.100). It follows as above that 
(n5.G;(a'-))(x) = G;{at)Glixt). 

This result agrees formally with the result of Corollary 4.31 if n is put to zero. 

Remark 3. For k > 2 the spaces are rotation-invariant, see Theorem 4.28, and 
by Theorem 1.2 the reproducing kernel can be represented in the form 

G^’*(x,y) = /i^’*(|x|,|y|,xy) 

for X ^ 0, y ^ 0. It follows from (4.104) that ^II^GJ)(a' • (x) is a function of the 

expressions 

\a'T\ = Va'TT'a, \x'T\ = VxTT'x, a'TT'x, 
only. Now let T:= span{ti, . . . ,tk}. Then 

k k 

a '.= TT'a — ^(at^y)t^, x := TT'x = '^{xt,^)tiy, 

v=0 u=0 
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are the orthogonal projections onto T of a and x, respectively. It follows that 
\a'T\ = |a|, \x'T\ = |x|, a'TT'x = ax. 



This implies that 

(nrG;;(a'-))(a;) = ^ •/i*’"(|a|,|$|,ax) 

depends on the space T only, not on the choice of the orthonormal basis {ti,. . . ^tk} 
within this space. 



4.5 Problems 

Problem 4.1. Prove that (4.10) and (4.11) are equivalent. 

Problem 4.2. Let r > 2, // G IN. Prove |GJ)(0I ^ “1 < ^ < +1* 

Problem 4.3. Let V be a rotation-invariant subspace of C(5^“^), r G IN \ {1}, 
N := dimV G IN, and let || • ||2 be the norm induced by ( • , • ). Then the estimate 

im|oo< W||F||2 



holds for F G V. 



Problem 4.4. Prove 



1 

(1 — 2xt + 



£ 5 ; 



fi=0 |m|=/i 



for x,t e 1^1 < 1, r + s > 1. For which values of A > 0 is the generating 
function on the left side harmonic with respect to x? Interpret the result for the 
polynomials V^^{x). 

Problem 4.5. For (xi, . . . ,x^_^s+i)' G r, s G IN, define x G IR"' by x := 

(xi, . . . ,Xr)'. And put 

n;;,^{xi,...,Xr+s+l) ■■= + + — 

V [xf H h X 

for m G INq, |m| = p. Prove 



2 

r+s+l 



1 

[(1 - Xt)'^ + {Xr +1 + • • • + " 



H:^%X^,...,Xr+s+l)t^, 



fx=0 \m\=fi 



and 6 h;;+®+i. 




Part III 

Multivariate Approximation 




Chapter 5 

Approximation Methods 

5.1 Bounded Linear Operators 

We investigate polynomial approximations to multivariate functions which are 
defined by linear operators. The corresponding theory is ruled by some important 
principles and theorems, which we present in the beginning. 

Let X and V denote real linear normed spaces with norm || • || = || • \\x and 
II • II = II • ||y, respectively. A linear map, or operator^ 

F: X 



is called bounded if 



sup{||Fa:||y : x e X, \\x\\x < 1} < oo 

holds. It is easy to show that the set C{X^Y) of all bounded linear operators 
F \ X Y is 3i linear space which can be provided with the norm INI = II • lU.r 
defined by 

||-F|U,y := sup{||Fa;||r : x G X, ||x||x < !}• (5.1) 

Note that F e C[X, T), G G C{Y, Z), and x E X implies 

|lF:rl| < ||F|| • ||x|| and ||G o F|| < ||G|| • ||F||. (5.2) 

A linear operator F \ X ^ Y is continuous if and only if it is bounded, which 
means, if it belongs to G(X, Y). It may happen that a sequence of elements G 
jC(X,Y), n G in, converges in the norm, i.e., that 

lim ||F„ - F|| = 0 

n—^oo 

holds for some F £ C{X, Y). Using (5.2) we get in this case 

||F„a: - Fx|| < ||F„ - F|| • ||x|l 
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for X e X and n E IN, and hence 

lim \\FnX - Fx\\ = 0 (5.3) 

n— >oo 

for arbitrary x E X. However, operator sequences which converge in the norm are 
rare. For this reason it is usual to use the following weaker definition of conver- 
gence. 

Definition 5.1 (Pointwise Convergent). A sequence of operators Fn E C{X,Y), 
n eJN, is called pointwise convergent to F E C{X, Y) if 

lim FnX — Fx 



holds for all X E X. 

It is important to know an exact criterion about pointwise convergence. This is 
given by the Theorem of Banach-Steinhaus, which we prove in three steps. 

Theorem 5.1 (Baire). Let {X, d) denote a complete metric space and assume that 
the union 

A ~\J An 

neJN 

of countably many subsets An C X, n G IN, contains a nonempty open subset. 
Then fc G IN exists such that the closure Ak of A^ contains a nonempty open set. 

Proof. We define the open balls 

B{x, p) := |y 1 2/ € X, d{y, x) < p| 

for X G X and p E JR, p > 0, and we assume that the statement of Theorem 5.1 
is false, which means that no Ak contains a nonempty open set. 

Since A contains a nonempty open set there exists a ball Bq = B{xo,po), po > 0, 
such that Bo C ^ is valid. Bq is not contained in A\, which we write in the form 

Bq n CAi ^ 0. 

This set is open, hence we can find a ball B\ = B{xi,pi), 0 < pi < ^po, such that 

Bi C Bo ncii. 

Bi n CA 2 is again nonempty and open, hence we can find a ball B 2 = B{x 2 ,p 2 )i 
0 < P 2 < such that 

§2 c B\ n CA 2 . 

Continuing this procedure we find a whole sequence of balls Bj = B{xj ^Pj)^ j € IN, 
satisfying 

Bj c Bj-i nCAj, Pj < 2 ~^pq, 
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for j = 1,2, — By construction, Xj G Bk holds for k G INq and k < j. This implies 

d{xj,Xk) < pk < 

So the Xj form a Cauchy sequence which is convergent with the limit 

X := lim Xj, 
j^oo 

where x e Bj^ C Bk-i C • • • C Bq C A is valid for arbitrary A: G IN. From x e A 
it follows that n G IN exists such that x E An holds, while, simultaneously, 

X G Bn+l C BnHCAn C CAn 

must also be valid, which is a contradiction. So the statement of Theorem 5.1 is 
not false. □ 

Theorem 5.2 (Uniform Boimdedness). Let X he a Banach- space, Y a normed 
linear space, and assume that the sequence of operators Fn G C{X,Y), n G IN, 
satisfies the condition 

sup{||FnX|| : n G IN} < cx) 

pointwise for all x E X. Then the operator norms are uniformly bounded, i.e., 

sup{||Fn|| : n E IN} < oc 



holds. 

Proof. Let 

$(x) := sup{||Fnx|| : n E IN} for x E X, 

Ak := {x E X\ ^(x) < k} for A: G IN. 

First we claim that every set Ak is closed. Actually, in the case Ak = X nothing 
has to be proved. Next assume Ak A ^ choose y E CAk. Then 

$(t/) > k 

is valid, and there exists some n € IN such that even ||fn2/|| > k holds. is 

bounded and hence continuous, so a neighbourhood U of y exists such that 

\\F„z\\ > k 

remains valid for all z Eli. Hence CAk is open and Ak is closed, as claimed. It 
follows that 

Ak = Ak for fc G IN. 

X = \jAk 

/cGIN 



Next we use that 
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holds, since for every x E X there exists a fc G IN with k > ^(x). X is nonempty 
and open itself. So Theorem 5.1 says that fc G IN exists such that Ak contains a 
nonempty open subset, say an open ball K with center xq and radius p > 0. Since 
Ak is closed, even the closed ball 

K = {z E X : \\z - xoll < p} 

is contained in Ak, i.e., we get K C Ak. By the definitions of Ak and of $(x) it 
follows that z E K implies z E Ak and hence 

lli^n^ll < Hz) < fc for all n G IN. 

This allows us to estimate HF^H as follows. 

Let X E X, ||x|| < 1, n G IN. The points xq and z := xq + px are contained in K, 
and from 

we get 

This holds for arbitrary x E X with ||a:|| < 1, so we get 




for arbitrary n G IN, which finishes the proof. □ 

Theorem 5.3 (Banach-Steinhaus). Let X be a Banach- space, Y a normed linear 
space, and E a subset of X such that span{E) is dense in X. Then a sequence of 
operators Fn E C{X,Y), n G IN, converges pointwise to F E C{X,Y) if and only 
if the following conditions are satisfied. 

(i) sup{||F^ll : n G IN} < oc, 

(a) lim FnX = Ex for all x E E. 

n-^oo 

Proof. If the sequence of operators Fn converges pointwise to F, then (ii) is obvi- 
ous, while (i) is valid by Theorem 5.2. 

Next we assume that (i) and {ii) are valid. We choose A > 0 such that 

||F|1 < A and ||F^1| < A for all n G IN (5.4) 

holds. Next let x G X be fixed, and choose an e > 0. Then there is an element 
y E span{E), say 

k 

y ^ ^ I ^ -^5 j 1, . . . , fc. 
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which satisfies 



Ik 



‘''■= 31 ^ 



(5.5) 



By the triangular inequality we obtain 

||F„a; - Fx\\ < ||F„rc - F„?/|| + ||F„y - Fy\\ + \\Fy - Fx\\. 

Moreover, 



FnV - Fy-'^ Cj (^FnXj - Fxj^ 



j=i 

tends to zero for n ^ oo. So there is an iV e IN such that 

WFnV-FyWK^^ 

holds for n> and together with (5.4) and (5.5), we get 

\\FnX — Fx\\ < ||F„|| • ||x — 2/11 + - + ||F|| • ||x - y\\ < e, 
again for n > A^. Since e > 0 was arbitrary, this yields 

lim FnX = Fx, 

n— >oo 

and since x was arbitrary, the theorem is proved. □ 

Remark. In the context of Theorem 5.3 the operator norms ||F„|| are called 
Lebesgue constants. 

The application of Theorem 5.3 requires the knowledge of a suitable subset E of 
X. In the important case X = C{D), D a nonempty compact subset of IR’’, the 
polynomial space is dense by the Theorem of Weierstrass, which we prove 

later. The most elegant proofs use the setting of positive linear operators. 

Definition 5.2 (Positive Linear Operator). In C{D) the semi-order > is defined 
as follows. F >0 holds for a function F e C{D) if and only if F{x) >0 is valid 
for arbitrary x € D. A linear operator L : C{D) — > C{D) is called positive if 
F € C{D), F > 0, implies LF > 0. 

We remark that F > G is the same as F - G > 0, which is often also written as 
G<F. 

As usual G{D) is provided with the maximum norm || • || = || • ||^, If L : C(F) — > 
G{D) is a positive linear operator and if F e C{D) satisfies ||F|| < 1, then we get 
1 ± F > 0 and hence FI ± FF > 0, which is the same as |(FF)(x)| < (Fl)(r) for 
arbitrary x e F. It follows that 

\\FF\\ < \\Ll\l 

which means that a positive linear operator is always bounded. So we can determine 
the pointwise convergence of a sequence of positive linear operators F„ : C{D) — > 
G{D) with the help of Theorem 5.3. However, often it is easier to use the Theorem 
of Bohman and Korovkin. 
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Definition 5.3 (Korovkin Set). A finite set of nonzero functions Fo,...,Fk G C{D) 
is called a Korovkin set in C{D) if there are functions Go, . . • , Gfc G C{D) such 
that 

k 

Y,Fj{x)G,{y) > 0 

j=0 

holds for all x,y ^ D, where equality holds if and only if x = y. 

The following theorem describes some Korovkin sets for the sphere S'^~^ and for 
the simplex (see Section 1.1). 

Theorem 5.4 (Korovkin Sets in and in (7(E^“^)). Let r e N \ {1}^ 

D e and define the functions Fj G C{D), j = 0^ . . . ^r, by 

( 1 , forj = 0, 

Fj(a;);=< xj , forj^l,...,r,ifD = S^~\ 

[ , for j = l,...,r, if D = 

Then Fo,...,Fr form a Korovkin set in C{D). In both cases the functions 
1, Xi, . . . , Xr, xf,.. . , x'^ form another Korovkin set in C{D). 

Proof. For the first statement let us define Go := 1, Gj := —Fj for j = 1, . . . , r. 
Then we obtain 

r (l-xy>0 , if D = 5’’“^ 

^Fj(x)Gj{y) = { 1 - >0 , 1/ D = S’--!, 

1=0 I i=i 

for x,y e D, in both cases, where equality holds exactly for x = y. 

The second statement can be proved as follows. For arbitrary x,y G D we get 

r 

E (^1 “ + yf) = k - y? > 0 , 

1=1 

where equality holds exactly for x — y. Writing the left side in the form 

1 • (E^/fc) + E^;^ • (-2%) + E (^1 ■ i) 

k=i i=i 1=1 

we see immediately that the functions considered form also a Korovkin set. □ 

Theorem 5.5 (Bohman and Korovkin). Let D C IR*^ he nonempty and compact and 
let Fq,. . . ,Fk form a Korovkin set in C{D), which is provided with the uniform 
norm. And assume that Ln, n G IN, is a sequence of positive linear operators 
C{D) -> C{D). Then 

lim ||L„F - Fll = 0 
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is valid for all functions F G C{D) if and only if 

lim \\LnFj - Fj\\ = 0 

holds for j — 0,1, . . . ,k. 

Remark. In view of Theorem 5.5 the finitely many functions Fq,..., Fk are also 
called a Korovkin test family. 

Proof. The necessary condition is obvious. So it suffices to consider the case where 

lim \\LnFj-Fj\\ =0 

n^oo 

holds for j = 0, 1, . . . , fc. 

We begin with the — most noninteresting — case where D = {x} consists of a 
single point. Then the functions F G C{D) are all constants. In particular we get 

lim L„Fo = Fo 0, 

n-^oo 

and for arbitrary F G C{D) we obtain 

lim LnF = lim • Fq) = ^ ■ L^Fq = F, 

n^oo n^oo \Fo / Fq 

as claimed. 

Next we assume that D contains more than one point, say yi and y 2 ^ y\. By 
Definition 5.3 there are Go, . . . , G C{D) such that 

k 

^{x,y) '^Fj{x)Gj{y) > 0 ( 5 . 6 ) 

J=0 

is valid for x,y G D, where ^{x,y) = 0 holds exactly for x = y. Note that 
$ G C{D X D) holds, and that D x D is compact, again. 

Our first aim is to show that the functions i„l are uniformly bounded to above, 
and this even if 1 does not belong to the Korovkin set. To this end we use that 
the function 

$( -,2/1) + $(-,2/2) €C{D) 

is strictly positive, such that a constant a exists such that 

0 < a < $(x,2/i) + $(x,j/2) 

holds for arbitrary x G F. As L„ is positive it follows that 

k 

a • F„1 < L„ ($( ■ , 2/i) + $( . , 2 / 2 )) = ^ (Cjiyi) + Gj{y2))LnFj. 

i=o 



( 5 . 7 ) 
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The right side converges uniformly to a function of C{D). This is bounded above. 
So a constant A exists, such that 

Lnl < A (5.8) 

holds. Moreover, for fixed y e D we get 

k k 

l|L„$(.,y)-$(.,j/)|| = \\J2gm{LuF, ~ Fj)\\ < 

j=0 j=0 

This implies 

lim ||L„$(-,y)-$(., 2y)l| = 0, (5.9) 

n—^oo 

uniformly for all y e D. 

Our next aim is to estimate arbitrary functions G C{D x T>), which satisfy 
= 0 for X G Z), with the help of $ in order to understand their behaviour 
near the diagonal x = y. So assume is such a function. Then a constant M 
exists such that 

|^(a:,J/)| < M 

holds for all {x, y) e D x D. And is uniformly continuous. So let e > 0 be an 
arbitrary number. Then (5 > 0 exists such that, in view of ^'(x,x) = 0, 

|^'(x,2/)| < € 

holds for all (x, y) G D x Z^, which satisfy |x — y| < S. Moreover, since ^(x, y) does 
not vanish for |x - y| > ^, a constant m exists such that 

0 < m < ^(x, y) 

holds on the compact set defined by (x,y) e D x |x — y| > J. Together this 
implies, for both signs, that 

±^'(x,j/) < t + 

is valid for arbitrary (x, y) e D x D. Especially we get for fixed y G D by the 
positivity of the operator 

±Lnn-,y) < eLnl + ^LnH-,y). 

But in view of (5.9) a number n(e) exists such that 

Ln^(*,y) -^(-,y) < e 

is valid for n > n{e) and arbitrary y ^ D. Together with (5.8) this yields 
±Ln^{-,y) < eA+ + 
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for n > n{e) and arbitrary y ^ D. Here we may insert y as the argument, and we 
obtain, in view of ^{y,y) = 0, 






< t{A + 



M\ 
m ' 



and hence 

^y))iy) = o> 



(5.10) 



uniformly for y G D. 



Now it is easy to finish the proof. For, let F G C{D) be an arbitrary function. 
Define by 



'^{x,y) := F{x) - F{y) ■ 



^x,yi)+^{x,y2) 
^{y,yi) + ^{y,y2) 



for (x,y) € D X D, which is admissable because of ^'(x,x) = 0. Then it follows 
from (5.10) and (5.9) that 



(y) - ^(y) = 0 

holds uniformly for all y G D, and the theorem is proved. □ 



5.2 Bernstein Polynomials and the Theorem of 
Weierstrass 

Throughout this section, C{D) is provided with the uniform norm || • || = || • W^. 

The Homogeneous Bernstein Polynomials on 

Let rGlN\{l}, /xgIN, Fg The corresponding homogeneous Bernstein 

polynomial of degree /x is defined by 

(s>)(*) := E {5.11) 

|m|=/x 

Actually, this is a homogeneous polynomial of degree y. By restriction of the 
polynomial onto a map 

: C(E^-i) -> IP;;(E’'-1) (5.12) 

is defined which is the corresponding homogeneous Bernstein operator. This op- 
erator is linear and positive such that Theorem 5.5 is applicable. 

Lemma 5.6 (Convergence of the Homogeneous Bernstein Operators). Let r G 

1N\{1}. Then 

lim \\B.F-F\\ = 0 

holds for arbitrary F G 
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Proof. By Theorem 5.4 the set K := . . . ,Xr,xf, . . . is a Korovkin set 

in In view of (3.10) we get, for x G 

(5V)(x)= (^)x™ = (xi + --- + x,)^= 1. (5.13) 

Likewise we obtain for j G {1, . . . , r}, substituting n = m — ej, 



(4x,)(x)= ^ s(ax”=x, E r;v= 



\n\=^i-l 



and for /i > 2 we get 



= E 

\m\=ii 



* 

Hence B^F converges to F for all F G K. The rest of the argument follows from 
Theorem 5.5. □ 

Lemma 5.6 says that JP'^{D) is dense in C{D) in the particular case where D — 
This is a subset of measure zero in IR^. But in spite of this the Theorem 
of Weierstrass can be derived from Lemma 5.6 in its full extent. This takes the 
following two steps. 

The Bernstein Polynomials on 

Let r G IN, and note that is now a subset of IR^+^. The map E'^ E^ defined 
by 

3 (rri, . . . ^Xr)' = x x = (xi, . . . , x^, 1 — Xi — • • • — Xr)' G E^ 
is bijective and defines an isometry 

C{E^) 3F^Fe C(E") (5.16) 

by F{x) F{x) for x G E^. This map is affine-linear and maps polynomials onto 
polynomials of the same degree. 

Now let F G C{E'^) be given. We write the homogeneous Bernstein polynomial of 
F for /I G IN in the form 

(b>)(x) = [b,f){x) (5.17) 

where 

(B^F)(x) = y^ E 

F=0 \m\=iJ,—i' 



(5.18) 
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Note that is now an element of and in general no longer homogeneous. 
It is called the Bernstein polynomial to F of degree ijl. The map 

B,: (5.19) 

defined by F i-^ is the corresponding Bernstein operator. 

By construction the following lemma is valid. 

Lemma 5.7 (Convergence of the Bernstein Operators). Let r G IN. Then 

lim ||F^F-F|| = 0 

/x^oo 

holds for arbitrary F G C{E'^). 

Proof. Using (5.17) and the isomorphy (5.16) we get for /i G IN 
||F^F-F||s^ - \\B^F-F\\Er, 

where the right side converges to zero by Lemma 5.6. □ 

The Theorem of Weierstrass 

Now we are ready to perform the final step, which means to prove the Theorem 
of Weierstrass in its full extent. 

Theorem 5.8 (Weierstrass). Let r G IN and let D be a nonempty compact set in 
IR^. Then JP^{D) is dense in C{D). 

Proof. From Lemma 5.7 it follows that P^(F^) is dense in C{E^). Next assume 
D is arbitrary, but satisfying the assumptions. Since the affine-linear transforms 
map polynomials onto polynomials of the same degree, we may assume D c E^ 
without restriction of generality. Now let F G C{D). By a theorem of Tietze and 
Urysohn^ see [62], e.g., F is the restriction onto D of a function G G C(F^), and 
we can approximate F by the restrictions F^ of the Bernstein polynomials Bfj^G 
onto D. From 

||F-F^|b < ||G-F;,G|1^. 
it follows now in view of Lemma 5.7 that 

lim \\F~FJd = 0 

holds. This finishes the proof. □ 

Remark. Lemma 5.6 and hence the Theorem of Weierstrass can be proved without 
the help of the Theorem of Bohman and Korovkin. In the univariate case this is 
well known. For the multivariate case see [48]. It is essential that the points 
which occur in the definition of the homogeneous Bernstein polynomials (5.11), 
are the peaks, i.e., the maximum points of the monomials x'^ on On the 

sphere another direct proof exists, which uses the spherical modulus of continuity. 
See Section 6.9, Corollary 6.37. 
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5.3 Best Approximation and Projections 

A fundamental question is to ask how an arbitrary continuous function, as compli- 
cated it may be, can be approximated by a simpler one, say by a polynomial of a 
certain degree. Bernstein polynomials are an answer to this question, though not 
always the best possible one. We investigate this question in a more systematic 
way. 

Best Approximation 

Let X be a normed linear space, V a finite-dimensional subspace of X, and x G X. 
By a compactness argument it can be proved that 

min{||x - i’ll : v gV] 

exists for arbitrary x G X, see, e.g., [13], Theorem 7.4.1. Therefore the following 
definition is possible. 

Definition 5.4 (Minimal Deviation, Best Approximation). Let V be a finite- dimen- 
sional subspace of the normed linear space X. For x G X 

E{x^ V) \= min{||x — r’|| : v gV] 

is called the minimal deviation of x inV . Every v gV for which the minimum is 
attained, i.e., with 

Ik - ^11 = 

is called a best approximation to x in V. 

Note that by our remark from above a best approximation always exists. 

Projections 

Definition 5.5 (Projection). An operator L G C{X,V), [0] F C X, is called a 
projection if the following holds. 

(i) L is surjective, 

(a) Lo L = L. 

Note that the assumption V ^ [0] implies L ^0. 

Theorem 5.9. Let L : X ^ V be a projection. Then L\y = idy holds. 

Proof. Let v gV. As Lis surjective, there is an x G X such that v = Lx. It follows 
that Lv = L{Lx) = Lx = v. □ 

Theorem 5.10. Let X be a normed linear space and L \ X ^ V a projection. 
Then 



\\L\\ > 1 . 



(5.20) 
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Proof. In view of (5.2) we obtain ||L|| = ||^^oL|| < ||L|p, where ||L|| ^ 0 holds 
by the remark from above. This implies (5.20). □ 

Projections define reasonable approximations in the following sense. 

Theorem 5.11. Let L G C{X,V) be a projection onto the finite- dimensional sub- 
space V. Then 

\\x-Lx\\ < (l + ||L||)-E(x,F) 
holds for arbitrary x e X. 

^ >|« 

Proof. Let be a best approximation tox^XinV. Using Lv — v we obtain 

||a; — L:r|l = \\x — V L{v — x)\\ 

< ||x-^|| + ||L||.||^-a;|| = (l + ||L||)-^(x,U), 



as claimed. □ 

The result can be interpreted as follows. If x is well approximable in V, then 

E{x,V) is small, and \\x - Lx\\ is also small. The advantage is that it is often 

* 

easier to calculate Lx than to calculate a best approximation v to x. 

Orthogonal Projections 

The theory of best approximation attains a very handsome form if the norm of X 
is induced by an inner product ( • , • ) and U is a finite-dimensional subspace of X. 

Definition 5.6 (Orthogonal Projection). Let X be provided with the inner product 
( • , • ) and let V be a subspace of X. A linear map II : X V is called orthogonal 
projection onto V if for all x ^ X the equation 

{x — Bx^v) = 0 (5.21) 



holds for all V G V. 

The definition is justified in view of the following theorem. 

Theorem 5.12 (Orthogonal Projection). Let X be provided with the inner product 
( • , • ) and let V be a subspace of finite dimension. Then a uniquely determined 
orthogonal projection B : X exists. B is a projection with ||II|| = 1. For all 
X ^ X the element v := Bx is the uniquely determined best approximation to x 
in V. 

Proof. Uniqueness. Assume Hi and II 2 are orthogonal projections. Taking the 
difference of the corresponding equations (5.21) we get 



(Bix - B2 X,v) = 0 

for arbitrary v gV. Putting i’:=IIia:: — Il 2 xwe get 

||IIiX - Il2x|| = 0 
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and hence IIix = U 2 X for arbitrary x G X. It follows that IIi = II 2 . 

Existence. Let vi,. . . form an orthonormal basis in V and define U : X V 
by 

N 

Ux := '^{x,Vy)vi,. (5.22) 

iy=i 

Then we get 

(x-IIx,x^) = {x,Vf^) - {x,v^) =0 

ior n = 1,. .. and by linear combination of the equalities we find that (5.21) 
holds for all V eV. 

Projection. The uniquely determined orthogonal projection II can be represented 
in the form (5.22). It follows that 



holds for K. = 1, . . . , X, and by linear combination of these equalities we find that 
n is surjective. Moreover, for arbitrary x G X we obtain 

N N 

n(IIx) = '^{x,Vi,)Uviy = ^(x,x^)r’i, = rix. 

1^=1 iy=l 

So n is a projection. 

Norm. Inserting v := IIx in (5.21) we obtain 

llrixll^ = (x,ITx), 

and by the help of the inequality of Schwarz we get for arbitrary x e X with 

ll^ll < 1? 

linxf < ||xH|nx|| < ||nx||, 

and hence ||IIx|| < 1. This implies ||II|| < 1. But II is a projection, so ||II|| > 1 
holds because of Theorem 5.10. Together this implies ||II|| = 1. 

Best Approximation. Let x G X be fixed. For x G F the minimal deviation is zero, 
i.e., 7 ; = X = IIx is the unique best appoximation. Next assume x ^ F, and let 

N 

V = 

iy=l 

ai, . . . , uat G IR, be an arbitrary element in V. Then we get 

N N 

0 < \\x-vf = \\xf -2Y^a^{x,Vj,) + ^al. 

u=l v—l 
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As a function of ai , . . . , aAr the right side is a positive quadratic form. So there is a 
minimum point. In all minimum points the gradient vanishes, which is equivalent 
to 

= (x,v^) 

for K = 1, ... ,N. Hence the minimum is attained at a unique point, which corre- 
sponds to z; = Hx, and the theorem is proved. □ 

Remark. In view of (5.17), but not quite correctly, we also say that Hx is the 
orthogonal projection of x in F. 

Representation of Orthogonal Projections 

If the inner product space is a function space of the form X = C(D) and if the 
finite-dimensional subspace V has the reproducing kernel G{x^y), then 

N 

G{x,y) = '^v^{x)v^{y) 

1^=0 

holds for x,y e D, see (1.5), and in view of (5.22) the orthogonal projection can 
be written in the form 

{UF){x) = (^F,G{-,x)) (5.23) 

for F e C{D) and x e D. 

Minimal Projections 

Assume that X is again an arbitrary normed linear space and that F is a subspace. 
In view of Theorem 5.11 it is most desirable to know projections L e C{X, V) with 
||L|| as small as possible. 

Definition 5.7 (Minimal Projection). A projection L* G C{X,V) is called a mini- 
mal projection if 

\\L*\\ < \\L\\ 

holds for all projections L e jC{X, V). 

Remark. The operator norm depends on the choice of the norm in X. Hence 
a minimal projection which belongs to a certain norm need not be a minimal 
projection with respect to another norm. It is known that if V is finite-dimensional, 
then a minimal projection must exist. See [26], or, for an outline of the proof, [10]. 
We shall not need this theoretical knowlege, since in the cases which we consider, 
existence will always be evident. A first example is the following theorem. 

Theorem 5.13 (Minimal Projection in Inner Product Spaces). Let X be provided 
with the inner product (•, •) and let V be a finite- dimensional subspace of X. 
Then the orthogonal projection H : X ^ V is a minimal projection onto V. The 
norm of every minimal projection equals 1 . 
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Proof. From Theorem 5.12 and Theorem 5.10 we get for arbitrary projections L 



linil = 1 < ||L||, 



with equality if L is a minimal projection. □ 

Interpolatory Projections 

Except for inner product spaces, it is often difficult to calculate a best approx- 
imation or a minimal projection. For this reason, interpolation, which is a very 
constructive principle, plays an important role in numerical analysis. The defining 
linear operators are projections, so they belong to this section. Though interpo- 
lation, which tries to understand a function from a finite number of its function 
values, is a quite inadequate tool if the function is discontinuous, we consider it 
in the beginning in a very general setting. After that, the necessary restriction to 
continuous functions will be the topic of the following section. 

Assume that F is a linear space of functions D ^ IR where D is a nonempty set. 
Let the dimension of V be finite. 

Fundamental Systems 

Definition 5.8 (Fundamental System). Assume N := dimV G IN. A family T = 
{ti, . . . , ^Tv} of nodes tk ^ D is a fundamental system for V, if the evaluation 
functionals 

V 3 F F{t}^) G IR, 
k = 1, . . . ,N, are linearly independent. 

By this definition T is a fundamental system if 

N 

Y^akF{tk) = 0 for all F eV 

k=l 

implies ai = • • • = Uiv = 0, or if for any basis {Fi, . . . , F^} in V the linear system 
of equations 

N 

''^Fj{tk)ak — 0, j = 1 , . . . 
k=i 

has the trivial solution, only. So we are led to 

Theorem 5.14 (Existence and Characterisation of Fundamental Systems). Assume 
N := dimF G IN. Then the following holds. 

(i) There exists a fundamental system for V. 

(n) A node system T = {t\, . . . ,tN} is a fundamental system for V if and only if 

det . + 0 

is valid for any basis {Fi, . . . , Fn} of V . 
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Proof. (ii) follows immediately from our consideration from above. For (i) assume 
that Fi, . . . , Fjv is a basis in V. Since 

det = Fi(x) 

is not the null function, there is an a; i G D such that 



det(Fi(xi)) 7 ^ 0. 



Next let us introduce the determinant 



det 



^’i(a;i) Fi(x) 
F2(xi) F2(x) 



which is, since the first main minor determinant does not vanish, a nontrivial linear 
combination of Fi(x) and F 2 {x). It is not the null function, so there is an X 2 G F 
such that 



( Fi(m) f,{x2) ^ 
F2(xi) F2{x2) j 

is valid. So we proceed. Finally the determinant 


1^0 




/ Fi(xi) Fi(X 2 ) 


Fi(x) 


det 


F2{xi) F2(x2) ••• 


^ 2 ( 0 :) 




V Fn{xi) F/v(x2) • • • 


F]v(x) 



is a nontrivial linear combination of Fi(x), . . . , Fn{x), such that an G F exists 
with 



det 



^2(X1) 



Fi{x2) 

F2{x2) 



Fi{xn) \ 

F2{xn) I 






\ Fn{xi) Fn{x2) ••• Fn{x) ) 



which finishes the proof. 



□ 



We point out that Theorem 5.14 does not contain an assumption on the quality 
of the space V or on the domain D. 

Example 1. To give an example, let V IP^([a, 5]), where a <h and N = iiFl. 
It is well known that in this case every family of N different points in [a, h] is a 
fundamental system. 



Example 2. Example 1 is not typical for what happens in the multivariate case. 
We explain this in what follows. 



Let r > 2 and assume that F is a subspace of C{D) of dimension N > 3, where 
F C IR^ contains an interior point ao- Hence there is an open ball Bq B{ao,p) 
with center ag and radius p > 0 contained in F, and we can choose N additional 
points ai, . . . , Uiv G F such that ao, ui, . . . , are, altogether, different in pairs 
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while no three of them are located on a line. And we define the line segments 
Sjy := conv{ao^ai,} for u = 1,2,3. 

In the beginning we choose the nodes xi, . . . ,xn ^ Bq in the position 
xi = ai, X2 = a2, X3 = as, . . . ,xat = aAr. 

Next we move xi on si U S 3 continuously to the midpoint of S 3 . After that we 
move X 2 on S 2 U si to the position of ai, and finally x\ on S 3 U S 2 to the position of 
U 2 . Note that all the time the nodes were different in pairs, and that they reached 
finally the position 

xi = a2, X2 = ai, xs = as, . . . ,xn = cln 

by a continuous transform. Since x\ and X 2 have changed now their position, the 
determinant 

Fi{xi) Fi{x 2 ) ••• Fi{xn) \ 

F2{xi) F2{x2) ••• F2{xn) 

Fn{x\) Fn{x2) Fn{x) J 

must have changed its sign. Therefore, a node configuration appeared between, 
where the determinant vanishes. In other words, a configuration of N pairwise 
different nodes exists which do not form a fundamental system. 

Lagrange Elements 

Assume that T = {^i, . . . ,t 7 v} is a fundamental system of V, and assume that 
Fi, . . . , F/v form a basis in V. Then the following holds. 

Let F = be an arbitrary element in V, and choose 2 / 1 , . . . , ^ IR also 

arbitrarily. Then the system 

F{tk) = yk, (5.24) 

is equivalent to the system of linear equations 

N 

'^Fj{tk)aj = yk, k = l,...,N, 

and because of Theorem 5.14 it has a uniquely determined solution. In other words, 
F is uniquely determined by its function values F{ti ), . . . , F{tN). Hence we can 
define the functions Lj eV, j — 1 ... ,N,hy the equations 

Bj{tk) — ^j^ki h — , N. 

Next let F G F be arbitrary again and define G G ^ by 

N 

G:=J^F{tj)Lj. 
j=i 




(5.25) 
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Obviously, G(tk) = F(tk) holds for fc = 1, . . . , AT, and this implies G = F. This 
means that every element F in V has the representation 



N 

F = Y^F{t,)L,. 

j = l 



(5.26) 



In particular, Li, . . . , Ljv are a basis in V . 

Definition 5.9 (Lagrange Elements). The elements Lj in V , j — 1, . . . , N , defined 
by (5.25) are the Lagrange elements belonging to the fundamental system T. The 
system {Li, . . . , L^} is called a Lagrange basis. 

Now we define, with a basis Fi, . . . , G V, the determinant 



A(o::i, . . . ,xa/-) det 



Hxi) 



Fi{x2) 

F2{x2) 



\ Fn{xi) Fn{x2) 



F\{xn) \ 

F2{xn) 1 



Fn{xn) J 



for arbitrary xi,...,xat G D. By Theorem 5.14 we get A(F, 
claim that 

r / \ A(/;]^, . . . , X, . . . , tjv) 

“ A(F,...,t„...,t^) 



,tiv) ^ 0. We 



(5.27) 



holds for X e D. Actually, expanding A(ti, . . . , x, . . . , tAr) with respect to its j-th 
column we see that, as a function in x, this determinant and hence the right side 
of (5.27) is an element of V. Both sides attain the same function values at the 
points ti, . . . , tjv* Together this proves the identity. 



The Interpolation Operator 

In what follows we assume that F is a subspace of a normed linear space X of 
functions F : D JR, and that T = {F, . . . ,tiv} is a fundamental system of V. 
Then a linear map 

A: X 



is defined by 



N 

AF := Y^F{t,)L,. 



(5.28) 



It follows from (5.26) that A is surjective. Besides we get {AF){tj) = F{tj) for 
arbitrary F e X, which implies 



N N 

AoAF = = ^F{t,)L, = AF. 



1 = 1 



1 = 1 



So A is a projection onto V. 
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Definition 5.10 (Interpolatory Projection and Norm). The linear map A:X^V 
defined by (5.28) is called the interpolatory projection which belongs to the fun- 
damental system T. ||A|| is the corresponding interpolation norm or interpolatory 
Lebesgue constant. 



5.4 Interpolatory Projections in C(D) 

In what follows, Vis a finite-dimensional subspace of C{D), where D is a nonempty 
and compact subset of IR^, r G IR. As in Chapter 1, C{D) is provided with the 
uniform norm || • \\d = || * l|oo- Moreover, we assume that it is furnished also 
with the inner product ( • , • ), which induces the norm || • ||. The corresponding 
reproducing kernel ofV is again denoted by G{x,y). 

Kernel Functions 

Let N := dimV and assume T = is an arbitrary system of nodes 

tj e D. We define the kernel functions Kj E V for j = 1, . . . , A' by 

Kj{x) := G{tj,x) for x e D. (5.29) 

Their linear independence is the subject of the following theorem. 

Theorem 5.15 (Kernel-Basis). LetY be a subspace ofC{D) of dimension N with 
the reproducing kernel G{x,y). And assume T = {ti, . . • , tv}; A = dimV, i^ « 
system of nodes tj G D. Then the kernel functions Ai, . . . , Av form a basis in V 
if and only ifT is a fundamental system. 

Proof. Let {Si, . . . , Sn} be an orthonormal system in V, such that 

N 

G(x,y) = '£Sk{^)Sk{y) 

k=l 

holds for x,y E D, see (1.5). Then we obtain 

N 

Kj = Sk {tj ) Sk 

k=i 

for j = 1, . . . , A. Because of Theorem 5.14 this is a basis transform if and only if 
T is a fundamental system. □ 

Theorem 5.15 leads us to use in Theorem 5.14 the functions Fi = Ki, . . . , Fn = 
Av in the characterisation of fundamental systems. However we do not know in 
advance whether these functions form a basis. Nevertheless, the following version 
of Theorem 5.14 is actually true. 
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Theorem 5.16 (Kernel-Bases and Fundamental Systems). Assumptions as in The- 
orem 5.15. The following statements are equivalent. 

(i) ti,. . . ,t]sf form a fundamental system /or V, 

(a) Ki, . . . form a basis in V, 

{Hi) det (G{tj,tk)) / 0. 

Proof, (i) implies (ii), see Theorem 5.15. Identifying Fj = Kj in Theorem 5.14, 
we see that (ii) implies (Hi). Finally, it follows from {Hi) that the evaluation 
functionals are linearly independent, such that {i) holds. This finishes the proof. 

□ 

Condition {Hi) has the advantage that it can be evaluated without the knowledge 
of a concrete basis, provided the reproducing kernel is known, as is the case if V is 
a rotation-invariant subspace of 1P^{S^~^) of finite dimension, see Theorem 4.11. 

Moreover, in this case the evaluation of the kernel functions is very easy, since it 
requires the calculation of a euclidean inner product and the following evaluation 
of a univariate orthogonal polynomial, only. This evaluation itself can be arranged 
at low cost and high stability by the use of the corresponding three-term recurrence 
relation. 

In view of (5.29) we obtain, in the general case, (Kj^Kk) = G{tj,tk), where we 
used the reproducing property of the kernel. This yields 

» = „ 

So the matrix on the left side proves to be a Gram matrix and hence to be posi- 
tive definite, with all the useful and well-known numerical advantages which are 
included by this fact. No doubt, reasonable constructive multivariate polynomial 
approximation is only possible thanks to the two basic facts just mentioned. 

Kernel Functions and Lagrangians are Biorthogonal 

We assume again that T = {ti, . . . , tjv} is a fundamental system for V. Then the 
corresponding Lagrange elements Lj and kernel functions are tightly related. 

As a basic fact, (5.25) can be written in the form {Lj,G{ • ,t/c)) = where we 
use the reproducing kernel property of G, again. This is equivalent to 

(Lj.Kk) = (5.31) 

for j^k = 1, . . . , A". In other words, the Lagrange basis {Li, . . . , L^v} and the 
kernel basis {Ki^ . . . , Kjy} are hiorthonormal. It follows that the corresponding 
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basis tranforms take the form 

N 



k=i 


(5.32) 


N 

Kk = 


(5.33) 



j=l 



for j = 1, . . . , AT and fc = 1, . . . , AT, respectively. Moreover, 

[{L„Lk)) = [{Kk,Ki))Y' (5.34) 

holds, where we do not notify that the row and the column indices are varying in 

The matrix (^G{tj,tk)^ = which in view of (5.34) and of (5.30) rules 

the basis transforms, is called the fundamental matrix. 

Remark. The fundamental matrix can be calculated straightly forward, provided 
the kernel is known, where even parallel procession is possible. Formula (5.34) 

enables us to calculate the matrix ^(Lj,Lfc))^, which rules the basic transform 

(5.32), after that by a numerical inversion of a positive definite matrix, for instance 
by Cholesky's method. 

The Square Sum of the Lagrangians 

Again we assume that T is a fundamental system. If we consider G{x,y) for fixed 
X ^ D as a function in y, then we get in view of (5.26) 

N 

G{x,y) = YhG{x,tk)Lk{y) 

fc = l 

for y E D. The right side can be treated likewise as a function of x, and we obtain 
the remarkable formula 

N N 

G{x,y) = EE Lj{x)G{tj,tk)Lk{y) (5.35) 

j=i k=i 

for arbitrary x^y e D. Now assume that the matrix [G{tj^tk)), which is positive 
definite, has the eigenvalues 

fi Amin Ai ^ A2 ^ ^ Ajv — ’ Amax- 

Identifying x = y in (5.35) we get the ‘quadratic form’ 

N N 

G{x,x) = ^'^Lj{x)G{tj,tk)Lk{x) 

j = l k = l 
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and hence 



N N 

'^min E E G{x,x) < ‘ '^max 

j=l i=i 



This is equivalent to the statement of the following theorem. 



Theorem 5.17 (Lagrange Square Sum). Assumptions as above. For arbitrary x e D 
the following inequalities hold, 



N 

>'mLG{x,x) < '^L]{x) < G(x,x)A;;|„. (5.36) 

j 

There is a particularly interesting application of this theorem. 

Corollary 5.18 (Rotation-Invariant Subspaces of C{S^~^)). Assumptions as above, 
but assume that Y is a rotation-invariant subspace of r > 2,, where 

G{x,y) = K{xy) is its reproducing kernel. Then the following is valid for arbitrary 

xeS^-\ 



N 



j 


(5.37) 


N 

Amin = Amax implies y^L'j{x) = l. 


(5.38) 



Proof. Obviously, the reproducing kernel takes the particular form by Theorem 
1.11. (5.37) follows from (5.36), immediately. Moreover, the fundamental matrix 
has the form 



^G{tj,tk)^ 



( K{1) 

m 



\ 



\ 

K{1) J 



Therefore, Amin = Amax implies Amin = Amax = ^(1)^ and inserting this in (5.37) 

N 

we get = I 5 as claimed. □ 

3 =^ 

Lebesgue Function and Interpolation Norm 

We do not change our assumptions. In view of the Theorem of Banach and Stein- 
haus it is essential to know the uniform norm of the interpolatory projection 



N 



AF = 

J = 1 
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which in view of (5.1) has now to be defined by 

||A|U = max{||AF|U : F e C{D), ||F||oo < !}• 

So let F e C{D) and assume ||F||oo < 1- For arbitrary x e D we obtain 

|(AF)(a;)| < A(a;) 



if A G C{D) is defined by 

for X e D. This function is called the Lebesgue function belonging to the funda- 
mental system T. It is obvious that the following upper bound holds, 



< 



(5.39) 



and there is a point xq E D such that 

llAlloo = A(a;o) 

is valid. This will enable us to determine a lower bound. To this end let 

€j := sgnLj{xo) 

for j = 1, . . . , where the usual definition of the sign- function is completed by 
s^n(O) := 0. Together this yields 

N 

A(a:o) = '^€jLj{xo). 

3 = 1 



Now we choose a such that 



0 < a < i min{|fj -tk\ : j,ke j ^ k} 

is valid. After that we define the function E G C{D) by putting 



Fix) 



e^(l - k\x-tj\), for \x-tj\ <a,je A'}, 

0 else, 



(5.40) 



for a: G D. The definition is admissable since there is always at most one tj 
satisfying \x — tj \ < a. 

Obviously, E interpolates the values 



F{tj) = tj for j = 
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and satisfies ||E||oo = 1, such that we obtain 

N 

||A||oo > ||AE||oo > |(AE)(a:o)| = Y^ejLj{xo) = A(a;o), 

j = l 

and hence 

IIAiloo > IIAIIoo. 

Together with (5.39) this yields ||A||oo = Halloo? which is the same as 

N 

||A||oo = niax {E |Lj(x)| : X G d|. (5-41) 

The evaluation of the interpolation norm from this formula is difficult. It is easier 
to invert the fundamental matrix and to estimate it by the help of the following 
theorem. 

Theorem 5.19 (Estimate of the Interpolation Norm). Let D C IR^, r e JR, be 

nonempty and compact, and assume that the subspace V of C{D) is provided with 
the reproducing kernel G{x, y) and the fundamental system T = {ti, . . . ^t^}- Then 
the uniform norm of the corresponding interpolatory projection satisfies 

i|A||^ < N ■ • max{G( 2 :,x) : x £ D}. 

Proof. Using the inequality of Cauchy-Schwarz and Theorem 5.17 we get for x G D 

N 2 ^ 

(X]l ■ lAjWl) < N < TV- A“J„ •G(x,x), 

j=l 3=1 

and the statement follows in view of (5.41). □ 

Corollary 5.20 (Estimate in Rotation-Invariant Subspaces of C{S^~^)), LetY be a 
rotation-invariant subspace of r >2, with the fundamental system T = 

{ti , . . . , tiv}. Assume that the inner product is induced by the surface integral, such 
that the reproducing kernel takes the form G{x,y) = K{xy). Then the interpolatory 
projection A belonging to T satisfies 

||A||^ < N-K{l)-X-l. 

If the eigenvalues of the fundamental matrix are all equal, i.e., if \\ — \2 = • • - = 
Ajv holds, then 

IIAIIoo < VN 

is valid. 
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Proof. For the form of the reproducing kernel we refer to Theorem 1.11. The first 
statement follows immediately from Theorem 5.19. For the second statement we 
refer to the proof of Corollary 5.18, by which Amin = ^(1) holds. □ 

Remark. For every /x G IN let us choose a fundamental system T = for the 
space Then the convergence problem for the corresponding interpola- 

tory projections A = is governed by the Theorem of Banach-Steinhaus. So 
boundedness of the interpolation norms is required, while Corollary 5.20 ensures 
us in view of (4.4) even in a rather promising situation of a rate of growth 

||A;,||oo = 0{p^) asp-^oo, (5.42) 

only. This is poor, however boundedness is unattainable, as will be proved in Sec- 
tion 6.2. Therefore convergence A^F ^ F cannot hold for arbitrary F G 
whatever the choice of the fundamental systems may be. This does not make 
interpolation useless. For instance, from Theorem 5.11 we obtain 

||F-A^F||oo < (l + |lAJ|oo)F^(F), 

where E^{F) denotes the algebraic minimal deviation, which is defined by 

E^{F) := min{llF - P\\^ : P G (5.43) 

This inequality says that in spite of the divergence of the interpolation norms, con- 
vergence takes place if the interpolated function F is sufficiently well approximable 
by spherical polynomials. 

We recall that the growth of the interpolation norms depends on the choice of the 
fundamental systems. The question for a best possible choice is far from being 
solved. A good choice would be extremal fundamental systems, which we present 
in the following section. 



5.5 Extremal Bases and 

Extremal Fundamental Systems 

In this section we discuss the question of what a ‘good’ basis might be in a real 
normed linear space X of finite dimension A G IN. What is wanted is that there 
is a tight relation between the space elements and their coefficient vectors with 
respect to the basis which is chosen. A reasonable and always possible choice is 
extremal bases. 

Definition 5.11 (Extremal Basis). A basis {x\, . . . ,xn} in X is called extremal, if 
for every j G , AT} the basis element Xj is best approximated by zero in the 

complementary space 

Xj := span{xk\k G j}. 
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Note that the definition requires that for all j € {1, . • . , Nj, 

W^j ~^O.kXk\\ > \\Xj\\ 

holds for all choices of the coefficients ak G IR, so making sure, in some sense, that 
the basis elements are ‘as linearly independent, as possible’. 

To give an example, we assume that the norm || • || is induced by the inner 
product (•,•). It is obvious that in this case every orthogonal basis is extremal. 
This example is far from being ‘trivial’, since it makes apparent a very essential 
property of orthogonal bases. 

If the norm is uniform or even arbitrary, an extremal basis can be obtained by a 
rather general principle, where an extremal Lagrange basis is constructed. In the be- 
ginning this is possible only in function spaces. But since every finite-dimensional 
normed space can be identified with a normed function space, the results are 
transferrable to arbitrary normed spaces. 

Theorem 5.21 (Existence of an Extremal Basis). In every finite- dimensional real 
normed linear space an extremal basis exists. 

Proof. First let X be a finite-dimensional real linear space of continuous functions 
on D where D is a nonempty compact metric space, and let X be provided as 
usual with the uniform norm 



||F||oo max{|F(x)| : x e D} 



for F e X. Then an extremal basis can be constructed as follows. 

Let Fi , . . . , Fn form a basis in X and define 

A(ti,. . . ,tiv) det {Fj{tk)) 

for ti, . . . , tjv G D. This is a continuous function on the compact set and 
attains a maximum in absolute value, say for ?i, . . . , G D. The maximum is 
positive, since a fundamental system exists, see Theorem 5.14. So we obtain 



A{h,...,iN) ^ 0 , 



and we may define the functions Lj G X for j = 1, . . . , X by 



Lj{x) 



— ^ for X e D 

A(ti, . . . ,tj, . . . ,tN) 



(5.44) 



Expanding the nominator determinant with respect to its j-th column we see that 
the definition is correct, i.e., that the Lj are linear combinations of the Fk, and 
hence in X. And as the denominator is maximum in absolute value, we obtain 
\Lj{x)\ < 1 for arbitrary x e D. Together with 



Lj{tk) = Sj^k, for j,/c = 1,...,X, 



(5.45) 
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this yields 



\\Lj\\oo = 1 for j = 



Finally we get for arbitrary ak € IR, using (5.44)~(5.46), 



(5.46) 



iii, - E ^kLk II oo ^ (^Lj ^ ^ {tj ) 1 II II 00 5 

k^j k:^j 



again for j = 1, . . . , AT. This means that Li, . . . , L]v form an extremal Lagrange 
basis. 

We transfer this result to the arbitrary case. So, let X be an arbitrary finite- 
dimensional real normed linear space, provided with the norm || • ||. The dual 
space X* (algebraic or continuous, which is in the present case the same) consists 
of the linear functionals (j) e X*, 



X 3 X ^ (j)[x) G H. 

For arbitrary x G X a map G X** is defined by 

X* 3 (1)^ ^x{(l>) := (l){x) G IR. 

Together this defines a map A : X ^ X** which maps x G X onto ^ A'**, 
where == 0 implies 0(x) = 0 for all (/) G X*, and hence x = 0. So we get 
ker A = 0, and hence 

By this isomorphy, X can be understood to be a function space. We provide X* 
and X** with the following norms: 

1|(/)|| := max{|(/)(x)| : x G X, ||x|| < 1}, for 0 G X*, 

ll^ll max{|$((/))| : (/) G X*, U\\ < 1}, for $ G X**. 

Then we get, in particular, 

||4>^|| = max{|(/)(a:)| : (j) G X*, ||</)|| < 1} < ||a;||- (5.47) 

We claim that even \\^x\\ = lkll holds for arbitrary x G X. 

For X = 0 this is obvious. In what follows let x 7 ^ 0. We consider the linear 
functional : span{x} JR defined by 

2 /j{ax) := o||x|| for a G IR. 



Its norm is given by 



||'0|| = max 





1 . 
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By the Theorem of Hahn-Banach if can be continued by a functional ^ 
such that 



ll^xll = ll^ll = 1 



holds, where 
is valid. This implies 



i^x{x) = ip{x) = ||a:|| 






Together with (5.47) this yields 



^xll > \i’x{x)\ = ||x 

= Ikll, 



which holds also for a: = 0. It follows that X and X** are isometrically isomorphic 
under A. 

We finish our proof by considering the unit ball in X*, 

D := {cl> e X* : |H| < l}. 

Note that dimX* = dimX = X is finite. Therefore, D is compact, and of course 
it is nonempty. Moreover, it follows directly from the definition of the X**-norm 
that the map 

X** 

defines an isometric isomorphism between X** and X**(D). So we get finally an 
isometric isomorphism 

X ^ X**(D). 

But the elements of X** are bounded linear functionals and hence continuous. So 
are their restrictions onto D. In other words, X is isometrically isomorphic with 
the space X**(D), which is now a space of continuous real functions on D which 
is provided with the uniform norm. This means that X**(jD) is a space just as we 
considered in the first part of the proof. It follows that X**(jD) is furnished with 
an extremal (Lagrange) basis, whose elements are, by isometry, the images of the 
elements of an extremal basis in X itself. This finishes the proof. □ 

Remarks. The earliest version of Theorem 5.21 seems to be due to A. E. Taylor [74], 
but is also known under the name of Auerbach. It holds as well in complex spaces, 
which are, however, without interest in our setting. Note also that the determinant 
det [Fj{tk)), which occurred above, is maximum in absolute value independently 
of the choice of the basis Ei, . . . , EV- Unfortunately we cannot conclude that, vice 
versa, the fundamental determinant is maximum in absolute value if the Lagrange 
basis is extremal, though we shall be able to prove, later, that it defines a local 
extremum, at least. Finally, it is convenient to introduce the following definition. 

Definition 5.12 (Extremal Fundamental System). A fundamental system is called 
extremal z/ ||Li||oo = • • • = IILatHoo = 1 holds. 
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Let us remark that an extremal Lagrange basis is always obtained from a max- 
imum fundamental determinant, but the converse need not be true. We do not 
even know whether every extremal Lagrange basis is supported by an extremal 
fundamental system. In spite of this we are able to present an algorithm which 
calculates extremal fundamental systems. But first of all we discuss the quality of 
extremal bases. 

Condition of Extremal Bases 

Let {xi, . . . , xa^} be a basis of the real linear space X, which is provided with the 
norm || • ||x- Every x G X has a uniquely determined representation 

N 

X = CtjXj, 

i=i 

with a coefficient vector a(x) (ai, . . . ,aAr)' G IR^. Now let be furnished 
with the norm || • ||^n, and define, as usual, the operator norms 

||a|| := max{||a(x)l|/^iv : Hx||x < 1}, 

||a“^|| :=max{||x||x • < !}• 

A measure for the stability of each of these maps against small changes in the 
argument, for instance by numerical round-off, is their norm. But as we want to 
recover the elements x G X from their images a(x) G IR^, this means from the 
identity x = a“^(a(x)), it is desirable to have, simultaneously, ||a|| and \\a~^\\ as 
small as possible. This is a question of the choice of the basis. As a measure for 
its quality we introduce the condition of the map a. 

Definition 5.13 (Condition of a Basis). Let X and be normed as above. The 
condition of the basis xi, . . . ,Xiv of X is defined by 

cond{a) ||a|| • ||u~^||, 

where a : X IR^ is the map onto the coefficient vectors. 

Example. Assume that X is a subspace of C(D), D a nonempty and compact 
metric space, and that {Li, . . . , Ljv} is an extremal Lagrange basis, which belongs 
to the (extremal) fundamental system {ti, . . . , tv}- And assume that IR^ is fur- 
nished with ||x|| := max{|xj| : j = 1, . . . , N} for x G IR^. Then every F G X has 
the representation 

N 

F = y^ajLj, 



< 1 , 



where aj = F{tj). This yields 




5.5. Extremal Bases and Extremal Fundamental Systems 



141 



where equality holds if the constant function 1 is contained in X. Besides we get 



N 

iifii < E ||a|| • ||L^-|| < ||a|| -iV < N. (5.48) 



Together this yields 



cond{a) < N. 

In other words, our Lagrange basis has a ‘reasonable’ condition in comparison with 
the space dimension. 



Construction of Extremal Fundamental Systems 

In what follows, V is a subspace of C(D), where D is a nonempty compact subset 
of IR^, r E IN, and where dimV = iV, E IN. Moreover, we assume that V is 
provided with the inner product ( • , • ) and with the reproducing kernel G{x^y). 
Every system of nodes {xi , . . . ,xn} is identified with the corresponding matrix 
X = (xi, . . . , Xjv) ^ D^, whose columns are the nodes. 

For arbitrary node systems X, T E , we define the matrix 



G(X;y) 



/ G{xi,yi) G{xi,y2) ... G(xi,yiv) \ 

G{x2,yi) G{x2,y2) ••• 



\ G{xN,yi) G{xN,y2) ... G{xN,yN) J 



(5.49) 



For X = Y = T this is the matrix which occurs in (5.30) and in Theorem 5.16. 
Moreover, let us assume that the functions Fi = Si,. ..,Fn = Sn form an or- 
thonormal basis in V, and let us define the matrix 



S(X) 



/ 5i(a;i) 5i(a;2) 

52(a:i) S2{X2) 



\ Sn{xi) Sn{x 2) 



again for X E Recalling (1.5), we obtain 



Si{xn) \ 
S2{^n) 



Sn{xn) ) 



N 

G{xj.)yk) — ^u{^j)^iy{yk) 

iy=l 



for j,k = 1, ... ,N. Inserting this in (5.49) we get 

G(X;F) = S(X)'S(T). (5.50) 

Besides, | det S( • )| is a continuous function on the compact set D^. So it attains 
a maximum value, say at T^ax ^ 

|detS(T^ax)| = max{|detS(X)| : X E > 0, 



(5.51) 
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where the maximum is positive as a fundamental system exists, see Theorem 5.14. 
It follows from (5.50) that 

0 < detG(X;X) < | det G(X; T,,ax)| < detG(r„,ax;T^ax) (5.52) 

holds for arbitrary node systems X E , where detS(X) / 0 and hence 

detG(X;X) >0 (5.53) 

is valid if and only if X is a fundamental system, again because of Theorem 5.14. 
Next let 

A{X) := detG(X;X) (5.54) 

for X E . For fundamental systems X this definition is consistent with the 
definition used in (5.27) and in the proof of Theorem 5.21, except that the basis 
functions are now the kernel functions Fj := Kj = G{xj, •), j = 1,...,X. It 
follows from (5.52) that 

A(Tn,ax) = max{A(X) : X € D^} > 0 (5.55) 

holds, and from (5.27) that the Lagrange elements belonging to T^ax satisfy 

||Ti||oo = • • • = ||Liv||oo = 1- 



This says that T^ax is an extremal fundamental system. 

The essence is now that no particular basis functions occur in A(X). Seemingly, 
for the truth is that the kernel functions belonging to X take their part, with the 
advantage that if the maximum (5.55) is evaluated by some optimisation proce- 
dure, the basis functions change, step by step, thus improving the condition of the 
basis, in some sense. 

Unfortunately, for complexity reasons the construction of an extremal fundamental 
system by an evaluation of the maximum (5.55) is, in general, an unsolvable task, 
since it requires solving a complicated nonlinear optimisation problem in the r-X^- 
dimensional euclidean space, where N is large in the interesting cases. So it is 
important to know that extremal fundamental systems can be generated also by 
an exchange algorithm which acts in the r • X-dimensional space, only. We present 
it below. 

The exchange algorithm can be understood from a particularly dense representa- 
tion formula for the squares of the Lagrangians, which is of interest of itself. To 
derive it, let T E be a fundamental system, again. If an orthonormal system 
is used as the basis, (5.27) takes the form 



Lj{x) 



det S(. . . , X, . . .) 
detS (. . . ^tj ,. . .) 
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for x^y e D and j = 1, . . . ,N. Together with (5.50) this yields 
Lj{x)Lj{y) = 

for x^y e D and j = 1, . . . , A^, again. We write this formula in the explicit form 

G{ti^ti) ... G{ti^x) ... 

Lj{x)Lj{y) = G{y,ti) ... G{y,x) ... G{y,tN) , (5.56) 

G{tN^ti) ... G{tN^x) ... G{tN^tN) 

where 

G{ti,ti) ... G{ti,tj) ... G(^i,^at) 

A(T) = G{tj,ti) ... G{tj,tj) ... G{tj,tN) . (5.57) 

G{tN^ti) ... G{t]\j^tj) ... G{tN,tN) 

In particular, identifying X = F we obtain the formula wanted, 

L%x) = (5.58) 

for X G D and j = 1, . . . , TV. It is the base of the following algorithm. 

Exchange Algorithm (Reimer-Siindermann) 

Step 1: Choose an arbitrary fundamental system • • • , ^ , 

and choose e > 0. Put n:=0. 

Step 2: Let . . . , be the Lagrange elements belonging to 

Calculate 

M„ := max{||4”^||oo,...,||I-^^||oo} 
with the help of (5.32), and after the inversion of (5.34). 

Step 3: If Mn < 1 + c then STOP else some j G {1, . . . , N} and some x ^ D 

are known such that \L^J^\x)\ > 1 + e holds. Put 

T("+i) := T(")\{t5"^}U{x}, n:=n+l, 

go to Step 2. 
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Proof. First we remark that, if the algorithm did not stop, a new fundamental 
system is produced in Step 3, which satisfies, in view of (5.58), 

> (1 + €)2A(T(")), 



and we obtain, in the beginning of Step 3, 

A(T^ax) > A(r(")) > (1 + €)2 ".A(tW) > 0. 



Therefore the algorithm must be finite, this means it ends with STOP after m 
steps, where 

A(r„,ax) > (l + e)2”^-A(rW) > 0 

is valid. This furnishes the bound on m. The remaining follows from Mm < 1+e. □ 

Undisturbed Performance of the Exchange Algorithm 

The Exchange Algorithm takes into account numerical disturbances. But it is also 
worthwhile to investigate how it acts in case of an exact performance. So let us 
put e := 0 and assume, in Step 3, that j and x = are determined such that 

\Lf{x)\ = ||L;.”)|U = M„ 

holds, exactly. Then the algorithm either ends with Mm = 1 for some m G INq, or 
it is infinite and produces a sequence of fundamental systems , where 

A(T(°)) < • ■ • < A(T(”^) < A(t(”+i)) < • • • < A(Tmax) 



holds for n = 1, 2, — Because of (5.58) we obtain 

\^j \^j )\ A(r(^)) ’ 



where the products 

”-1 a(T<‘'+i)) _ A(T(")) 

A(T(‘')) ~ A(T(o)) 

are monotonically increasing and bounded above by A(Tmax)/A(T(®)). So the 
factors converge to unity, and we obtain 



lira m2 



lim 

n— >-oo 



A(J'(n+l)) 

A(T(")) 



= 1 , 



and hence 

lim max{||L^"'^||oo,---,||i^^||oo} = 1- 

n-^oo 

In this sense, the Exchange Algorithm is convergent, though the fundamental 
systems themselves need not converge. But since is compact, a convergent 
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subsequence exists. Moreover, if T G is any limit point of the then the 
corresponding Lagrange elements Lj satisfy 

ll^llloo = • • • = ||La^||oo = 1. 

In other words, every limit point is an extremal fundamental system. Moreover, 
in view of (5.58) we get 

0 ^ ^(/^l , . . . , , X, , . . . , t/^) ^ ^(t 1 , . . . , , . . . , t^v) 

for arbitrary x e D and j G {1, . . . , N}, saying that A( • ) attains at T a relative 
maximum with respect to each of the arguments. However, the absolute maximum 
can fail to hold, as recent numerical investigations of Sloan and Womersley [65] 
with respect to some of the spaces prove. 




Figure 5.1. Extremal Fundamental System for P 5 ( 5 ^) and the Zero 
Set of Lse under an Area Preserving Map S‘^ 2B^. 

The Pivot ^35 = —63 is Mapped onto the Circle 2S^. 

In the general case the Exchange Algorithm is very complex and rather slow, 
where m is large of the order e~^. The performance is much easier if the space 
and hence the reproducing kernel have a particular structure, as is the case if V 
is a rotation-invariant subspace of where the reproducing kernel takes 

the form G{xy) = K{xy)^ K G C[— 1, 1], see Theorem 1.11. In particular, if K is a 
differentiable function, Newton’s method is helpful in the evaluation of the norms 
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||Lj||oo, which is the most expensive task within the algorithm. Moreover, in the 
limit we get ||I/j||oo = 1- So the Lj must satisfy Lagrange’s maximality conditions 

gradLj{tj) = Xjtj (5.59) 

for j = They can be evaluated easily, since, in the present case, the 

kernel functions have the form Kk{') = K{tk')^ such that (5.32) implies 

N 

gradLj{x) = k)K'{tkx)tk (5.60) 

k=i 

for X e 5^“^ where the matrix (^{Lj,Lk)^ is known from (5.34) and (5.30). 

Starting the Exchange Algorithm 

The efficiency of the Exchange Algorithm depends crucially on the choice of the ini- 
tial fundamental system where A(T^°^) should exhaust the value of A(Tmax) 
considerably. If there is no better guess, has to be chosen at random. This is a 
promising method only if the expected value of the determinants A(X), X E , 
has a reasonable size. In what follows we discuss this question in a more general 
setting. 

Let A{D) be a commutative algebra of real functions on D with unity 1 E A{D). 
C{D) can serve us as an example, but we drop the continuity assumption, and 
assume ^ 0, only. 

Next we assume that / is a positive linear functional on A(D). Such a functional 
is called an integral Without restriction of generality we assume that the integral 
I satisfies 

II = 1. (5.61) 

It induces an inner product [ • , • ] by the definition 

[Fi,F 2 ] /(F 1 F 2 ) for Fi,F 2 EA(D). (5.62) 

In what follows, F is a linear subspace of A{D) with finite dimension X E IN. The 
reproducing kernel of V is denoted again by G{x,y). Recalling (1.5) we see that 
G( • , • ) E A{D) holds, and get 



= N. (5.63) 

We are interested in the average size of the determinants A(X) = det G(X; X) for 
X E . In view of (5.61) this average is defined by 

average (A) := J^v* • • / 2 /iA(xi, . . . , xn), 

where the index of li indicates, for i E {1, . • • ,X}, that the integral I is to be 
applied to A(. . . , . . .) as a function of x^. It is easy to see that this function 

belongs to A{D), as the functions G( • , • ) and G{' ,y), y ^ D, are in A{D). 
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Theorem 5.23 (Average of A). For X G let A{X) = detG(X;X). Then 

average(A) = N\ (5.64) 

holds. 

Proof. For ii, fci, Z 2 , ^ 2 , . . . G {1,...,A/'} let denote the adjoint of A 

which belongs to the row indices • and to the column indices fci,fc 2 , • • •• 

Expanding A = A(X) with respect to its first column, and expanding the adjoints 
A^^, i = 2, . . . , A/", after that with respect to their first row, we get 

N N 

A{xi,. ..,xn) = G{xi,x^) • Ai - ^ ^ G{xi,xi) ■ ■ G{xi,Xk). 

i=2 k=2 

We recall that, with respect to the variable xi, this is a function of A{D), but 
we note also that none of the adjoints which occur on the right side depends on 
xi. Therefore we are able to evaluate the integral 7iA(xi, . . . ,xn) with the help 
of (5.63) and of the reproducing property of the kernel, and we obtain, for fixed 
X2 ,...,xat G D, 

N N 

hA{xu...,XN) = N-A\ - J2E^'^k-G{xi,Xk). 

i=2 k=2 

For arbitrary i G {2, . . . , N}, the inner sum is the expansion of A\ with respect 
to its row with the index i. So the values of the N-1 inner sums are all equal to 
A}, which implies 

JiA(xi,...,Xiv) = 1- A}. 

A| = A}(x 2 , . . . , Xjv) depends on X 2 , . . . , xyv and can be expanded likewise. We 
obtain 

N N 

A{{x 2 ,...,xn) - G{x 2 ,X 2 )-All - 

i=3 k=3 

where the adjoints which now occur do not depend on X 2 . This yields 

N N 

I2A\{X2,...,Xn) =N-A\l- Y,J2^'2k-G{Xi,Xk), 

i—3 k=3 

where the N-2 inner sums have the value of Aj^, which implies 

I2A\{X2,...,Xn) = 2-A}2- 
Repeating this procedure we get finally 

A 1 ,2, . . . , A/^ — 1 A 1 ,2,. . . , A^ — 1 / \ \ 

^1,2,...,N-1 ~ ^1,2,...,AT-1 V^iv) ~ ^(Xiv^XTv), 
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and hence 

= N, 

where we used (5.63), again. Inserting these results one into another we get 
average (A) = 1-2 N = N\^ 



as claimed. □ 

Theorem 5.23 says that if we choose X at random, the expected value of A(X) is 
N\. This value has to be compared with Amax = A(Tmax)- Such a comparison is 
possible if V is a rotation-invariant subspace of (7(5^“^), r G IN \ {1}, and if the 
integral is defined by 

IF := [ F{x)duj{x) (5.65) 

^r—1 J 

for F £ (7(5’’“^). For, in this case the kernel has the form 

G{x,y) = K{xy) 

for x,y E. 5’’”^, where K £ (7[— 1,+1], see Theorem 1.11. In view of (5.61) and 
of (5.63) this implies K{1) — N, such that the determinant A = A(X) takes the 
form 

N 

N 

A = 

* 

N 

independently of the choice of the node system X. Obviously, if Ai, • • • , Aiv are 
the eigenvalues of G(X; X), then we have 

A = Ai • • • Aiv, 

where Ai, . . . , Aat satisfy the side conditions 

Ai > 0, . . . , Aat > 0, 

Ai + • • • + Ajv = . 

It is easy to prove with the help of Lagrange’s maximality condition that the 
maximum value of the product Ai • • • Aiv under these side conditions is attained 
for Ai = Aat = The maximum has the value , but this value need not 
be attained by eigenvalues originating from a matrix G{X;X). However, 

A„.ax < (5.66) 



is always valid. 
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Theorem 5.24. Let r G IN\{1}. There is an absolute constant jr with the following 
property. IfY is a rotation-invariant subspace ofC{S'^~^) with dimension N eJN, 
and if the integral is defined by (5.65), then 



I average{A) 



> 7r > 0 



holds, independently of the value of N. 
Proof. From (5.64) and (5.66) we obtain 



I average{A) 



> 




1 

~ 1 
e 



where we use Stirling’s formula to get the right side. From this it follows that a 
proper constant jr exists. □ 

Actually, by Theorem 5.23, and even more by Theorem 5.24 we are encouraged 
to start the Exchange Algorithm by a random choice of . But in particular 
spaces, random selection can be replaced by a specific construction method, see 
Section 6.3 and Section 7.3. 



5.6 Quadrature 

In this section we are concerned with the space C{D) of continuous real functions 
on D, where D is a nonempty compact set in IR'’, r G IN. As usual, C{D) is 
provided with the uniform norm 




||A|| := sup [\XF\ : FeC{D), ||F|| < l}. 

Note that F G C{D), ||F|| < 1 implies 1 > 0 such that we obtain for arbitrary 

positive linear functionals /, 

I1±IF = I{l±F) > 0, 

and hence |7F| < 71. The bound is attained for 7" = 1. This means that every 
positive linear functional is bounded and satisfies 

ll^ll = ^1- (5.67) 

Definition 5.14 (Integral). A positive linear functional I is called integral if F ^ 
C{D), F >0 and IF = 0 implies F — t). 
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In what follows let I denote a linear functional of the form 

M 

IF = 

j = l 

for F G C{D)^ with M G IN, weights >li, . . . , Am E H, and with pairwise different 
nodes ti, . . . ,^m ^ D, which are said to support the functional. Introducing the 
evaluation functionals Ej by the definition 

EjF := F{t,) 

for F G C{D) and j == 1, . . . , M, we can write / in the form 

M 

I = Y^AjEj. (5.68) 

Definition 5.15 (Quadrature). Let I be an integral and let Y be a subspace of 
C{D) with dimV G IN. / a quadrature on V with respect to I, if IF 
IF holds for all F eY. In this case we say also that I is exact on V. A quadrature 
which is exact on JP^^{D) is said to be exact of degree p. 

Note that the definition of a quadrature depends on the choice of the integral and 
of the subspace. 

The Norm of an Integral and of a Quadrature 

An integral / is a particular positive linear functional. So it is bounded, and its 
norm is given by (5.67). 

Next let / be a linear functional of the form (5.68). For arbitrary F G C{D) with 
||F|| < 1 we get 

M 

\iF\ < 

J = 1 

Therefore I is also bounded, and we want to calculate its norm. It is obvious that 

M 

lull < 

j=i 

holds. To obtain a lower bound, we define the numbers 

€j := sgn{Aj) 

for j = 1, . . . , M, and after that the function E G C{D) with ||E|| = 1 by (5.40), 
again. It follows that 

M M 

lUll > IE = J2Ar^9n{A,) = 

j=l 3=1 
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is also valid. Together this yields 

M 

\\i\\=J2\^j\- (5-69) 

In theory and applications, positive quadratures play an important role. They are 
characterized by the following theorem. 

Theorem 5.25 (Weights of a Positive Quadrature). A quadrature I is positive if 
and only if Aj > 0 holds for j = 1, . . . , M. 

Proof. Obviously, if the weights are nonnegative, then the quadrature is positive. 
Vice versa, assume I is positive. Then (5.67) is valid with / instead of I. Comparing 
this with (5.69) we obtain 

M M 

j=l 3=1 

and this implies 0 for j = 1, . . . , M, as claimed. □ 

The Quadrature Error 

In general it is difficult to evaluate an integral. But it is quite easy to evaluate a 
quadrature. Therefore the question arises, how integrals can be approximated by 
quadratures. The following theorem gives a first and rather general, though by no 
means exhaustive answer. 

Theorem 5.26 (Quadratme Error). Let I he an integral on C{D) and let I be a 
quadrature which is exact on the subspace Y ofC{D). Then 

\\iF-iF\\ < \\i-i\\-E{F,r) 

holds for arbitrary F G C{D). 

Proof. Assume that F is a function of C{D) with minimal deviation E{F,Y) in V. 
Let V* be a best approximation to F in V, such that ||F - V*|| = E{F,Y) holds. 
I is exact on V, so we get (/ — /) V* =0 and hence 

\{I-i)F\ = \{I-i){F-V*)\ < \\I-i\\.\\F-V*\\ = \\I-i\\-F{F,V), 

as claimed. □ 

A given quadrature approximates a fixed integral with some, but in general not 
arbitrary, precision. So we are forced to use a whole sequence of quadratures 
Ik^ k e INo, each of which is exact on some subspace V/c of C{D). The convergence 
of such a sequence is ruled by the Theorem of Banach-Steinhaus (Theorem 5.3, 
necessary and sufficient conditions). However, in the particular case where all 
quadratures are positive, the following version of this theorem is more satisfactory. 
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Theorem 5.27 (Convergence of Positive Quadratures). Let I be a given integral 
on C{D). Assume that {Ik}ke^o ^ sequence of positive quadratures, where, for 
all k G INo, Ik is exact with respect to I on the finite- dimensional subspaceYk of 
C{D). Moreover assume that 



1 G Vo C Vi C • • • 

is valid, where E := dense in C{D). Then 

lim IkF = IF 

k-^oo 



holds for all F G C{D). 

Proof. We want to apply Theorem 5.3. Because of span{E) = E the assumption 
on E is satisfied. Next let k G INq. Because of 1 G V/c we obtain Ikl = /I. And 
since I and Ik are positive, we can apply (5.67) to both functionals to get 

11411 = h = 11 = ||/||. 

So the Ik satisfy the assumption (i) of Theorem 5.3 on the Next let F e E, say 
F G Yj where j G INq. Then, by the inclusion property of the subspaces, F eYk is 
also valid for all fc G INq, k > j. Therefore we get IkF = IF for k > j, and hence 

lim IkF = IF for all F G E. 

k—^oo 

This means that assumption (ii) is also satisfied, and the statement of Theorem 
5.27 follows from Theorem 5.3, the Theorem of Banach-Steinhaus. □ 

Interpolatory Quadratures 

In the following V is a subspace of C{D) with dimension N gJN. 

Definition 5.16 (Interpolatory Quadrature). A quadrature onY is called interpo- 
latory, if M = N and ifT = {ti , . . . ,tiv} is a fundamental system ofY. 

The existence of an interpolatory quadrature is guaranteed by the following the- 
orem. 

Theorem 5.28 (Interpolatory Quadratmes). Let I be an integral and let Y be a 

subspace of C{D) with dimension A G IN. Then the following holds. For all fun- 
damental systems T of Y there is a uniquely determined interpolatory quadrature 
on Y which is supported by T. In particular, an interpolatory quadrature exists. 

Proof. Assume T is a fundamental system, and let Li , . . . , Ljv G V be the Lagrange 
elements belonging to it. We define 



N 

i = 



i=i 




5.6. Quadrature 



153 



by the choice of the coefficients 



A, = ILj (5.70) 

for j = 1, . . . , N. Since every F G V can be represented in the form 

N 

F = Y^F{tj)L„ 

J = 1 

it is obvious that IF — IF holds for all F G V. Hence / is an interpolatory 
quadrature on V. Vice versa, if I is interpolatory, IF = IF holds in particular for 
F = Lk^ and we get 



N 

I Lk I Lk ^ ^ -^j Lk (j^j ) — -^k 

J = 1 

for fc = 1, . . . , V, such that (5.70) is valid. So the coefficients of an interpolatory 
quadrature are uniquely determined by F, and given by (5.70). The existence of 
an interpolatory quadrature on V is guaranteed by the existence of a fundamental 
system, see Theorem 5.14. □ 

The Number of Nodes in a Quadrature 

In what follows, we investigate the minimum number m(/, V) of nodes in a quadra- 
ture which is exact on V with respect to the integral /. Because of Theorem 5.28 
it satisfies 

1 < m(7,V) < N. (5.71) 

The lower bound in (5.71) seems to be unreasonable. But it occurs in quite non- 
trivial situations. We give two examples. 

Let D := and let the integral be defined by 

IF := j F{x)(ko{x) for F e 

5r-l 

Assume that V is any finite-dimensional subspace of C{S'^~^) which consists of 
odd functions, only. Then the integral vanishes on V, and so does the one-point 
quadrature I := 0 Ei. This is exact on V, and we get m{I,Y) = 1. 

By a similar reasoning we obtain, for G IN and r G IN \ {!}, 

m{i, = 1 , 

since the integral vanishes again on the subspace, but now because of Theorem 
4.10. 

In general a lower bound for m(/,V) can be determined with the help of the 
following theorem. 
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Theorem 5.29 (Lower Bound for m(/,V)). Let I be an integral on C{D), and let 
Y be a finite- dimensional subspace of C{D). IfW is a subspace ofY such that 
F G W implies G V, then 



m(/,V) > dimW 



is valid. 

Proof. Let I = an arbitrary quadrature which is exact on V. Assume 

that M < dimW holds. Then the linear system of equations 

EjF = 0, j = 

has a nontrivial solution F G W. To be more explicit, F{tj) = 0 holds for j — 
1, . . . , M. Because of G V this implies 

M 

0 < = IF^ = '^AjEjF'^ = 0 , 

j = l 

which is a contradiction. So M > dimW must be valid. □ 

Note that a space of odd functions or of nonconstant harmonic functions does not 
contain a nonnegative function. So it does not contain the square of a function, 
except for the null-function. So the only possible choice of W is in their case W = 
[0]. It furnishes the trivial lower estimate m(/,V) > 0. But the situation changes 
if Theorem 5.29 is applied to a complete space of polynomials or of homogeneous 
polynomials of a certain degree. 

Corollary 5.30 (m(/, V) for Polynomial Spaces). Assumptions as in Theorem 5.29. 
Then the following lower bounds hold for // G INq : 





(5.72) 


m[l, T^iD)) > dimIPL^j(i?). 


(5.73) 


Proof. See Theorem 5.29 


□ 


Remark. If D contains an interior point, then the result of Corollary 5.30 takes 
the form 


m(/,n>;(c)) > ('“J/’'). 


(5.74) 


m(/, IPJ(C)) > 


(5.75) 



see Theorem 3.14 together with (3.8) or (3.9), respectively. The bound of (5.74) 
is due to Stroud [70]. 
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If no interior point is contained in D, the bounds need not be valid. To give an 
example, let D := S^~^. (5.71) furnishes the inequality 






/i + r - 2 
r — 1 



see (4.4). For r = 2 and fi > 12, the upper bound is less than the right side of 
(5.74). Therefore (5.74) cannot be valid. 

In what follows, space, integral and the subspace are arbitrary, again, but we 
consider positive quadratures, only. So let p(/,V) denote the minimum number 
of nodes in a positive quadrature which is exact on V with respect to I. Because 
of Theorem 5.25 this is the minimum number of positive weights. If a positive 
quadrature does not exist, p(/,V) is defined by +oo. 

Naturally, p(/,V) > m(/,V) holds, and if W satisfies the assumptions of Theorem 
5.29, then we get 

p(/,V) > m(7,V) > dimW. 

A reasonable upper bound can be determined, if a positive quadrature actually 
exists, whatever the number of nodes may be. 

Theorem 5.31 (Upper Bound for p(7, V)). If a positive quadrature exists which is 
exact onY with respect to the integral I, thenp{IfSf) < N holds, where N = dimV. 

Proof. Assume that 7 = M G IN, is a positive quadrature on Y 

with respect to 7. In view of Theorem 5.25 we may assume, without restriction of 
generality, that all weights are positive, i.e., that Aj > 0 holds for j = 1, . . . , M. 
M < N implies p(7,V) < N, as claimed. Next assume M > N. As I is exact on 
V, we get 

M 

IF = IF = 

for all F G V. But, because of A7 > A", the restrictions Ej\y are linearly dependent 
(in V, the dual space of V). So a vanishing, nontrivial linear combination of the 
restrictions exists, say 

M 

0 = ^^ajF(tj) 

holds for all F G V, where some of the coefficients aj G IR are different from zero, 
say, ak > 0 holds for k G {!,..., M}. It follows that the linear functional K\, 
defined by 

M 

KxF := ^ [a, - Xa,)F{t,) for F e C{D), 
is exact on V for arbitrary A G H. Now let 



A* := sup{A : Aj — Xaj > 0 for j — 1, ... , M}. 




156 



Chapter 5. Approximation Methods 



Obviously, A* > 0 holds, and because of > 0, A* is finite. Say, the supremum is 
attained for j = I, I e {1, , M}, such that 

Ai - A*a/ - 0, Aj - Maj > 0 

holds for j = 1, . . . ,M. K\* is again a positive quadrature on V, see Theorem 
5.25, but with a number of nonvanishing weights now less than M. 

Repeating this procedure, if necessary, we obtain positive quadratures on V with a 
decreasing number of nonvanishing, i.e., positive weights, until a positive quadra- 
ture with at most N positive weights is obtained. It follows that p(/, V) < N holds, 
as claimed. □ 

Remark. The proof of Theorem 5.31 is constructive. The positive quadrature, 
which is finally obtained, is supported by at most N of the original nodes. 

Positive Algebraic Quadratures 

In what follows, the subspace V is one of the spaces 



:= P;(D), G ]No. 

Then Theorem 5.27 takes the following, handsome form. 

Corollary 5.32 (Positive Algebraic Quadratures). Let I he a given integral, and 
assume that the quadratures are positive and exact of degree p for p G INq. 
Then 

lim Lf = IF 

/X— ^oo 

holds for all F G C{D). 

Proof. All assumptions of Theorem 5.27 are satisfied, the density assumption be- 
cause of the Theorem of Weierstrass, i.e., of Theorem 5.8. □ 

Remark. The lower bounds occurring in Corollary 5.30 need not be attained, 
see Moller [36], [37], e.g., who made the minimal number of nodes subject to an 
intrinsic ideal theoretical investigation. 

Gaufi Quadrature 

In the context of positive algebraic quadrature it is usual to introduce the following 
definition. 

Definition 5.17 (Gaufi Quadrature). A quadrature p G INq, 

based on the evaluation functionals Ej, is called Gaufi quadrature with respect to 
the integral I, if the following holds. 

(i) El,. . . ,Em linearly independent in the dual space o/P^(D). 

(ii) i^F = IF holds for all F G 

Gaufi quadratures are well known in the cases D = [—1, +1] and D = S^. If a Gaufi 
quadrature exists, then its nodes form a very particular geometric configuration. 
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Theorem 5.33 (Gaufi Quadrature). Let r G IN, /i G INq. Assume I is an integral 
on C{D), and let be the reproducing kernel o/ belonging to the 

inner product defined by (Fi,F 2 ) := /(F 1 F 2 ) for Fi,F 2 G C{D). Assume = 
Ef=r A A is a quadrature which is exact of degree p, and which is represented 
by means of linearly independent evaluation functionals in the sense of Definition 
5.17, (i). Then is a Gaufi quadrature if and only if the following holds. 

(i) {ti, . . . ,tM} is a fundamental system for P^(F). 

This implies M = N := dimP^(I)). 

(a) The Lagrange elements satisfy {Lj,Lk) = Aj6j^k for j,k = 1, . . . ,N. 

In particular, the weights of a Gaufi quadrature are positive. 

Proof. Assume is a Gaufi quadrature. is a quadrature on P 2 ^(D), so Corol- 
lary 5.30 says that M > dimP^(F) = A is valid, but since the evaluation func- 
tionals are linearly independent, we get also M < N, i.e., M = N, and t\,. . . ,t^ 
form a fundamental system for P^(F). Moreover, for fixed j,k G {1, . • • , N} we 
obtain 



N 

~ — ^{^j^k) ~ ^ Ay{LjL}f){tif) = AjSj^}<^, 

u=l 



as claimed. 

Vice versa, assume that (i) and {ii) hold. Every monomial x'^ G P^^ can be 
represented in the form 

x\ where x“, G P;;. 

For X e D, these monomials have the representations 

N N 

= Lj{x), x^ = Y^t\Lk{x), 

i=i k=\ 

N N 
3=1 fc=i 

IPL(-D) C span{LjLk \ j,k ^ 1, . . . , N}. 



and this implies 



So we get 



Next let F G P 2 ^(D) be arbitrary. F can be represented in the form 

N N 

F = OjkLjLk. 

j=i k=i 
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This implies 



F(tj) = Ujj for j = 



and we get 



N N 



N N 



N N 



N 



IF — X] ajkl(LjLk) — X] cijk{Lj, Lk) — X^ X] ^jkAjSjk — XI ^jF{tj) 

j=l k=l j=l k=l j=l k=l j=l 

=i,F. 



/ is a Gaufi quadrature. In particular, Aj = {Lj^Lj) > 0 holds for j = 1, . . . , A^, 
and the theorem is proved. □ 

Corollary 5.34. Assumptions as in Theorem 5.33. is a Gaufi quadrature if and 
only if M = N = dimPJ^(D), form a fundamental system, and the 

fundamental matrix G takes the form 

G = diag{^A['^ , . . . , 

with positive diagonal elements. 

Proof. If is a Gaufi quadrature, then the statement follows directly from The- 
orem 5.33, together with (5.30) and (5.34). Vice versa, assume M = N, and 
ti, . . . ,tiv form a fundamental system, where G has the diagonal form presented. 
From (5.30) and (5.34) we get 

= G“^ = diag(^Ai,...,AN^, 

and Theorem 5.33 says that / is a Gaufi quadrature. □ 

Remark. In the literature, a great variety of particular quadratures exists, which 
differ by domain, integral, dimension and degree. For an important collection we 
refer to Stroud [71]. 

In this section, D was an arbitrary, nonempty compact subset of IR^. For particular 
subsets, more detailed results can be obtained. This holds, for instance, in the 
important cases D = and D = which are the subject of Ghapter 6 and 
of Chapter 7, respectively. 



5.7 Best Approximation in the Maximum Norm 

In this section we continue our investigations on best appoximation problems, 
where we restrict ourselves to the case X := C{D), D a nonempty compact subset 
of IR^. C{D) is provided again with the maximum norm. 



ll-P’ll := Halloo := max{|F(a;)| : x £ D} ior F G C{D). 
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It is our aim to characterize the elements of best approximation for a function 
F e C(D) in a given subspace V of C(D) of finite dimension iV G IN. Note that 
V* best approximates F in V if and only if zero best approximates F — V*. So it 
suffices to characterize the cases where zero is a best approximation. Recall that 
in our context a best approximation always exists. It can be characterized by the 
Criterion of Kolmogoroff, which is captured best from the theory of convex sets. 
This detour is due to Rivlin and Shapiro [59]. 

Theorem 5.35 (Caratheodory). Let A C IR’^; n G IN^ and assume x G conv{A). 
Then a subset B of A with card{B) < n + 1 exists such that x G conv{B). 

Proof. By assumption, x can be represented in the form 

m m 

X = '^here aj G A, > 0, = 1, m G INq. 

j=o j=o 

Among all representations of this kind there is one where m is minimal, and it 
satisfies to prove that m < n holds for this minimal m. 

To this end let us assume, on the contrary, that m > n is valid. Obviously, the 
elements ai -ao, . . . , -ao are linearly dependent in IR^. So there is a coefficient 
vector (ryi, . . . , r/^) 7 ^ (0 , . . . , 0) such that 

m 

^Vj{aj-ao) = 0 . 
i=i 

For some A; G {1, . . . , m}, pk does not vanish, where we even may assume rjk > 0- 
Now let us define, for t ^ JR, 



m 

^o(^) •= ^0 + ^ Pj , 

^j{t) := - tpj for j - 1 , ... , m. 

The definitions are such that ^j(O) > 0 holds for j = 0,1,..., m. All of the 
inequalities remain valid, first, for increasing values of t, but the inequality for 
j = kis violated for sufficiently large t. Together this yields that a positive number 
T and a number I G {1, . . . , m} exist such that 

^j{r) > 0 for j = 0 ,l,...,m, 

with equality holding for j = 1. Besides we get 

m mm 

+ - rr]j)aj = 

j=0 j=l j = l 



X 
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and 

m mm 

j=o j=l j=l 

In view of ^/(r) = 0 this means that x is represented as a convex combination 
from m elements of A, instead of m+ 1 , which contradicts m being minimal. □ 

Definition 5.18 (Separating Hyperplane). The subsets A^B C IR^; n G IN, are 

separated by the affine hyperplane H = {x e IR^l ax -6 = 0}, 0 7 ^ a G IR’^, b e JR, 

if 

ax - b > 0 holds for all x G A, ax — b < 0 holds for all x £ B, 
or vice versa. 

Theorem 5.36 (Existence of a Separating Hyperplane). Let Abe a nonempty closed 
convex subset ofJR^ which does not contain the origin 0. Then an affine hyperplane 
exists which separates A and {0}. 

Proof. There is an element y 7 ^ 0 in The set 

{x£ A-. |a;| < I 2 /I} 

is compact and not empty, and |x| attains its minimum value in this set at a point 
a £ A, where |a| > 0. Now let x G T be arbitrary. Since A is convex, we get 

|Ax + (1 — A)a| > \a\ 

for 0 < A < 1 , and for 0 < A < 1 this is equivalent to 

Ax^ + 2(1 — A)ax + (A — 2)a^ > 0. 

This inequality remains valid for A = 0, and we obtain 

a(x - a) > 0 for x £ A. 



So the affine hyperplane 



a2 

^ = {xGlR^lax- — = 0} 

separates A and {0}, and the theorem is proved. □ 

Now we recall that our original aim was to characterize the situation where zero 
is a best approximation. To this end we introduce the following definition. 

Definition 5.19 (Extreme Points). For F £ C{D), D C IR^ compact, the set of 
extreme points is defined by S{F) := {x £ D : \F{x)\ = ||i^||}. 
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Note that £{F) is a compact set. Now let Fi, . . . , V)v form a basis in V, and define 



$(F) := [(^F{x)V,{x),...,F{x)Vn{x))'\xGS{F)Y 



which is a subset of . The definition enables us to formulate the following basic 
lemma. 



Lemma 5.37. F G C{D) is best approximated inY by zero if and only if the origin 
in is the strict convex combination of at most N 1 elements of ^{F). 

Proof. In the case F = 0 we get $(F) = {0} and in view of the equation 0 == 
^(0 + 0), the statement is evident. So we may assume F / 0 in what follows. 

First assume that the origin in is the strict convex combination of the points 



{P{xj)Vi{xj),...,F{xj)VN{xj)^ e $(F), j = 0,l,...,M, 
where M < N. Say 



M 



0 = 

j=0 



holds for fc = 1, . . . , AT, where 



M 

ao > 0, . . . , q;m > 0, y^Ofj = 1. 

j=0 

By a linear combination of the equations we obtain 

M 

i=o 

for all G eY. Now let G G V be fixed. Then there exists a component, say an 
index j G {0, . . . , M}, such that 



F{xj)G{xj) < 0 . 



It follows that 



\\F-Gf > \F{x,)-G{x,)\^ > \F{x,)f = \\Ff, 

where we used xj e E{F), finally. In other words, ||F - G|| > ||F - 0|| holds for 
arbitrary G 6 V, and zero is a best approximation to F in V. 

Vice versa, assume that zero is a best approximation to F in V, where F ^ 0. 
This implies 



||F-G|| > ||F|| > 0 for all G eV. 



(5.77) 
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Now let us assume, in addition, that zero is not the strict convex combination of 
at most N+l elements of $(F). Then 

0 0 coni’ ($(F)) 

must hold in view of Theorem 5.35. We prove that this is a contradiction. 

We begin with the remark that ^{F) is the image of the nonempty and compact 
set £{F) under a continuous mapping, so it is a nonempty and compact set in 
IR^, and so is conv{^{F)). It follows from Theorem 5.36 that $(F) and {0} are 
separated by a hyperplane, which means that a G a ^ 0, and 5 G IR exist 
such that the following inequalities hold, 

aX-b > 0 for Xg$(F), 

-6 < 0 . 

These inequalities imply that 

N 

'^akF{x)Vk{x) > b > 0 
k=i 

holds for arbitrary x G £{F). With the definition 

N 

G := '£ukVk G V, 

k=l 



we write this in the form 

F{x)G{x) > b > 0 for X G £{F). (5.78) 

It follows that for every 2 : G £{F) there is an open neighbourhood Uz of z such 
that 

F{x)G{x) >0 for X e Uz 

remains valid. Finally let 

U := \j[u,\zeS{F)y 

D\U is a compact set, since D is compact while U is open. Hence the following 
definition is admissable, 

_ j xeD\U} ,ifD\U^(D, 

\ 0 , if D\U = 0. 

In both cases M < ||F|| holds. Therefore an e > 0 exists with 



M + e||G|| < ||F||. 
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This implies 

\F{x) - eG{x)\ < ||F|| for xeD\U, 
but using F{x)G{x) > 0, we get also 

\F{x) - eG{x)\ < ||F|| for x e U. 



Both together yield 

\\F-eG\\ < ||F||. 

Because of cG G V this contradicts (5.77). Hence zero must be the strict convex 
combination of at most A^+1 elements of ^{F). This finishes the proof. □ 

Lemma 5.37 is the key to the following theorem. 



Theorem 5.38 (Characterisation of Best Approximations). LetY be a subspace of 
G{D) of dimension N e TN . V* is a best approximation to F E G{D) inY if and 
only if there are M+1 extreme points 



xo,xi,...,xm E £{F - F*), 



where M < N, and positive numbers ao, . . . , cvm; such that 

M 

- V*{x,))g{x,) = 0 (5.79) 

j=0 



holds for all G eY. 

Proof. According to our remark in the beginning of this section we may assume 
without restriction of generality that V* = 0 best approximates F in V. By Lemma 
5.37 this holds if and only if 



M 

'^ajF{xj)Vk(xj) = 0 
j=o 

is valid for fc = 1, 2, . . . , with extreme points Xj E £{F) and positive coefficients 
Qj, as above, where M < N. This condition is equivalent to (5.79), and the theorem 
is proved. □ 

Sometimes it is more convenient to use the following criterion. 

Theorem 5.39 (Criterion of Kolmogoroff). Assumptions as in Theorem 5.38. F* 
best approximates F E G{D) inY if and only if 



mm 



{(F(a;)-y*(x))G(a;) xg£{F-V*)^ < 0 



(5.80) 



holds for all G eY. 




164 



Chapter 5. Approximation Methods 



Proof. Obviously, if V* best approximates F in V, then (5.79) holds for arbitrary 
G G V, and this implies (5.80). Vice versa, assume (5.80) is valid for some V* and 
all G G V. Again it suffices to consider the case where V* = 0. Now let G G V. 
Then an a: G S{F) exists such that 

F{x)G{x) < 0 



holds. This implies 

\\F-Gr>\F{x)-G{x)\^>F\x) = \\Fr. 

Since this is valid for arbitrary G G V, V* = 0 best approximates F in V, as 
claimed. □ 

Remark. In higher dimensional spaces only a few examples are known where a best 
approximation with respect to the maximum norm can be described by a formula. 
One important example is the elements Lj of an extremal Lagrange basis, as used 
in the proof of Theorem 5.21 in a rather general situation, see Problem 5.6. Two 
additional examples are presented in the following section, see (A) and (B). 



5.8 Examples 

(A) Best Approximation to Monomials on 

Let r = 2 and /x G IN. As above, || • || = || • 11^2 is the maximum norm on G(B^). 
In view of (4.13), the equation (4.48) takes the form 

= (5.81) 

|m|=)Lt 



Comparing this and (3.51) we see that 

Rm = const • (5.82) 

holds with some constant which depends on m. In other words, apart from a 
constant factor, the Rm are, in the present case, the Appell polynomials 
which belong to the degenerating index s = —1. 

For every fixed a: G J3^, Rm{^) occurs in (5.81) as the coefficient of a homogeneous 
polynomial which is bounded on 5^ by Hence the Kellogg bound 

(5.83) 

7T \ m J 

holds for X ^ and 0 7 ^ m G INq, see Theorem 3.1. This enables us to prove the 
following theorem. 
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Theorem 5.40 (Best Approximation by Zero, Reimer). For 0 7 ^ m € INg t/ie 
following holds. 

(i) (5.84) 

{ii) Rm is best approximated in ) by zero. 

Proof, (i) Restricting (5.81) to the unit circle by inserting 

/cos(/)\ fcosip\ 

\sm(l))' Vsin'^y’ 

we obtain for // E 

= COS/i((/) - 

k=0 

= COS jacj) cos la'll; + sin /i(^ sin 

= cos • { (^) - (^) ± • • • } 

+ sinM</>- {('^)tr^<2- (3)^r^^2±---}- 

Comparing the coefficients which occur with tj “*^2 gd 



■R/4-2<4,2i4(cos (f), sin (f>) = (^^J cos pcf), 



R/j,~ 2 i^- 1 , 2 u +1 (cos (j), sin 4>) 



_ (- 1 ) 






for — 0, 1,...,[^J and — 0, 1, ... , respectively. In particular, the upper 

bound of (5.83) is attained on the unit circle, such that (i) is valid. 

(ii) For \m\ = p. £ IN, it follows from (5.85) that there are 2p equidistributed 
extreme points on the unit circle where Rm attains the values ±||Rm||s 2 

with alternating signs. Now let G be an arbitrary element of Then 

G(cos (j), sin (j)) is a trigonometric polynomial of degree at most p - 1, which cannot 
have the same sign distribution as Rm{cos </>, sin 4>) has at these 2p extreme points. 
So we get 

min I^Rm{x)G{x)\x € £{Rm)'^ < 0 , 

and (a) follows from Theorem 5.39. This finishes the proof □ 
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Note that jRq,o = ^ holds, such that the statements of Theorem 5.40 remain 
valid for m = (0, 0) with a slight modification, which concerns only the norm. The 
oscillating property of the polynomials Rm on the unit circle is demonstrated by 
Figure 5.2. 




Figure 5.2. i?s, 2 (^: 1 , X 2 ) on the Disk xl+ < 1. 

There is an important application of Theorem 5.40, which concerns the best ap- 
proximation to a monomial Mm on by polynomials of lower degree in the 
maximum norm. We present it after some introductory remarks. 

Assume /i G IN, again. Identifying and Am = Rm we see that (5.81) is 

a realisation of the equation (3.41), while, in view of (5.84), equation (3.45) takes 
the form 

Rm{x) - 2^^-^\\Rm\\B^ ■ + TLD 

for |m| = G IN. Now let Rm be normalized by the definition 

Rm '= Rm/\\Rm\\B'^^ (5.86) 

which says that = 1 is valid. Rm hats again the form 

Rm{x) := 2>^-^x^ + TLD, (5.87) 

for |m| = G IN, and the following theorem holds. 

Theorem 5.41 (Best Approximation to a Monomial). Let m G INq, \m\ = p e 
IN, Dm •= Mm — 2^~^Rm- Then the following holds. 

(i) Dm ^ IP^— 1- 

(n) = ||M„-£)„||b 2 = 2 ^~>^. 

{Hi) \cm{P)\ < 2^“^||P||52 is valid for all P of the form 
P{x) = Cm{P)x^ + TLD. 

The bound is attained for P = Rm^ 
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Proof, (i) follows immediately from (5.87). 

(ii) In view of the definition of Dm we have 

Mm -Dm = 2^-^Rm. (5.88) 

Because of Theorem 5.40, Mm — Dm is best approximated in by zero. To- 
gether with (i) it follows that Dm best approximates Mm in F^_i. This furnishes 
the first equality. The second equality follows from (5.88) because of ||.Rj„||b 2 = 1. 

(in) In the case Cm(P) = 0 the upper bound is evident. Next assume c„(P) ^ 0. 
In view of (5.87) we get 

2'^-ip(a:) = Cm(P)(Rm(x)+TLDy 

and this implies 

2^-1||P||b2 = |c„(P)|-||.R,„+TPD||b 2 > |c„(P)| ■ ||P„||b 2 = |c„(P)|, 

where we used again that P„ is best approximated in F^_i(P^) by zero. So the 
upper bound is valid in both cases. The last statement of (Hi) follows immediately 
in view of (5.87), and the theorem is proved. □ 

Corollary 5.42. Let m e INq. Then |c„(P)| < c„(P„) is valid for all P G F^ 
which have the form P(x) = Cm(P) + TLD and satisfy ||P||b2 < ||P„||b2. 

Proof For m = 0 the statement is evident. In the case m 0 it suffices to prove 
that the statement is true if takes the role of P„. In this case the claim is 
that |c„(P)| < 2'"-^ holds for all P € F^ of the form P(x) = Cm(P)x^ + TLD 
with ||P||b 2 < 1- This is valid in view of Theorem 5.41, (Hi). □ 

Remark 1. It is worthwhile to compare Corollary 5.42 with Theorem 4.15 and 
with Theorem 4.16, which have the same structure, though space and norm are 
different in their case. 

Remark 2. Theorem 5.41 says that Dm best approximates in F^_i(p2) with 
respect to the maximum norm. In general, Dm is not uniquely determined by this 
property, see Gearhart [22]. 

Remark 3. In the case r = 2, |m| = /r € IN, the polynomials Am ■= xRm, which 
are also best approximated in F];_i by zero, are generated by the rational function 

mf) = y: Am(x)t^. 

|m|=/i 

Moreover, their coefficients are integers, see (3.43). Of course, the question arises 
whether our results are transferrable to higher dimensions r by replacing T^ by 
some properly chosen rational function Unfortunately, the answer is, in the 
general case, negative. For instance, in a cubic best approximation to the monomial 
x1x2X.i on the unit ball in IR^, an irrational coefficient occurs. See Problem 5.9. 
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Remark 4. Apart from a constant factor, Rm occurs also as the remainder in 
Kergin interpolation to the monomial M^, see Bos [8]. 

(B) Best Approximation to Monomials on the Cube 

Here we present an example where zero is a best approximation on the cube in 
the maximum norm. So let r G IN, 

D := [-1,+lf, 



and the norm be given by || * 1| = || • ||c^- 
For G IN we assume that 

-1 = < • • • < = +1 

are the extreme points of the univariate Chebyshev polynomial in the interval 
[-1, +1]. We complete the definition by putting := 0, such that 

= (-ly 

holds for arbitrary u G INq and j = 0, 1, . . . , After that we introduce the node 
families 

(AC AC 

•— |S0 ’SI ? • • • ? Si/ J5 

and, for m G INq, their Cartesian products 



The elements of are extreme points on of the r-variate Chebyshev poly- 
nomial 

Tm{x) := Tm^{xi)Tm^{x2) ■ ■ ■TmXXr), 
whose maximum norm is given by 



WTmWcr = 1 . 

And with s denoting the number of vanishing components of m, has the form 

Tm{x) = + TLD. (5.89) 

Now let us define the multivariate divided difference [F]Em] for arbitrary poly- 
nomials F G as follows. For j = 1,2, ... ,r we apply the univariate divided 
difference operator, which belongs to the nodes of , to F as a function of the 
j — th argument. The result is independent of the order of these operations. So 
the definition is unambiguous, and [F; Em] takes the form 

[F;S„] = a(0F(0, 




5.8. Examples 



169 



where in particular 

> 0 

holds for all ^ G Em- This follows from the well-known representation formula for 
univariate divided differences. As a consequence we get the additional representa- 
tion 

[F;S„] = \a(0\Tm(0m- (5-90) 

eeSm 

Now let us introduce the polynomial spaces 

n;;, - {PeP[„||c„(p) = 0 } 

for m G INq, and assume is an element of 11^. Because of \n\ < \m\ and 
n ^ m there exists j G {0, 1, . . . ,r} such that nj < mj. This implies that the 
corresponding univariate divided difference of order rrij vanishes, and we get 

[A/nj ~ 9. 

By a linear combination it follows that 

[G-,Em] = 0 

holds for all G G and together with (5.90) we get 

y] |a(0|T„(0G(0 = 0 

for arbitrary G G In view of Em C S{Tm) this says that the Criterion of 

Kolmogoroff is satisfied with V = F = Tm and V = 0, see Theorem 5.39. 
Therefore, zero is a best approximation to Tm in for arbitrary m G INq. This 
result can be used to prove the following theorem. 

Theorem 5.43. Let r G IN, m G INq, Dm -= Mm — 2^~^~^^^Tm, where s is the 
number of vanishing components of m. Then the following holds. 

(i) Dm e Wm. 

{ii) E(^MmMC^)) = \\Mm-Dm\\cr = 2^-*-^. 

(m) \cm{P)\ < 2l-l-''+*||Pllc^ for all P e 

where the bound is attained for P = Tm- 

Proof, (i) follows immediately from (5.89). (ii) By the definition of Dm we have 

Mm -Dm = (5.91) 
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so Mm — Dm is best approximated in by zero, since the right side is. 

Together with (i) it follows that Dm best approximates Mm in IIJ^. This furnishes 
the first equality. Because of ||r^||c^ = 1, the second equality follows from (5.91). 

(in) Let P G In the case Cm{P) = 0 the upper bound is evident. Next 

assume Cm{P) ^ 0. In view of (5.89) we get 

2|„|-.+.p(^) ^ Cm{P)(Tm{x) + G{x)) 



with some G G It follows that 

2 H-r+s||p||^^ = \c,n{P)\-\\Tm + G\\cr > |c„(P)| • ||T„||c^ = |c„(P)|, 

where we used again that Tm is best approximated in IIJ^ by zero. So the upper 
bound is valid in both cases. The final statement of {Hi) follows immediately from 
(5.89), and the theorem is proved. □ 

Remark. Theorem 5.43 generalizes results of Sloss [68] and of Ehlich and Zeller 

[15] . Zero best approximates Tm even in the larger space ITm which is spanned by 

the monomials M^ where holds for some component, see [46]. For the use 

of more general product lattices in best approximation see Ehlich and Haufimann 

[16] . Note also that Theorem 5.41 and Theorem 5.43 agree in their structure. We 
could also add a corollary to Theorem 5.43 which is comparable with Corollary 
5.42. 

(C) Interpolation in IP^(S^“^) on the Equidistant Grid 

Here we give an example where a fundamental system and the corresponding 
Lagrange elements are known in formula. The domain is now the simplex = 
{x G IR^ \ x > 0, xi Xr = 1}. 



Theorem 5.44 (Equidistant Grid on E^ ^). Let r G IN \ {1}. Then the following 
is valid. 



ii) 

{ii) 

{Hi) 



for//GlNo, dimP^(E"’ holds. (5.92) 

For /i G IN t/ie equidistant grid I ^ ^ 1^1 ~ /^} 

is a fundamental system for P|^(E^“^). 

For /i G IN the Lagrange elements in P^(E^“^) which belong to 
are represented by the polynomials 

r rriiy — l 

Lm{x) := 11 n m € INJ, \m\ - n, (5.93) 

V=l K, = 0 

i.e., Lm ^ holds together with Lm{^) = dm,n for m^n e INq, 

\m\ = p = \n\. 
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Proof. ^ is a subset of the hyperplane H = {x e JRJ'l Xi + Xr = 1} and 

contains an interior point relatively to H. By an adequate application of Theorem 
3.14 this yields 

dimP;(S^-^) = dimP;(i7) - dimP;;(IR^-^), 

where 

dimp;;(iR'-i) = dimpyi = 
see (3.8). So (i) is valid. 

(a) and {Hi). It is obvious that the L^(x) are polynomials of degree fi = \m\ which 
satisfy Lm{^) = Sm,n for all m,n e INq with \m\ = = |n|, where the occuring 

arguments - are exactly the nodes of the grid It follows that the restrictions 

•^m|j;r-i 3‘1'e linearly independent elements of Their number is given 

by 

card(Ayi) = = dimIP;(S''-i), 

where we used the result of (i). Because of det{Lm{^)) = 1, the grid is a funda- 
mental system, see Theorem 5.14. Hence (ii) is valid, and of course, the Lm are 
the corresponding Lagrange elements, which finishes the proof. □ 

(D) Interpolation in the Space 

The unit sphere has the parameter representation 

x(0, '0) = (ei COS 0 + 62 sin 0) sin 0 + 63 COS 0, (5.94) 

where the parameter domain is 0 < 0 < 27 t, 0 < 0 < tt (polar coordinates). Now 
let /i G IN be fixed. The reproducing kernel of IH^(5^) has the form 

= const • P^, 

1 

where P^ = is the Legendre polynomial of degree /i, see (4.13). From Corollary 

3.11 we get 

dim 1H3(52) = 2^ + 1, 

which agrees with the dimension of the space of the trigonometrical polynomials 
of degree at most p. So it is natural to try to interpolate at 2/x + 1 points which 
are equidistantly distributed on a parallel circle, say at the points 

tj := x{(t)j,ip), (pj := (5.95) 

j = — //, . . . , 0, . . . , /i, where 0 G (0, tt) is fixed. For j, k G {— /i, . . . , 0, . . . , //} we 
get 

tjtk = cos^ 'll; + sin^ 0 • cos(0j — 0^), 
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and the fundamental matrix takes the form 



G = 









where g is defined by 



g{(j)^ 'll;) ^ cos^ 'll; + sin^ 'll; • cos . 



G is circulant, so we can write it in the form 



(5.96) 



(5.97) 






where 



/O 1 \ 







is the (2/i + 1) X {2p + 1) circulant basic matrix. Note that = I holds. It is 

our aim to calculate the determinant of G from the eigenvalues. 

Obviously, ^((/>, ip) can be expanded with respect to the variable (p in the form 



g{(j), 'll;) = ^ -\- Y, aj,cosv(j) = \ Y ^os vcp, (5.98) 

v=l y——^ 

where the a^, — aiy{'ip) depend on the latitude, and where we put := for 
1 / = 1, . . . , /i. Because of 

spec(Z) = |e^ I K = 

the eigenvalues of G are known and given by 

y= — fji 

So we obtain, using (5.98) and the discrete orthogonality of the trigonometric 
polynomials, 

spec(G) ^2 • • • 5 ^ 0 ? • • • 5 ^ 5 

and it follows that 



2/x+l 

• ao • af 



a 



2 

M ’ 



detG = (^) 



(5.99) 
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Therefore, T = is a fundamental system if and only if none of the 

vanishes, which depends on the choice of xjj. So it is necessary to evaluate the 
as a function of 'll;, i.e., of the latitude of the parallel circle. This takes 

some steps. 

As in Section 4.1, we use the polynomials 

Ajy{xi,X2) = ^{xi+iX2Y, 

Bjy{xi,X2) = ^{xi-\-iX2Y, 

again for i/ G INq, and recall that 

{Ao} is a basis in IHq, 

{Ajy, Bjy} is a basis in Ml for G IN. 



The bases can be used to produce a basis for IH^, which consists of the polynomials 
:= A^{xi,X2) i/ = 0,l,--- ,|U, 

tu (5-100) 

S^l,yix) := B^{xi,X2)-\x\f^ 

see Appendix (A), Theorem A.l. We restrict these polynomials onto the unit 
sphere by inserting x = x{(j),'il;), and we obtain, in polar coordinates, a basis for 

]H®(5^), which consists of the functions 

C^^{x{(f>,ip)) = cosi/0- P^(cosV>), Z/ = 0,1,--- 
S^„{x{(j),'iJ})) = sini^^ ■ P^(cos^), u = 

where the Legendre functions Pf are defined by 

p;iio ■= (5.101) 

for -1 < ^ < +1 and u = 0,1, . . . , p. 

With the help of the formula 



7T 2tT 



J F{x)duj{x) ~ J j F{x{(l),xl;)) sin 'ipdcffd'ip, 
0 0 



it is now easy to prove that the polynomials (5.100) are pairwise orthogonal with 
respect to the inner product ( * , • ) induced by the surface integral on 5^. So it 
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follows from (1.5) that the reproducing kernel of 1H^(S'^) can be represented for 
x,y e in the form 



Gl(xy) 



c^o(x)C^o(y) ^ 

iir7..ni|2 



Cij,i/(x^Cij^i/(y) ^ij,i/(x)Sij^i/(y) 



Besides we get 

IlC^oll^ = \\Cn4l = for I/ = 1,...,/X, 

with the positive numbers defined by 



4-1 



7T 

- J {sin'ip)‘^^~^^ P^^\cos'i/j) 



dxjj 



for /i, zz G INq. Now let us insert above two points from the same parallel, say the 
points X = x(</), and y = x(0,'^). In view of (5.97) this furnishes the identity 



g{(j)- = \A^q 



pj,^\cos'ilj)\ + A^j,\{sin'iljYP^''\cos'iJj)\ cosiy{(t) - cp). 

u=l 



Here we set (p to zero and get by a comparison of the result with (5.98) 



niy('0) — A^i, 



(sinV’)''P^o^(cos^/;) 



for = 0, 1, . . . , /i. So the eigenvalues are determined, and (5.99) yields 



detG = n 



iy=l 



(5.102) 



where = A^q • ^ positive constant, on which we have no influ- 

ence, but where ^ = cos-0 is determined by the latitude of the parallel circle in 
consideration. 

Let us discuss our result for // G IN. At the poles, i.e., for ^ G {+1,-1}, the 
fundamental determinant vanishes at a very high order. This makes interpolation 
impossible, and useless even on neighbouring parallel circles. At the equator, i.e., 
for ^ = 0, it vanishes also, though at a lower order, caused by the fact that (0) 
vanishes for odd p — v. However the number of latitudes where the determinant 
vanishes is finite, so it is possible to interpolate in 2/i + 1 equidistributed nodes on 
almost every parallel circle, where the best choice is the parallel where the right 
side of (5.102) attains its maximum value. This parallel circle is located near the 
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Figure 5.3. det G in Dependence of ^ = cosTp. 

^ = 0: Equator, ^ = 1: Northpole. 



equator, see Figure 5.3. Actually, Siindermann [72] used a parallel near the equator 
to obtain Lebesgue constants of the remarkably low order This result is 

attainable also from Corollary 5.20 by maximizing the minimum eigenvalue as a 
function of the latitude, see Reimer and Siindermann [57]. The norms are 

known in formula, see Problem 5.10. Note that an extremal fundamental system 
guarantees only the order 0{p). 

The Lagrange Elements 

By the arguments from above, and again in view of the Appendix (A), Theorem 

* 

A.l, the general element of 111^(5^) can be written by means of polar coordinates 
in the form 

F{x{(j),xp)) = y • P^(cosV^) + ^ |^a^cosi/(/) + 6,^sinz/(/) - (cos'll;), 

where it is convenient to use the Legendre functions (5.101), again. This enables 
us to prove the following theorem. 

Theorem 5.45 (Interpolation in IH^(5^) on a Parallel Circle). Let p eJNo, 'ipo ^ 
(0,7t), and define the node s'ystem T = (to, • • • , t 2 /i) b'y 

^3 '■= tj ■■=x{<I)j,iPq), 

for j = 0,l,...,2/i. Then the follo'wing is valid. 
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(i) T is a fundamental system for if and only if Pli^\cos'il;o) 7 ^ 0 

holds for = 0 , 1 , . . . , /i. 

(ii) If T is a fundamental system, then the Lagrange element Lq is given by 






P°(cosV') 









P^(cos^) 



2/i + l \P°{cosxpo) ^^PHicos-ipo) 
(Hi) Lq and the remaining Lagrange elements Lj satisfy 
Lj{x{(f>,ip)) = Lo{x{(t> - 
forj = 0 , l,..., 2 /u. 



■ cosu 



'<a)‘ 



Proof, (i) follows immediately from (5.102). 

* 

(a) Assume T is a fundamental system, and define the function F € by 



F{x{4>,^)) 



1 / P°(cosV>) 

2/i + l ■ Vp°(cosV^o) 



2-E 



PHicosip) 

P^(cosV'o) 



cosiy 



<t>). 



Actually, 



F(x(0,^o)) 



sin( 2 /i + 1 )| 
( 2 /i + 1 ) sin I 



holds where, apart from a constant factor, the right side is the Dirichlet kernel. It 
follows that 



F{tk) = F{x{(l)k,'ipo)) = So,k 



for fc G {0, 1, . . . , 2/i}, and hence F = Lq. In particular, Lq has the representation, 
claimed. 

(Hi) In view of {ii) it is clear that Lf^{x{(j) — is an element of written 

in polar coordinates. Besides, in view of the particular node distribution we get 



Z/o(x(0/e 

now for arbitrary j,k £ {0, 1, ... , 2/i}, which implies 



Lo{x{(f> - (f>j)) = Lj{x{(f),xp)) 



for j = 0 , 1 , . . . , 2fi, as claimed. 



□ 



5.9 Problems 

Problem 5.1. Let X,Y,Z be normed linear spaces, and let A e C{X,Y), B G 
£{Y,Z). Prove \\BoA\\<\\B\\-\\A\\. 
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Problem 5 . 2 . Let V be an inner product space of real functions on D, where 
dimV = N e IN. Assume that Ai,. . . G V and Bi, . . . , G V are biorthog- 
onal, i.e., assume that {Aj,Bk) = Sj^k holds for k e {1, . . . ,N}. Prove that the 
reproducing kernel of V has the representation 

N 

G{x,y) = for x,y eD. 

i=i 

Problem 5 . 3 . Let ti,. .. An form a fundamental system for the rotation-invariant 
subspace V of r G IN \ {1}, whose reproducing kernel is K{xy). Denote 

the corresponding Lagrange elements by Li, . . . ,Lat, and define the kernel func- 
tions Kj for j = 1, . . . , by Kj{x) := K{tjx) for x G S^~^. Prove the formula 

N 

K{xy) = 'Y^Lj{x)Kj{y) for x,y e 

j = l 

Problem 5 . 4 . Let ti,...AN form a fundamental system for the subspace V of 
C{D). For F,GgV define 



N 

[F,G] := ^F{t,)G{tj). 

i=i 

Then [ • , • ] is an inner product on V, and the Lagrange elements Li, . . . , Lat be- 
longing to the fundamental system are orthonormal with respect to [ • , • ] . 



Problem 5.5. Let ji G INq, r G IN \ {1}, N := dim IP]^(5^ ^). The matrix 

! ! ’ 

t\,...AN G is positive semidefinite. It is positive definite if and only if 

* 

t\,. .. An form a fundamental system for 

Problem 5.6. Assume Li, . . . ,L]v form an extremal basis in the subspace X of 
C{D), such that every Lj is best approximated in Xj span{Lk \ k j} by zero, 
see proof of Theorem 5.21. Show that the Kolmogoroff criterion is satisfied. How 
many extreme points are necessary to decide this? 



Problem 5.7. Consider the space IP^(B^), and prove: The monomial M^ei is best 
approximated in span{Mm ‘ \m\ = m ^ /^^i} by zero. 
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Problem 5.8. Assume D C IR^ is symmetric with respect to the hyperplane Xj = 0, 
i.e., 

{. . . ,Xj, , . e D implies (. . . , -Xj , . . .)' G D. 

And assume that the subspace V of C{D) has the property that 

V 3 F{. . . . . .) implies F {. . . , -Xj, . . .) G V. 

Then the following holds. If F G C{D) is an even or odd function with respect 
to the variable then a best approximation to F in V exists which is in this 
variable also even or odd, respectively. 

Problem 5.9. Use the result of Problem 5.8 in order to prove 

= ||M2,i,i-(3-2V2)Mo.i,i||^3 = 5(3-2^/2). 

Problem 5.10. Calculate the values of ||C^iy ||2 and || 2 - 

Hint: Apart from a constant factor, is the kernel function of a certain space 
of spherical harmonics. 




Chapter 6 

Approximation on the Sphere 



This chapter is devoted to the particular, but important case where the domain 
is the unit sphere where r G IN \ {!}. This is the simplest rotation-invariant 
domain, so the theory is basic, and taking a plain and valid form. Several results 
can be transferred to the ball, see Section 7, with an important application to 
tomography in Section 8. 



6.1 Orthogonal Projections and Laplace Series 

In this section the basic space X is the space or 1/^(5^“^), respectively. 

It is provided with the norm || • II 2 which is induced by the inner product (•,•) = 
( • , • )sr-i which belongs to the surface integral, see (1.6). 

Our main concern is the orthogonal projections 
and 

n^: 

for i/, /i G INo, respectively. They are related by 

( 6 . 1 ) 

see (5.23) and Theorem 4.11. Note that in 1| • H 2 the orthogonal projection is always 
a minimal projection, see Theorem 5.13. So the following theorem is fundamental. 

Theorem 6.1 (Convergence of the Orthogonal Projections). In || H 2 , the orthog- 

onal projections 11^, // = 0, 1, . . ., are pointwise convergent to the identity on X . 
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Proof. We want to apply Theorem 5.3, the Theorem of Banach and Steinhaus. So 
we check the assumptions. 

(i) It follows from Theorem 5.12 that ||II ^||2 = 1 holds for arbitrary p G INq. So 
assumption (i) is satisfied. 

(ii) Let E := By Theorem 5.8, the Theorem of 

Weierstrass, E is dense in C{S'^~^) with respect to || • ||oo, but in view of || • ||2 < 
y/ujr-i • 11 • Iloo also in 11 • II 2 . This implies that E is dense in X. 

Now let P be an element of E, say P G where k. G INq. It follows that 

P G holds for all p> k. But is a projection, so we get II^P = P 

ior p> and this implies 

lim n.P = P 

)-CxD 

in 11 • II 2 . Since P was an arbitrary element of P, assumption (ii) is also valid, and 
the are pointwise convergent to the identity in H • H 2 , as claimed. □ 

In view of (6.1) the result of Theorem 6.1 can also be written in the following 
form, 

00 

= F (6.2) 

iy =0 

holds for all P G X in the sense of H • H 2 -convergence of the infinite series. 

Definition 6.1 (Laplace Series). The Laplace series operator L : X X is defined 
by 

00 

L 

1^=0 

in the sense of pointwise convergence in H • H 2 . For F G X 

00 

LF = 

1^=0 



is called the Laplace series of P. 

In view of this definition, 11^ P is the p-th partial sum of the Laplace series of P, 
and Theorem 6.1 takes the following form. 

Corollary 6.2 (Convergence of a Laplace Series). 

LF = P holds for all F G X. 



Corollary 6.2 says that 
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converges to zero. We express this also by saying that the partial sums converge 
in the quadratic mean^ but have to add that convergence need not take place in 
every single point x G S'^~^ . Nor does Corollary 6.2 give us an idea of the rate 
of convergence, which actually depends on the smoothness of the function. We 
explain this in what follows. 

Let F G and put := Qi^F for u G INq. Then the Laplace series takes 

the form 

oo 

F = 

u=0 

while is the /i-th partial sum. The F^ are pairwise orthogonal, and Theorem 
6.1 yields 

oo 

* -1 

Now recall Theorem 4.13, by which the spaces are eigenspaces of the 

Laplace-Beltrami operator A with respect to the eigenvalue —u{i' + r — 2). So we 
get, in particular, 

= [-i/(iv + r-2)]V^ (6.3) 

for z/ G INo and k G INq. But, provided A^F exists at all, this need not say that 

oo 

A^F = + 

i /=0 



is valid, i.e., and the summation operator need not commute. This difficulty 
can be mastered with the help of the following definition. 

Definition 6.2 (The spaces For A: G INq the space consists 

of all F G with the following properties. 

{i) A^F exists almost everywhere , 

(ii) A^FgL2(5^-1), 

oo 

(m) A’^F = £ A^F,. 

Theorem 6.3 (Order of Convergence in Let r e 1N\ {1}, k G INq and 

FgF'=’2(5'-1). Then 

|| F - n ^ F||2 < (m + i )-^ 1 af ||2 



holds for arbitrary p G INq. 
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Proof. Let F G ^), where k G INq. By the assumption, 

oo 

A*F = 

iy=0 

is the Laplace series of A^F, and in view of (6.3) we get 

oo oo 

'£[,.{u + r-2nF4l = ^WA^FX = \Xf\\1 < 

iy=0 

For arbitrary /i G E^o Ibis implies 



iy=0 



\\F-U,F\\l = E 



< 



E 

F=/X+l 



v{i' + r — 2) 



2k 



m 



[in + l){n + r-l)\ 

< [{^i + l){^, + r-l)]-^'^\\A^F\\l 

and because of r > 2 the statement is true. 



2 
1^112 



□ 



6.2 Minimal Projection in the Uniform Norm 

In this and in the following sections we consider the space C{S^~^), only. In view 
of (5.23), the orthogonal projections and 11^ can be represented with the help 
of the corresponding reproducing kernel, i.e., with the abbreviations Gi, = G'^ and 
Ffj^ = F^ they can be represented in the form 

(n,F){x) = J F{t)GXx)Mt), 

Sr-1 

{n^F){x) = J F{t)F,{tx)Mt), 

sr-1 

for F G G{D)^ X G and // G INq, where the kernel functions are explicitly 

known, see (4.13) and (4.30) or(4.31), respectively. 

Apart from the maximum norm || • ||oo, G{S^~^) is provided with the norm || • H 2 
induced by the inner product ( • , • ). For linear operators L : G{S^~^) ^ C{S'^~^), 
which are bounded in the uniform norm, we use the operator norm 

Halloo ||i||oo.oo = max{||LFl|oo : F e lli"lloc < l}- 



(6.4) 

(6.5) 
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Now let us recall that, in the || • || 2 -setting, the orthogonal projection is always 
the uniquely determined minimal projection. In the uniform norm, this need not 
hold. But, surprisingly, if the image space is rotation-invariant, it does. This is the 
subject of what follows. 

Minimal Projection in the Uniform Norm 

We are going to prove the following theorem. 

Theorem 6.4 (Berman, Daugavet). Let r G IN \ {1}, and assume Y is a rotation- 
invariant subspace of with finite dimension. Then the orthogonal pro- 

jection with respect to the inner product ( • , • ), 

n : C{S^-^) ^v. 



is a minimal projection in\\ • ||oo- 

Proof. The proof takes several steps. 

1) Because of Theorem 4.11 we can write V in the form 

oo 

V= (6.6) 

i /=0 

Cy G {0, 1}, where only finite many Cy are different from zero. Besides, the repro- 
ducing kernel of V is given by 



G{xy) = ’Y^e^Gy{xy). (6.7) 

For F G and x G the equation (5.23) takes the form 

{UF){x) = I F{t)G{tx)duj{t)^ 

Sr-l 



and with the help of the inequality of Schwarz we obtain 

|(riF)(x)|^ < [ F‘^{t)diu{t) • [ G^{tx)diu{t). 

This implies 

Wml < ||Ff^-o;._i.G(l), 

where we used finally the reproducing property of G. Therefore II is a bounded 
linear operator which satisfies 

\\U\\l < G{l)-ujr-r, 

and n is a projection even in the || • ||oo“Setting. 
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2) Now recall Definition 1.2, i.e., for F G C(S^ and rotations A e let 

Fa G be defined by Fa( • ) == F(A • ). By EaF := Fa this defines a map 

Ea : ^ 

As the ranges of E^F and of F are the same, is an isometry and 

IIEaIIoc - 1 

holds. 

3) Next assume that f2 : ^ V is any projection, bounded in the uniform 

norm. We compare its norm with the norm of the orthogonal projection, which 
takes again some steps. 

For fixed F G C{S'^~^) and x G we define the continuous real function $ on 
by 

$(A) := (EAnEA'F){x). 

The expression 

(BF)(x) := J (EAnEA'Fyx)dA / j dA (6.8) 

is well defined, if we agree, for convenience, that the integral is the right-invariant 
integral on the group A^, as explained in the Remark to Theorem 1.7. Actually, 
this defines a linear operator 

which we write symbolically in the form 

B = / EA^lEA'dA / [ dA. 

Ja^ Ja^ 

Note that F G C{S^~^) implies 

Ea^Ea' F G V, 

where we use, one after another, the rotation invariance of (7(5^“^), the projection 
property of fl, and the rotation invariance of V. Moreover, as the integral is a 
bounded linear operator and as V is closed, we obtain BF G V, while F G V 
implies even BF = F. Together this means that B is a projection C{S'^~^) — > V, 
whose uniform norm can be estimated as follows. 

For arbitrary F G and x G we get 

|(BF)(x)l < f \{EAnEA'F){x)\dA/ [ dA 

JA^ Ja^ 

< [ ||E4||oo||f^||oc||E^.|UI|F||oc<i^/ / dA 

Ja’- Ja’- 



llf^lloo • ||F|| 
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It follows that 

IIBIloo < IIOIIoc 

holds for arbitrary projections Cl : C{S'^~^) — > V. In other words, B is a minimal 
projection in |1 • ||oo- 

4) We want to identify the minimal projection B with the orthogonal projection II. 
Both are bounded linear operators, and hence continuous. So it suffices to compare 
their actions on a dense subset of say on the space E of all spherical 

polynomials, which is dense on (7(5^”^) in view of the Theorem of Weierstrass. 
Recalling (4.22), we write E in the form 

oo 

E = 0 

i /=0 

* 

Moreover, every is spanned by the kernel functions Giy(t-), t G 

see Theorem 5.15. Together this yields 

E = spani^Gj,{t • ) | ^ ^ u G INoj. 

Therefore it suffices to identify the actions of B and of II onto the kernel functions 

G.(t-), i/GlNo, 

where, in view of (6.6), we have to distinguish the cases = 1 and = 0. 

4a) First we assume 6^^ = 1. In this case we get Gi,(t • ) G V, and since B and II 
are projections onto V, we obtain, for all t G *5'’’“^, 

BG.(t-) = G,(t-) = nG,(t-). 

4b) Next we assume e = 0. In this case we get Gy{t-) G V"^, where V~^ is the 
orthogonal complement of V in E. It follows immediately that UGi,{t‘) — 0 
holds, and it is left to prove that BGj^{t • ) vanishes also. 

To this end let . . . , Sj^^n} be an orthonormal basis in such that 

N 

G^-) = J2s.At)s.A-) 

j=l 

holds, see (1.5). Then we get, for x G 5^“^, 

N 

(6.9) 

j=l 

This says that, for fixed x and as a function of t, BG^y (t • ) U is an element of V-^. We 
are going to prove that it belongs also to V. This requires a detailed investigation 
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of the action of B, where we write, temporarily, the euclidean inner product in the 
form x'y, instead of xy. 

So let A e he an arbitrary rotation. For x G 5^“^, we get, step by step. 



N 

EA'GAt'-)\^ = G,{t'A'x) = 

N 

nEA'G,{t'-)\^ = Y,S,j{At){nS,,j){x), 

i=i 

N 

EAilEA'G,{t'-)\^ = 



and hence 






S^j{At){nS^j){Ax)dA/ j dA. 



Now let C 6 A*", and put u := C't. Then we get 

S^j{ACu){QSu,j){ACx)dA/ [ dA 

= v / S^j{Au){nS^j){Ax)dA/ [ dA 

^ Ja- ’ ’ Ja- 

= BG,(u'.)|^, (6.10) 

where, on the right side, C is cancelled by the right-invariance of the integral. In 
particular, for C G AJ" we get u = t and hence 

BGai')|c. =BG„(t'.)|,, 

Now we arrive at a point where we have to distinguish the caises r = 2 and r > 3. 
First let r > 3. From Corollary 1.6 it follows that 

BG.(t'-)\^ = gtit'x) (6.11) 

holds with some function gt G C[— 1,1], which possibly depends on t. However, 
let u G be another point on the sphere. Then a rotation C G exists such 
that u = C't, and using (6.10), (6.11), and again (6.10), we get 

g^iu'x) = BGAu'-)\^ = BG,{t’-)\^^ 

= gt{t'Cx) = gt{u'x). 
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The values of u'x cover the interval [—1,1], while x varies in so it follows 
that 

Qu = Qt = '"= 9 

is a fixed function of C[— 1, 1], and (6.11) takes the form 

BG.it' -)\^ = g{t'x), 

which indicates that 

BG.it' -)\^ = BG.ix'-)\^ 

holds for arbitrary E S^~^. Because of this symmetry we can conclude that, 
as a function of t, ')\^ is an element of V, whilst we know already from 

(6.9) that it belongs to V-^. So it is contained in V fl = [0]. In other words, it 
vanishes, and we obtain 






for all t E S^-\ 

Next let r — 2, and recall that we are still considering the case — 0. To prove 
(6.11), Corollary 1.6 is no longer available. But in view of (4.22), E has now the 
simple representation 

E = span{Ao,Ai,Bi,---}, 

with the functions 



A^{xi,X2) = 3?(xi +ZX2)'', 

B^{xi,X2) = 3(xi+ZX2)'", 

for K, E INo, compare Section 4.1. We write the elements x,t of in polar 

coordinates, 

"cos0^ ^ /cosr\ 

Vsinr/ ’ 



X = 



sin 0 / ’ 



and the rotations in the form 






cos a, sm a 
■ sin a, cosa 



Then, with /(a) := ^(^), the integral (1.12) takes the simple form 



2tt 






= j fia)da, 



and for F E we get 

{Ea'F){x) = = F^cos(</> + o;),sin((/) + q;)^ 
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In particular we obtain, for arbitrary k G INq, 

(E^/A^)(x) = cos(/^((^ + a)) = A^{x) ‘ cosna - B^{x) ’ sinhia, 

(6.12) 

(Ea'B^){x) = sm{n{(j) -h <a)) = A^{x) • siuKa + B,^{x) • cosm. 

Now we return to our original problem. • ) is a linear combination of A^, and 
Bjy, so it suffices to prove BAj^ = 0 = BBi^. The action of E^/, and hence of E^ 
to these functions is ruled by (6.12). For instance we get 

CIEa'Aj^ = Q.Ay • cos va - Q.By • sin va, 

and a similar equation holds for B^ instead of A^^. But VtA^ and ElBy are linear 
combinations of the functions A,^ and B^ which belong to V, where = 1 and 
hence hi ^ u holds. Using (6.12) once more, we find that Ea^Ea'Aj^ is a linear 
combination of these functions with coefficients which contain cos K,a or sin na as 
an additional factor to cos ua or sin i/a, respectively. By the orthogonality of the 
trigonometric functions this yields 

2tt 

BAi, = ^ f Ea^Ea' Ajyda = 0 , 

0 

27T 

BBi, = ^ f Ea^Ea' B j^da = 0 , 

0 

and therefore we get 

= 0 -nc,(t-) 

for all t G as in the case r — 3. 

4c) Summarizing the results of 4a) and of 4b) we may state that 

BG. = BG. 

holds for all i/ G INq and t G S^~^. It follows that B and II agree in their action 
on the whole space E, and hence even on G(S'^“^), such that Ft = B holds. B is a 
minimal projection in || • ||oo, so the theorem is proved. □ 

Remark. Theorem 6.4 is based on the identity 




In this generality it seems to be due to Daugavet 1974, [12]. In the particular case 
r = 2 and V := P^(5^), where, by introducing polar coordinates, C{S^) and V can 
be identified with G 27 t, the space of 27r-periodic continuous real functions, and with 




6.2. Minimal Projection in the Uniform Norm 



189 



the subspace of all trigonometric polynomials of degree at most respectively, 
the identity takes the form 



27T 

0 

where Ea is the shift operator defined by Eaf{ •) = /(• + a). In this case, 11/ is 
the /i-th trigonometric Fourier partial sum of /, the reproducing kernel function 
can be identified with the Dirichlet kernel, and the identity is due to Berman 1952, 
[7], and others. It is called the Berman- Marcinkiewicz identity. 

The Minimal Uniform Projection Norm 

Theorem 6.4 is of great importance, as it descibes one of the minimal projec- 
tions onto explicitly, namely to agree with the orthogonal projection 

n^. Naturally, in view of the Theorem of Banach and Steinhaus, or of Theorem 
5.11, respectively, our main interest is now directed to the growth order of the cor- 
responding Lebesgue constants |lII^||oo. They are the crucial point if we want to 
determine the convergence or the approximation order of any sequence of bounded 
linear operators. We determine the minimal Lebesgue constants in what follows. 

Theorem 6.5 (Minimal Uniform Projection Norm). Let r € 1N\ {1}. The minimal 
uniform norm of a projection is given by 

1 

||n/Lt||oo = ^r-2 J ^ d^. 

-1 

Proof. Let F G satisfy ||F||oo < 1- From (6.5) we get, for arbitrary 

xeS^-\ 

|(n^F)(x)| < [ \r^{tx)\(Lj{t). 

The integral on the right side does not depend on the choice of x. Moreover, by 
the help of (1.27) we get 



1 

|(n^F)(x))| < o;,_2 j 

-1 

Obviously, this yields 

1 

lin^lloo < J (6.13) 
-1 

We want to show that equality holds. To this end we approximate the staircase 
function sgnF^ on the interval [—1, -hi] by a continuous function E G C[— 1, -hi], 
as follows. 
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is, apart from a constant factor, the Jacobi polynomial ^ , see (4.31). 

So P^ has exactly p zeros < • • • < ^^ in the open interval (—1, +1). Moreover, 
let ^0 -1, C/u+i •= +1, and let a := min{^j^ 4 _i - == 0, 1, . . . , /x} be the 

minimum distance between successive nodes. 

Now let e > 0 be a given number. For 6 G (0, |] we define the 1-spline function 
E G C[-l, 1] by the following properties. 

(i) The spline nodes are ^o, 6 + • • ■, ~ Ca* + ^m+i- 

(ii) E{^) = sgnr^iO holds for ^ G [-1, 1] \ \X=o + <5]. 

Moreover, we assume that S is so small that 

1 

Ur- 2 r^{l) I m) - sgnr^iOlil - ey-^d^ < e (6.14) 

-1 

holds. After that, let us define F G C{S'^~^) by 

F{x) := E{xi) for x e S^~\ 

Obviously, ||P||cx) = 1 is valid, such that the following holds, 

linjioo > lin^Fiioo > l(n,p)(ei)| 

= J F{t)rfj,{tei)du{t) = j E{ti)r^{ti)(ko{t) 

Sr-l gr-l 

1 

= ujr-2\j E{^)r^{i){i-ey-^d^ 

-1 

1 

> uJr-2 I {sgnr^{0+E{^)-sgnr^{0)r^{0{l-ey~^d^ 

-1 

1 

> ujr-2 J\r,{mi-e)"^d^ 

-1 

1 

- 0Jr-2r^{l) I \E{0-sgnr^i0\{l-e)"^d^, 

-1 

where we used in the last step that 



max{|r^(0| : -1 < ^ < 1} = r^(l) 



(6.15) 
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holds, which follows from (4.30) and (2.16). Now we use (6.14) and get 



lin 



Mlloo 



1 

> o;._2 j |r 4 C)|(l-a' 



— e. 



This holds for arbitrary e > 0, so we obtain 



Ihl/LilloO ^ 



i 

-2 1 \r,io\{i-ey- 






-1 



In view of (6.13), equality must hold, as claimed. □ 

The explicit expression for ||n^||oo 5 given in Theorem 6.5, can be used to eval- 
uate the exact growth order of the minimal projection constants. However, the 
calculation is lengthy, so we report on the results, only. 

In the case r = 2, where H^ can be identified with the Dirichlet operator, it is well 
known that 

IIHpIloo ~ ^ log^ (6.16) 

holds for /i ^ (X). See, e.g., Davis [13], p.358. In the case of an arbitrary r > 3, 
the corresponding asymptotics are given by 



lin^lloo 



2 r- 

— p/r-lx ^ 

7T2 1 [ — ) 



(6.17) 



for /X ^ (X), see Ragozin [43] for the order, and Daugavet [12] for the asymptotics. 
Note that the minimal projection constants are unbounded in both cases. 

Theorem 6.6 (Divergence of Projections in the Uniform Norm). For r G \ {1}, 
no sequence of projections /i G INq, converges in the 

uniform norm pointwise to the identity on 

Proof. Let any sequence of projections be given. Every is a bounded linear 
map C{S'^~^). In view of ||T^||cx) > l|n;i||oo and of (6.16) and (6.17), 

respectively, the assumption (i) of Theorem 5.3 is violated. So the statement is 
true. □ 

Remark. Theorem 6.6 says, in other words, that to every sequence of projections 
a function F G exists such that 






does not converge to zero. In this sense. Theorem 6.6 belongs to the class of 
so-called negative results. However, we recall Theorem 5.11, which promises con- 
vergence if the algebraic minimal deviation Efj^{F)^ see (5.43), converges to zero 
rapidly enough. 
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6.3 Interpolation on the Sphere 

In this section we consider interpolatory projections (7(5"’“^) — > where 

r > 2. Of course, all that is said about interpolation in Section 5.4 in general or 
with respect to rotation-invariant subspaces of C{S^~^) remains valid, but in the 
present case there are particulars arising from the algebraic stucture, which we 
investigate separately in what follows. 

Fundamental Systems on Hypercircles 

We construct fundamental systems for /i G IN, whose nodes are 

distributed on // + 1 hypercircles. A hypercircle is the nonempty intersection of 
and a hyperplane, and can degenerate to a single point, the pole. The method 
is recursive, this means for r > 3 it constructs a fundamental system from 
fundamental systems which are already known. The 

method can be started with r = 3 because of the following theorem. 

Theorem 6.7 (T^’^-Configurations). For // G INq, every family o/2/i + 1 pairwise 
different points of is a fundamental system for 

Proof. By the substitution x\ = cos</), X 2 = sini/), the space can be 

identified with the space of the trigonometric polynomials of degree /i, and it is 
well known that for this space every 2/i + 1 pairwise different points of the interval 
[0, 2n) form a fundamental system. □ 

For arbitrary r G IN \ {1} and /i G INq let us define 

N; dimp;(^’’-^). 

But in what follows, we assume r > 3. The construction method is based on the 
identity 

% = ( 6 - 18 ) 

iy=0 

which follows from (4.4). For z/ = 0, 1, ...,// it distributes of the nodes at a 
time on a hypercircle 

where the -1 < < H-1, are pairwise different and arbitrary, except for the 

condition 1- Note that Hq = {e^} is the only hypercircle which degenerates 
to a single point, in consistency with the exceptional value = 1. We need 

the following lemma. 

Lemma 6.8. Let r > 3, G INq, and assume = ftj \ j = 1, . . . , is a 

fundamental system for the space The points tj G are defined 

by 
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for j = 1, ..., Nf ^ Then the system of equations 



F{t,) = zj, j = l,...,Nr^ 

has a solution F eJP^ for arbitrary real numbers Zj on the right side. 

Proof. For every fixed right side the system 

F{t,) = zj, j = 

has a solution F G and hence a solution F in itself. This is a 

polynomial in the variables xi, . . . , Xr~i, which we arrange in x = (xi, . . . , Xr-i)' G 
Now we define F G by 



if > 0, and by the constant 2i, if z/ = 0 and hence = 1. Obviously, in both 
cases F is a polynomial as wanted. □ 

In what follows we assume that the fundamental systems for 

z^ = 0, 1, . . . , jU, are given in the form 






r—l^v I 






r-l1 

" / 



with tj e We define the points G for j — 0, 1, . . . ,Nl~^ and 

z/ = 0, . . . , |U by 



fr 






■^3 



-1,F 



(6.19) 



Then the following holds. 

Theorem 6.9 (Recursive Construction of Fundamental Systems, Simdermann). 

Let r >3, and assume that the nodes occurring in 

= {tY\j = l,...,Nl-\ z. = 0,l,...,p} 



are constructed from the fundamental systems with the help of (6.19). Then 

T’’’^ is a fundamental system for 

Proof. In view of (6.18) the number of elements contained in T’’’^ is equal to 
dimP|)(S''“^), and in view of Definition 5.8, T'’’^ is a fundamental system if 
the corresponding evaluation functionals are linearly independent. An equivalent 
condition is that the interpolation problem 



F{tY) = y'), j-l,...,iv^^ i^ = 0,l,...,M, (6.20) 

has a solution F G for arbitrary real values yf on the right side. Actually, 

this can be proved as follows. 
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In view of Lemma 6.8 we can solve, in the first step, the problem 
by some polynomial Qj^ G After that we put 

P^i '= Q^jl- 

F = satisfies the equations (6.20) for = //, but not necessarily the remaining 
ones. Therefore we solve, in the second step, the problem 

by some polynomial Q^-i G P^_i, which is possible again because of Lemma 6.8. 
After that we put 

S/Lt— 1 s/i 

It is obvious that P^-i G holds again, but in addition, F = P^-i satisfies the 
equations (6.20) both for z/ = /i and for z/ = /i - 1. We continue this procedure by 
solving, in the general case, i.e., for - 1, . . . , 0, the problem 

by some G P^, and by putting 



Pk Pk-\-1 + JJ 



Xr - 6 






The construction is such that F = P^ e P^ solves the equations (6.20) for i/ G 
{jU, p — 1, . . . , /^}. In particular, F = Pq is an element of P^ which solves all of 
the equations (6.20). Of course, the restriction of F onto solves the same 
problem. Therefore (6.20) has a solution in PJ^(S'^“^) for an arbitrary right side, 
and is a fundamental system for this space. □ 

The basic idea of the proof of Theorem 6.9 is due to Siindermann, [72], who used 
it in the construction of particular fundamental systems His fundamental 
systems are based on fundamental systems whose = 2z/ + 1 nodes are 
distributed equidistantly on while the choice of the as a function of 

/i, is more sophisticated, as these points are given by 



C — (-l)'cos^, z/ = 0,l,...,/i. (6.21) 

In some sense, this choice provides the sphere 5^ with a best possibly balanced 
node distribution. It is promissory also in the general case. 




6.3. Interpolation on the Sphere 



195 



Node Distance and Covering Radius 

We can judge the geometric quality of a node system T = {^i, . . . , with the 
help of two measures, which are introduced in what follows. 

First let us introduce the trigonometric, or geodetic distance arccos(xy) as the 
natural measure for the distance of two points G S^~^. Because of \x - y\‘^ = 
2(1 - xy) it is, in general, different from the euclidean distance in IR^, but asymp- 
totically the distances are equal if y tends to x. 

Definition 6.3 (Node Distance, Covering Radius). Let T — {ti, . . . ,tN} be an 
arbitrary system of nodes tj G S'^~^ , r > 2. The node distance S{T) and the 
covering radius p(T) ofT are introduced by the definitions 

HT) ■■= &rccos{tjtk), ( 6 . 22 ) 

PiT) ■■= .eT- mZ,N} arccos(xi,). (6.23) 

Obviously, if T is intended to be a fundamental system of high quality, it is not 
desirable that nodes appear in clusters, and the fundamental determinant even 
vanishes if two nodes are equal. So (5 (T) is a rough quality measure, which should 
attain a value as large as possible. 

Besides, every point x G should be close by some node. This is measured by 
the value of p(T), which should be as small as possible. It is called the covering 
radius of T for the following reason. 

A subset of 

C{t,a) := {x G I xt > cosck}, t G > 0, 



is called a (spherical) cap with center t and radius a. It degenerates to the center 
for a == 0. Actually, p{T) is the minimal value of a satisfying 



N 

S’--! C lJC(t,-,a). (6.24) 

It it easy to see that a fundamental system consisting of 2/i+ 1 equidistantly 
distributed nodes on , satisfies 



5(7^2, M) 



27T 

2/i -h 1 



p(T2’^) 



7T 

2/i + 1 



(6.25) 



Moreover, the following holds. 



Theorem 6.10 (Covering Radius of the Constructed Fundamental Systems). As- 
sumptions as in Theorem 6.9. Moreover assume that a constant c^-i exists such 



that 



pl^rpr-hu) ^ 



Cr—l 

vn 
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holds for all z/ G INq. For // G INq let be defined for u e {0, fi} by 

(6.21). Then a constant Cr exists such that 






is valid for all p G INq. 



Before we begin the proof, we introduce the following lemma. 

Lemma 6.11. Let a and b be positive numbers, and define 

A . ^ . 9 . 2 ^ 

\= 1- 2 sm — r • sm — — 

^ 2 /i + l Z/ + 1 

for p G INo and u = 0,1, . . . , p. Then a constant c > 0 exists such that 

. c 

arccos Aav < r 

/i + 1 

holds for /i G INo and u e {0,1, . . . , p}. 

Proof. Let G {0, 1, . . . ,p}. Because of —1 < A^^i^ < +1, a number 7 ^^^, exists 
such that 

= COS — 0 < — ^ < 7T, 



holds. It follows that 



7 /.,-^ _ 1 



2(m + 1) 2 



= -(1 =sin 



2/i -|- 1 u 1 



This implies 



2 7 /x,i/ ^ ^ ah 

7T 2(/i + 1) 2/i + 1 z/ + 1 2(/i + 1) 



and hence , with c := 



as claimed. 



arccos An v ^ 7 , 

pAl 



Proof of Theorem 6.10. Let x E S'^ ^ be given. We write it in the form 



where t G ^ = cos (j), 0 < (j) < n. The == defined by (6.21), are the 

abscissae of an equidistant grid on 5^ with trigonometric mesh size To be 

more precise. 



= { cos ^ ^ k = 
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is valid. It follows that either 



0<(^< 



2 // + 1 



holds, or an index 2 / € {1, . . . , /li} exists such that 

7T 7T 

- <6- arccos ^ < 

2m + 1 “ ^ 2/r + 1 

is valid. In the first case we get, in view of tg’” = e,., which follows from (6.19) and 

( 6 . 21 ), 

arccos (6.26) 

In the second case, where G {1, . . . , /i}, we get 



and hence 



cos(^ - arccos > cos 



a/i - 



2fi + 1 



2/i + 1 



Now let us introduce the intermediate point 



It satisfies 



and hence 



xy = + vT^ • \/i-^2 > 



arccos xy < 



2jU + 1 



" “ 2/i + 1 

Moreover, by the assumption on there is a node e such that 



holds. In view of (6.19) this yields 

ytT = C + {i-C)-ti: 






cos^ ,*/j^ + i>^, 

-1 ,i/2<i/ + l<^^, 



and hence 



ytk > 



l-2sin'2;^’sin2 2^ ,*/i^+l>^, 



) */ 2 < 1/ + 1 < 
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Now it follows from Lemma 6.11 that a constant c > 0 exists such that 

( , if u -\-l > 

.r,u ^ I M+1 ’ - 7T ’ 

arccosyL’ < < o r i 

Therefore, a constant c' exists such that 



arccos ytjJ < 



/i + 1 



(6.27) 



holds, independently of the location of u in the set 

Now we use the triangular inequality of the geodetic distance, and get the estimate 



arccos < arccos xy H- arccos 

7T c' 

^ -f- . 

2p +1 /i + 1 

This inequality remains valid for z/ = fc = 0, see (6.26). 

So let us define the constant Cr := f + c'. Then we may summarize our results as 
follows. To every x G and // G INq a node G exists such that 



arccos xt I’ ^ < 



/X + 1 



holds. Since the bound does not depend on x, we obtain 



p(T^’^) < 



“h 1 



This finishes the proof. □ 

Remark. In view of (6.25) we can satisfy the assumption of Theorem 6.10 for r = 3 
by defining the by the help of 2z/ + 1 equidistributed nodes on S'L Then we 
get, recursively for r = 2, 3, . . . , positive constants C 2 , C 3 , . . . , and sequences of 
fundamental systems T^’^, /x G INq, whose covering radii satisfy 



p(T^’^) < 



Cr 

P 1 



Extremal Fundamental Systems 

If the Exchange Algorithm of Section 5.5 is to be started, a fundamental sys- 
tem constructed recursively along Theorem 6.9, may be expected to be a 

better choice for than a random one. If, finally, the extremal fundamental 
system T = {ti, . . . , tjv} is calculated, then the nodes must have a certain minimal 
distance. We prove this with the help of the following lemma. 
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Lemma 6.12 (Riesz). Let g denote a real trigonometric polynomial of degree /i G IN, 
and assume that 



1 = ^(0) = llffiloo = max{| 5 ((/.)| : (/> e ]R} 
is valid. Then g{(j)) > 0 holds for 

Proof. Assume the statement is false. Then g has a zero r satisfying 0 < fy| < 
Without loss of generality we may assume r > 0, since g{~(t)) satisfies the same 
assumptions, as ^(0) does. Now let us define 

/(</») := cosimI)- 

which is a trigonometric polynomial of degree p satisfying /(O) = 0. Note that 
/(r) > 0 holds, while f{^) has the sign of for j = 1, 2 , . . . , 2p. So / has 2p 
roots in the interval 0 < 0 < 27 t, if multiplicities are counted, and one additional 
at (j) = 0. Together this implies / = 0, g{(j)) = cos pcf) and hence g{r) > 0, which is 
a contradiction. So the statement is true. □ 



Theorem 6.13 (Node Distance in an Extremal Fundamental System). Let T = 

{ti, . . . , tiv} be an extremal fundamental system for a subspace V of 
where rGlN\{l}, //GlN, and A" > 1. Then the node distance of T satisfies 



S{T) > 



2p’ 



Proof. Let tj^tk G T be different nodes, i.e., assume j, fc G {1, . . . , A}, j ^ k. Then 
some Uj G S'^~^ fl span{tj^tk} exists such that utj = 0 is valid. Now let Lj G V be 
the Lagrange element belonging to tj^ note that ||Lj||oo = 1 holds, and define 



g{(t)) := Lj (tj cos (f) + Uj sin (j)). 



This is a trigonometrical polynomial of degree p satisfying 1 = ^(0) = IfyUoo, and 
obviously, there exists some (j) G [— tt , + 7 t ) such that tk = tj cos (j) 4- Uj sin (f), which 
implies g{<j)) — 0 and 

tjtk — coscf). 

From Lemma 6.12 it follows that (j) is not contained in the interval 

This implies tjtk < cos and hence arccos tjtk ^ Since this is valid for every 

pair of nodes tj ^tk^ we obtain 5{T) > ^, as claimed. □ 

In the case r = 2 we get complete information about the extremal fundamental 
systems for by the following theorem. 

Theorem 6.14 (The Extremal Fundamental Systems T = {^o, h,. . . , t 2 y] is 

an extremal fundamental system for P^(5^) if and only if the nodes are equidis- 
tantly distributed on . 
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Proof. Again we identify the space and the space of trigonometric poly- 

nomials of degree p. It suffices to prove that a system of nodes 0 = (l)o < 4^1 < 

• • • < (j) 2 ii < 27t is an extremal fundamental system for this space if and only if 
j = 0, 1, . . . , 2/i. 

First let us define the nodes by := for j = 0, 1, . . . , 2^, and let us introduce 
the trigonometric polynomial Iq of degree p by 

h{4) •= ^ 9 , 7(1 + 2cos(/)H h2cos/i0), 

[2p -h 1) sm I ^p-t r 

which is, apart from a constant factor, the Dirichlet kernel Then the translates 

4j\ j d, 1, . . . , 2/i, 

are the trigonometric Lagrange elements belonging to our nodes, and ||/j||oo == 1 
holds, obviously, for j = 0, 1, . . . , 2/i. In other words, the system {0o, </>i, • • . , 4>2ii} 
is an extremal fundamental system. 

Vice versa, assume, without restriction of generality, that the nodes 0 — < 

01 < • • • < 02/i < 27 t form an extremal fundamental system. We have to show that 
they are equidistantly distributed in the period. 

It is well known that the Lagrange elements can be represented in the form 

iji^) = 

for j = 0, 1, . . . , 2/i, where \j is defined by 

fc = 0 

Moreover, let 

k=0 

For every fixed j G {0, 1, . . . , 2/i} we get 

a;(0) = sin^(0- 0j) • A^(0), 

which implies 
But in view of 

||Aj||oo — \^j{4j) \ ' IKjIloo = \^j{4j)\^ 
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A' = 0 must hold, and we get 



w(</»fc) = 0 = w"(0/c) 



for fc = 0, 1, . . . , 2/i. 

Now let := o;(2(/)). is a nontrivial trigonometric polynomial of degree 2//+1. 

It satisfies 

+ 7t) = cj(20 + 27 t) = - sin ^(20 - 0j) • Aj(20) = —uj{2(f)) = — fi(0) 

and 

«(f ) = 0 = .”(1) 

for j, fc = 0, 1, . . . , 2/1. It follows that 

Q" - ( 2 m + ifn, 



which is a trigonometric polynomial of degree 2//, vanishes at the 4/i + 2 pairwise 
different points 

^ G [0,7t) and ^ + tt G [tt, 27t), 

/c = 0, 1, . . . , 2/i. So it must vanish identically, i.e., fl satisfies the differential equa- 
tion 

n" - {2p + ifn = 0 , 

together with the intial value fl(0) = Q{^) — 0. It follows that has the form 

0 



f](0) = const • sin 

2/i + 1 



with some nonvanishing constant. Because of = uj{(f)k) = 0 it follows that 



0fc = 



2nk 
2/i -h 1 



for k = 0,1,..., 2/i. The nodes are equidistantly distributed in the period, as 
claimed. □ 

For r > 3 there is no comparable result known. Numerically, extremal fundamental 
systems on have been investigated by Reimer and Siindermann [56] for /i < 36, 
and by Sloan and Womersley [67] for p < 128. 

Minimal Interpolatory Projections in the Uniform Norm 

In analogy to Definition 5.7 (minimal projection), we introduce now the following 



one. 
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Definition 6.4 (Mmimal Interpolatory Projection). Let 9 D C r G IN. 

interpolatory projection A* : C{D) Y onto a finite- dimensional subspace Y of 
C{D) is called minimal if 

IIAloo < IIAIloo 

holds for all interpolatory projections A. 

Interpolatory projections A^ : satisfy 

||IIy^||oo ^ ||Ay^||oO? 

even if they are minimal, and in view of Theorem 6.6, no sequence of interpolatory 
projections converges in the uniform norm pointwise to the identity. Though this 
result occurs as a corollary to Theorem 6.6, we formulate it, for historical reasons, 
as a separate theorem. 

Theorem 6.15 (Faber). Let rGlN\{l}. To every sequence of interpolatory pro- 
jections A^ : // = 0, 1, . . . , there exists some F G 

such that ||F — A^F||oo does not converge to zero. 

In the case r = 2, where the space can be identified with the space of 

all real trigonometric polynomials of degree at most p, the result of Theorem 6.15 
is due to G. Faber 1914, [17]. In historical review, it has to be counted among the 
most stimulating theorems — in spite of its negative character. 

Interpolatory projections are useful in quadrature (Section 6.4), and if they are 
applied to sufficiently smooth functions. Actually, Theorem 5.11 yields, for F G 

||F-A^F||oo < (l + ||AJu)£^^(F), 

where E^{F) is the minimal deviation of F in see (5.43). So the growth 

of ||A^||oo, though it is at least the growth of the minimal projection given by (6.16) 
or by (6.17), respectively, can be matched by a quick enough decreasing Ei^{F). 
In the case r > 3, a best possible result would be to find a sequence of interpolatory 
projections of the order 

IIA^lloo = o(m"^) (?) (6.28) 

for /i ^ 00 , see (6.17) again. But it is one of the most important open questions 
in multivariate interpolation, whether this growth order can be realized. 

1 1 A^ I loo depends on the choice of the supporting fundamental system T^. In the 
following, we give a short report on numerical experiments of Sloan and Womersley 
[66] , which concern the case r = 3 and the following criteria. 

(1) Minimize ||A^||oo, directly. 

This is the most interesting case, but difficult to handle. 

(2) Maximize Amin (in view of Corollary 5.20). 

(3) Maximize A (extremal fundamental system). 

(4) Minimize some potential energy function. 
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Experiments have been performed for the degrees 0 < /i < 30 and show that the 
Lebesgue constants increase on the order of the criteria, where those obtained by 
(2) or (3) are not far above the minimal interpolation norm obtained by (1), while 
criterion (4) furnishes unreasonably large norms. Besides, the minimal interpola- 
tion norm seems to behave like 

||A;|U ^ 0.7/i + 1.8, (6.29) 

which could reject the possibility of (6.28), which would have to be replaced by 
the more pessimistic conjecture 

I|a;iu = (?) (6.30) 

We finish with the remark, that, in view of Corollary 5.20, the order of (6.30) 
holds if an inequality of the form 

Amin > const — (?) 

is realized with some positive constant. 



6.4 Quadrature on the Sphere 



In this section, r G IN \ {1} and /i G INq are fixed. We assume again that the inner 
product ( • , • ) is induced by the surface integral, i.e., by the integral defined by 



IF := 



J 



F{x)d(ju{x) 



Sr-l 



for F G The reproducing kernel of ^^^(5^“^) is given again by K(xy)^ 

X, y G where 

K = F"'. 

11 

Now let T = {t\, . . . .In], N = dimP^(S'^~^), be a fundamental system for 
The corresponding Lagrange elements Lj and kernel functions 



play the main role in what follows. For instance, the fundamental matrix takes 
the form 

/ ^(1) \ 

K{1) 



G = = 



(6.31) 



K{1) J 
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We are interested in the interpolatory quadrature 

N 

IF = (6.32) 

which belongs to the integral /, the space and the fundamental system 

T. The weights of such a quadrature are given by (5.70). In view of Theorem, 5.27 
our particular interest is directed to positively weighted quadratures. If they are 
to be used in the evaluation of inner products (^ 1 ,^ 2 ), where Fi, F 2 G 
then it is desirable that their degree of exactness be 2/i, at least. For this reason, 
Gaufi quadratures fit our concept, precisely, see Definition 5.17 and Theorem 5.33. 

Gau6 Quadrature on the Sphere 
(a) Characterisation 

In view of Corollary 5.34, a Gaufi quadrature is always interpolatory and charac- 
terized by a fundamental matrix of diagonal form. In the actual case, this condition 
is equivalent to G taking the diagonal form 

G = diag(K{l),...,K(l)y (6.33) 

In particular, a Gaufi quadrature on must have the constant weights 




for j = 1, . . . , AT, see (4.6), and so it must have the form 



1 ^ 

IP - (6-35) 

The exact characterisation (6.33) imposes a strong condition on the geometric 
configuration of the nodes. Corresponding questions occured in discrete geometry 
within the setting of spherical designs. 

Definition 6.5 (Spherical Design). Let r G IN \ {1}. For p G INq a system T = 
{ti, . . . ,^m} of points tj G S'^~^ is called a spherical /i -design, if 

M (1 

'^^H{tj) = 0 holds for all H G (6.36) 

j=l v=l 

A spherical 2p-design is called tight, if M = N — dimP|^(5^“^). 

Among others, the following theorem says that the concept of Gaufi quadratures 
and of tight spherical 2/i-designs are essentially the same. 
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Theorem 6.16 (Characterisation of Gaufi Quadratures). Letr {1}, /i G IN, 
T = {ti, . . . .In} a fundamental system for and let the Lj and the Kj 

be the corresponding Lagrange elements and kernel functions, respectively. Then 
the following statements are equivalent. 

(i) T supports a Gaufi quadrature. 

(a) 1 forx G 

i=i 
N 

(Hi) = ^^(1) ^ ^ 

(iv) {Kj,Kk) = K{l)5j^k for j,k = 

(v) Lj=Kj/K{l)forj = l,...,N. 

(vi) T is a tight spherical 2 p- design. 

Proof. First we give a circulant proof for the equivalence of the statements {ii)-{v). 
It uses the identity 

N 

K{xy) = '^Kj{x)Lj{y), (6.37) 

i=i 

which holds for arbitrary x,y e S^~^. Identifying x and y we get the identity 

N 

K{1) = Y,K,{x)L,{x), (6.38) 

and using the Schwarz inequality we obtain 

^"( 1 ) < ( 6 - 39 ) 

J = 1 j = l 

for all X G 5^“^ 

Now let us assume that (ii) holds. Then we get 

K\l) < ^K]{x), 

i=i 

again for all x G S^~^. If equality does not hold for some x G then integration 
over yields, by the reproducing property of K, 

K^{l)^Ur-l < N-K{1), 

which is a contradiction in view of (6.34). Therefore {Hi) is valid. 

Next assume {Hi) holds. Inserting x = tk ~we obtain 

= 0 . 
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In view of (Kj,Kk) = K{tjtk) this implies {iv). 

(iv) says that K(tj -)/if(l) satisfies the defining interpolation conditions of Lj. 
This yields (t’). 

(v) implies (ii), see (6.38), such that (ii) — (v) are all equivalent, as claimed. 

In particular, {iv) is equivalent to (6.33), which turned out already to be equivalent 
to (i). It follows that (i) — (t?) are equivalent, and it is left to prove, for instance, 
the equivalence of (i) and {vi). 

So assume (i) is valid. A Gaufi quadrature which is supported by T has the form 
(6.35). It follows that 

holds for arbitrary F G However, for 



F = 



2fi 



H€0IH 

U=1 



r 

V 



the right side vanishes since the constant 1, which belongs to Hq, is orthogonal 
to i7, see Theorem 4.10. It follows that T is a tight spherical 2/i-design. 

Vice versa, assume T is a tight spherical 2yu-design, define the functional I by 
(6.35), and let F G be arbitrary. In view of the diagram (4.26), with 

2/i instead of /i, we can write F in the form F = Hq H where Hq is some 
constant and where 

if e 0 Ml. 

f/=l 

This implies 

N 

IF = + = iVr-iHo = IHo = l{Ho + H) = IF. 



Therefore, 7 is a Gaufi quadrature, which is supported by T. This finishes the 
proof. n 



(b) Existence 



For r = 2, the kernel takes the form K = ^{U^ + t/^-i), see (4.30) and Section 
2.1. It follows that 



7^(cos0) = 



sin(2// + l)f 
2tt sin ^ 
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is the Dirichlet kernel. Using this fact, it is easy to see that all 2/i + 1 equidistantly 
distributed nodes on satisfy condition {iv) of Theorem 6.16. So they support a 
GauC quadrature, whose weights are given by (6.34), and take now the form 

For a direct existence proof see Problem 6.1. 

Next let r > 3. We begin with some preliminaries. First let ^i, . . . , ^^ denote the 

n — 1 ^^-3 \ 

zeros of the Jaeobi polynomial ^ ^ , and hence of K, see (4.31). Moreover, 

put ^0 := 1- We may assume that these points are in the order 



<^0 = 1 - 

The following lemma compares these points with the zeros 



(6.40) 



-1< < ■ • • < Cl < 1 

r 

of the Gegenbauer polynomial . 

Lemma 6.17. Let r £ IN \ {1}, e IN. The zeros of K = P'f and the zeros Q 

r 

of interlace as follows, 

^ C/i ^ ^ ^ Cl ^ 1- 

In particular, holds for u = 1, . . . , p - 1. 

Proof. Put C/Lt+i —1- With the help of the symmetry (— C) = 

and of (2.13), we get 

(-l)^{cj(-l) + c|_i(-l)} = c|(l) - c|_i(l) > 0. 

Together with the well-known interlacing property of the roots of orthogonal poly- 
nomials, this yields, in view of (4.30), 

(-i)'^i^(C.) < 0 

r 

for 1 / = 1, ... , fi+1, and the first statement is true. Moreover, since Cf is an even or 
odd function, its roots satisfy C/li+i-i^ = ~C,v for = 1, . . . , ^. For i/ = 1, . . . , p - 1 
we get, in particular, > -C^+i-j. = (,„ > which finishes the proof. □ 

In the following, we denote by the Lagrange elements in which 

belong to the nodes ^/j, < ■ ■ ■ < < ^o- After these preliminaries, we assume 

that a Gaufi quadrature of degree p exists, i.e., that a fundamental system T = 
{ti, . . . , tjv} exists such that 

1 ^ r 

^5]F(t,) = j F{t)(ko{t) 

k=l C-r— 1 



(6.41) 
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holds for all F G ^). We investigate some implications arising from this 

assumption. 

In view of Theorem 6.16, {iv), we get 

K{tjtk) = K{l)Sj^, (6.42) 

for j, fc = 1, . . . , AT. In particular, tjtk G . . . , ^i} holds for j ^ k. By means of 
the hypercircles 

Hi := {x e 5’'-! I xt, = ^4, 

K, = 0, 1, . . . , /X and j = 1, . . . , AT, we can formulate (6.42) in a more geometric 
form. First we note that 

Tc[}Hi 

K=0 

holds for all j G {1, . . . , A^}, and that Hq degenerates to the one-point set {tj}. 
Next let tj G T be a fixed node, and define 

:= card{T fl H^) 

for = 0, . . . , /i, where tiq = I holds by our remark from above. 

For / G we define F G by F( • ) := f{tj • ), and (6.41) takes the form 

1 ^ r 

k=l 

The integral on the right side is independent of the value of tj. Moreover, using 
(1.27) we get 

1 

j f{tjt)dw{t) = UJr-2 j /(0(1 

gr-i _1 

Inserting this above, and ordering the left side by the values of which tjtk 
attains n^-times, we get 

/ = (6.43) 

for all / G ^ 2 ) 1 x 5 where we used (6.34). In particular, inserting / = /^ we find that 
the are positive and not dependent on the choice of i.e., on j. Note that 
(6.43) is a so-called Radau quadrature. 

We summarize our result by the formula 



card{TnHi) == G IN, 



(6.44) 




6.4. Quadrature on the Sphere 



209 



which holds for = 0, 1 , . . . , and arbitrary j = 1, ... thus characterizing the 
geometry of the Gaufi nodes. 

Next let tj e T he fixed again. Without loss of generality we assume tj — Cr. If 
tk ^ tj is another node, then tjtk = holds for some k, e and tk can 

be written in the form 



tk = ^ 

where Uk G 5^“^ is uniquely determined by tk. For k = j, (6.45) remains valid 
with = 0 and an arbitrary Uk G 

Now let us apply the quadrature (6.41) to a polynomial of the particular form 

F{x) ^ l^{Xr)G{Xi,...,Xr-l), 
where G G is arbitrary. Then we obtain 

^(^fc) = j l^{xr)G{x)duj{x) 

Sr-1 



^r-1 

k=l 



N 



with X defined by x := (xi, . . . , Xr-i)' G IR^ ^ for x = (xi, . . . , x^)' G IR^. Because 
of (6.45), we can bring this by some changes on the right side to the form 



CJr 



N 



= J y J ^.(0G(V^r^n)d(^(n)j (1-e^)^ 



-de, 



(6.46) 

where du){u) is the surface element of and where the symbol indicates 

k 

that the sum is extended over all k satisfying tjtk = ^Ak = which is the same 
as tk E H^. Their number is n^. 



For G G fPl ^ G — 1}, (6.46) takes the form 

Yf ^G{uk) = ■ [ G{u)diu{u) 



with some constant For odd l, the integral on the right side vanishes, and so 
does the sum on the left side. So let us define 

^ if pis even, 

■ \ if pis odd. 



Then 



E ( k) 

G{uk) 

k 



^K,ii 



i 



G{u)duj{u) 
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holds both for G E and for G G and hence for all G G 

see (4.3). The constant can be determined by inserting G = 1 . This yields = 
• uJr- 2 , and we obtain finally the quadratures 

[ G{u)du{u) = ^G{uk) (6-47) 

for AC = 1, . . . , /i, which all hold for arbitrary G G 

We are now going to prove that, in general, not all of these quadratures are as 
exact as stated. It suffices to consider the case k = p. 

So let AC := p. Because of G IN there is some tk G and if ti G U 7 ^ 
is another node on this hypercircle, then we get, in view of (6.45), 



= tkU = + (1 - ^l)UkUl 



with some A G {1, . . . , /i}. This implies 



UkUi = 



i-a - 1 -^’ 



(6.48) 



First we assume r = 3 and p > 3. In Appendix B it is proved that in this case 
holds. This implies UkUi < 0, and hence arccosufett/ > But it is 
impossible to distribute more than three points with such a distance on , such 
that <3 must hold. Now define G G ^ 3 ( 5 ^) by 



G{u) := 

P 



for u e where the product is extended over all p satisfying tp e G is 
positive on almost everywhere. So we get, by inserting G in the corresponding 
equation (6.47), 



0 < 




rip 



G{Uq) = 0, 



which is a contradiction. Therefore the assumption that a Gaufi quadrature exists 
was false. A Gaufi quadrature does not exist in the case r = 3, p > 3. 



Next we assume r > 4. With the help of Lemma 6.17 we obtain < -A,, 
(6.48) implies 



UkUi < - 






1^.1 , 1 
1 + I^mI 2 



and 



It follows that 



|wfc - = 2(1 - UkUi) > 1. 
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But the number of points with such a distance, which can be distributed on 5^“^, 
is bounded above by some constant a{r). This implies < a(r). But by Corollary 
5.30, the number of nodes in the positive quadrature (6.47) is also bounded 
below, and we get 

dimPy^U*?^”^) < < Oi{r). 

L 2 -I 

This is a contradiction for large //, i.e., to every r > 4 a number p{r) exists such 
that for /i > jji{r) a GauC quadrature does not exist. 

This result is the essential part of the following theorem. 

Theorem 6.18 (Nonexistence of Gaufi Quadratmes, Bannai-Damerell, Bos). For 

(^ 5 /^) > (3,3), a Gaufi quadrature on does not exist. 

Proofs. The first proof is due to Bannai and Damerell [3]. They proved by number 
theoretical arguments that a tight spherical design does not exist, see Theorem 
6.16, {vi). 

A number theoretical proof in analysis looks strange. Actually, a quite different 
proof was given later by Bos [9] , who uses probability measures to prove that the 
identity Yjj=i 1 is impossible, see Theorem 6.16, {ii). 

In our introducing discussion we gave a proof, restricted to the cases r = 3, // > 3, 
and r > 4, /X > //(r), which uses interpolatory arguments, only. □ 

Remark. Let p = 1, r G IN\{1}, and assume all vertices of a regular simplex 
are located on S^~^. Then they support a Gaufi quadrature. In the language of 
geometry, they form a tight spherical 2-design. The proof is left to the reader, see 
Problem 6.3. 

The case /x == 2 is more sophisticated. For instance, if a Gaufi quadrature exists, 
then the space dimension must have the form r = — 3, where p is an odd integer 

number, see, e.g., [49]. 

Product Gaufi Quadratures 

A Gaufi quadrature, if it exists, is exact on acting at the minimum 

number of nodes which is possible in view of Corollary 5.30, and which is given by 
N = dimP^(*S'’^“^). Vice versa, a quadrature on which acts on exactly 

N nodes is interpolatory and hence a Gaufi quadrature. For (r, /x) > (3, 3) such a 
quadrature does not exist, such that the number M of nodes in every quadrature 
on satisfies M > N, i.e., the lower bound of Corollary 5.30 is never 

attained. For this reason we have to admit a larger number of nodes in what 
follows. 

Recall that we are interested in positive quadratures which are exact on JP 2 i^{S'^~^). 
A good recommendation is product Gaufi quadratures. They are derived from uni- 
variate Gaufi quadratures based on /x + 1 nodes, which are exact of degree 2/x + 1. 
So it is not surprising that a product Gaufi quadrature will prove to be more 
precise than required, namely to be exact on IP 2 ^+i(*S'^~^)- 
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Preliminaries 

Before we define the announced multivariate quadratures recursively, we present 
some well-known facts on particular univariate Gaufi-Jacobi quadratures. For de- 
tails we refer to Davis [13]. 

Let A>-i The Gegenbauer polynomials of index A are orthogonal polynomials 
with respect to the weight function (1 — see Theorem 2.3. Now let 

-1 < r?^+i < -<T)^<l 

be the zeros of where p G INq. Then the corresponding interpolatory quadra- 
ture, 

M+i 

m(l - cM), (6.49) 

iy=l 

is uniquely determined and valid for all / G It is called the Gaufl- 

Gegenbauer quadrature of index A. 

In this case, the weight function is an even function. This implies 

c" = (6.51) 

both for V — 1, . . . , // -h 1. We write the nodes also in trigonometric form 

= cos^^, where 0 < ^0^ < tt. 

Then the 0^ are uniquely determined, and satisfy 

= (6.52) 

again for = 1, . . . , // -h 1. Moreover, for / G the expression 

g{4>) •= /(cos0) 

is a cosine polynomial of degree 2/x -h 1, and, vice versa, every cosine polynomial 
of this degree can be written in this form, and from (6.49) we obtain 

Ai+l 

g{4>)ism(l)f^d(f) = ^c^£/(V;^). (6.53) 

u=l 

Note that the cosine polynomials are exactly the even trigonometric polynomials. 
We call (6.53) a trigonometric, or more precisely, a cosine Gaufi quadrature. 

After these preliminaries, we return to our original problem. 



1 

/ 
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Recursive Construction 

First let r = 2, and put A := 0. Then the quadrature (6.49) is based on the zeros 
of T^_i_i, which are given by 



pI =cosi})l, 



€ 



2u — 1 
-|- 2 



7T, 



for V — 1, 1. It is not difficult to prove that the corresponding weights are 
the constants 



z/ = 1, . . . , /i + 1, see Problem 6.2. 
Now let F G IP^^i-f-i- Then we get 



J F{x)duj{x) 

S'! 



/ \/T^) + F(e, 



7T 

J |F(cos(/),sin(/)) + F(cos(/), -sin 4>)]d(t>. 



The integrand is an even trigonometric polynomial of degree 2/i+l. So the integral 
can be evaluated exactly by means of the trigonometric Gaufi quadrature (6.53), 
where A is put to zero. So we obtain 



J F{x)duj{x) 



7T 

+ 1 



+ f(cos'0°,-sinV’®)|. 



This quadrature is exact on IP2^+i(5'^), has positive weights, and is based on 

2p + 2 well-known nodes. By a change in the notation we bring it to the form 

I F{x)(hj{x) = -^X^T(a;2), (6.54) 

where xf , . . . , and = 2(p + 1). 

Next let r > 3, and assume that a positive quadrature on IP2)I+i(5'’'“^) is known, 
say 

G{x)dw{x) = Y. AYG{xY) (6.55) 

holds for all G G IP 2 m+i(‘^’^~^) with weights > 0. In the case r = 3 this 
assumption can be realized by identifying (6.55) with (6.54). We want to construct 
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a similar quadrature for the integral 

j F{x)duj{x) = j ^^F{x,^/l - + F{x, - -v/l - x^)| , 

Sr-1 ^r-l 

where F e Substituting x = pu, u G 5^“^, 0 < p < 1, we obtain 

/ F{x)duo{x) 

Sr-l 



J j [f{pu,^ 1- p‘^)FF{pu,-^l- ^ 



duj{u)dp 



0 5^-2 



2 

j j |F(sin (j) • u, cos 0) + F(sin 0 • - cos (/>) | (sin 0)^“^ 

F(sin (j) • u, cos (/>) duj{u)^ (sin (l)Y~^d(f). 



0 5^-2 



0 5^-2 



Here the inner integral does not change its value if u is replaced by —u. So it is 
an even trigonometric polynomial of degree 2/i + 1 with respect to 0, and we may 
evaluate the outer integral by means of the trigonometric Gaufi quadrature (6.53) 
with A := This yields 



^ r-2 f r-2 r-2 

F{x)duj{x) = / F(sin?/^z.^ - u, )dLo(u). 

Sr-l ^=1 5r-2 

For every fixed z/, the integrand is now, with respect to u, a spherical polynomial 
on of degree 2p + 1, which we may evaluate by means of the quadrature 
(6.55). So we get 



/i+i m: 



f F{x)duj{x) = EE 

fr-l ^^=1 i = l 






(6.56) 



with the nodes defined by 






sin ‘ ^ 
cos Yv 



r— 1 



e S 



r— 1 



r-2 

for j = 1, . . . , and i/ = 1, . . . , /x + 1. If sin ^ vanishes, then exactly 

r-2 

of the nodes are equal and coincide with Cr. This caise occurs if and only if is 
an odd polynomial, i.e., if p is even, and then exactly once, namely for u = 
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Summarizing we state that, by a change of the notation, we can bring (6.56) to 
the form 

f F{x)dw{x) = (6^57) 

sL J=0 

with nodes g S'^~^ and weights At > 0 for j = 1, . . . , M^, where 

m;<(m + i)m;-^ (6.58) 

Actually, (6.57) is the desired quadrature on of its construc- 

tion it is called a product Gaufi quadrature. 

By the method presented we are now able to construct a product Gaufi quadrature 
recursively for r = 3,4,..., and if we extend our definition of a product Gaufi 
quadrature to the initial quadrature (6.54), then such a quadrature exists for all 
dimensions r > 2. 

Theorem 6.19 (Product GauiJ Quadratures, Stroud). For r > 2 and arbitrary 
/i G INo; a product Gaufi quadrature exists with the following properties. 

(i) The quadrature is exact on 

(a) The number of nodes is < 2{p + 1)^“^. 

(Hi) The weights are positive. 

Proof. It is left to prove (ii), but this inequality follows from (6.58), which holds 
for r > 3, together with the initial value = 2{p + 1). □ 

Remark. A product Gaufi quadrature is always positive and exact on 
such that our original problem is solved. The minimum number of nodes, in the 
sense of Corollary 5.30, which occur necessarily in every quadrature which is exact 
on is given by 

iv; = dimples'-!). 



It is worthwile to compare Mf and Nf. 


. Actually we get 




Ml 


< 






Ml 


< 


2Nl, 


(6.59) 


m; 


< 

r.j 


{r-lV-Nl, 





for r > 2 and ^ oo, see (4.2). In general the number of nodes is far less than 
the number promised by Theorem 5.31. 

Reduction to Simplices 

Let / denote the surface integral on again. IF vanishes, if F(xi, . . . ^Xr) is 

odd with respect to any of the variables We say F G C{S'^~^) is totally even^ 
if it is even with respect to all of the variables, i.e., if 

F(. ..,-x^,...) = F{...,x^,...) 
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holds for 1 / = 1, ... ,r. A function F is always the sum of a uniquely determined 
totally even part G G and another part which is odd with respect to at 

least one of the variables. G can be represented in the form 

G{x\>) X2’) • • • •) — 2 ^ ^ F {F-X\^ • • • ; diX-p). 

± 

Here the sum is extended over all of the 2^ possible combinations of the signs ±. 
By our remark from above it follows that IF = IG holds. 

For even degree, say for p replaced by 2p, i.e., for F G we can write 

G in the form 

G(^X\ , . . . , Xrp^ Fl{x^ , . . . , Xrp) , 

where H G The simplex is defined in Section 1.1. Moreover, let 

us introduce the positive sector of 5^“^ by the definition 

s;:^ := {x e S’--! I X > 0}. 

Then we get, using the symmetries of S'^~^ and the substitution := x^ for 
= 1, . . . , r, which maps bijectively onto the simplex 

IF = J F(x)da;(x) = 2^ J G{x)dio{x) = j H(u)— ^ ^ 

Sr-l gr-1 E-1 

So we obtain a quadrature on for the integral 7, if we evaluate the 

integral J with the help of a quadrature on If this is interpolatory, 

for instance acting on the equidistant grid, which is a fundamental system by 
Theorem 5.44, then the number of nodes which are used in the evaluation of JH 
is given by 

dimlP'lS’-) = 

see (5.92). However, each single evaluation of H makes 2'^ evaluations of F neces- 
sary. On the other hand, some of these nodes coincide. We formulate this result 
as a corollary to Theorem 6.19 and to Theorem 5.31. 

Corollary 6.20 (Number of Nodes in a Quadrature on JP2^{S^~^)). For r >2 and 

p G INo a quadrature exists on JP'2i^{S'^~^), which uses at most 

K ■■= y 2'^' 

nodes, where NJ^ = dimP^(*S'^“^). 

Remark 1. For r > 3 the number of nodes occurring in Corollary 6.20 is asymptot- 
ically far less than in a product Gaufi quadrature, see (6.59). However, the weights 
need not be positive. 
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Remark 2. The number of nodes can be reduced further by writing JH as an 
integral on the domain instead of For the definition of see 

Section 1.1, again. By an affine linear transform, E^~^ can be mapped to a 
regular simplex in where additional symmetries are available to be used in 

the construction of a quadrature. See Grundmann and Moller [23]. 

Remark 3. In order to describe the exact minimum number of nodes, which is 
necessary in a quadrature, it is favourable to use the theory of polynomial ideals, 
see Moller [36], [37]. 

Quadrature on Extremal Fundamental Systems 

Interpolatory quadratures for which are supported by an extremal fun- 

damental system have been investigated numerically by Reimer and Siindermann 
[56] and by Sloan and Womersley [67]. Up to the degree ju = 128, the calculated 
weights were positive, but a general proof has not yet been found, except for the 
case /i = 2, but arbitrary r, see Reimer [50]. In practice these quadratures are very 
precise. However, in comparison with a product Gaufi quadrature, the calculation 
of their nodes is expensive, such that their use is limited to the case where the 
nodes are accessible in tabular form. 

Quadratures on Subspaces of 

The surface integral of vanishes for all odd functions. So quadratures which 
* 

are exact on make sense, only, if /x is even. If fi is even, such a quadra- 
ture can be identified with a quadrature on a space where is a 

hemisphere^ defined by := {x G 5^"^ | ex > 0} for some e G S^~^. We do 
not pursue this idea in detail, but refer to Bannai and Damerell [4], who proved 
the nonexistence of so-called tight antipodal spherical designs, which corresponds 
again to the nonexistence of a corresponding Gaufi quadrature. 

For quadratures based on extremal fundamental systems we refer again to Reimer 
and Siindermann [56]. 

* 

Quadratures for the subspaces /x G IN, are useless, again since the 

integral vanishes on them — similarly for the spaces m G INq, except 

all components of m are even. 



6.5 Geometry of Nodes £md Weights in a Positive 
Quadrature 

In the following, I is again the surface integral of while 

M 

i 

i=i 



(6.60) 
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is a quadrature on r e JN \ {1}, /u e IN, with positive weights, and 

supported by a node system T = {ti, . . . ,tMj, tj ^ S^~^. In principle we are 
allowed to assume, without loss of generality, that the restrictions of the evaluation 
functionals 

EjF = F{tj), 

j = 1 , . . . , M, onto are linearly independent, where we recall the reduc- 

tion method used in the proof of Theorem 5.31. But in what follows we consider 
problems only where such an assumption is not necessary. Actually, our aim is to 
show that a positive quadrature is always accompanied by a covering of the sphere 
by M small caps, and by a very regular distribution of the weights. Recall that a 
cap is defined by 

C{t,a) := {x e I xt > cos a} 
with t G and a > 0. 

Theorem 6.21 (Quadrature and Covering Radius, Reimer, Yudin). Let r G IN \ 

{!}, p eJN, and assume T = {h, . . . supports a positive quadrature I on 
Then 

M 

r-2 

holds, where Xia,i 'Is the lowest positive zero of 0^“^ (cos0). This is equivalent to 

p{T) < 

Proof. In view of (4.12), rj := cosX/x,i is the greatest zero of G := GJ), i.e., of the 

* 

reproducing kernel function of In particular, G(^)/(^ — 77) is a polyno- 
mial of degree p — 1. So we get for arbitrary x G using orthogonality, 

G{tx)^^^^duj{t) — 0. 

Now assume the first statement to be false. Then an xq G S'^~^ exists which is 
contained in none of the caps, i.e., such that tjX^ < rj holds for j = 1, . . . , M. It 
follows that a neighbourhood Uo of xq in IR^ exists such that 

tjX < T] 

is valid for j = 1, . . . , M and all x G % fl S^~^. Evaluating the integral with the 
help of /, we get for all x G % fl 
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which implies G(tjx) = 0 for j = For instance, G(tiXo) = 0 holds, 

implying ti ^ xq. So there is a 

uq G n span{xo, ti} 

satisfying = 0 and hence (tiXo)^ + = 1* Now let 

x{(j)) := xq • cos 0 + uo • sin 0 
for (j) eJR. Then there is an e > 0 such that 

x{(f)) eKo^i S'^~^ 

holds for — 6 < (/) < e, which implies = 0. Therefore, 

tix{(f)) = (tiXo) • cos(/) 4- (tiuo) • sincf) 

is a zero of G, and as a continuous function it must be constant for —e < (j) < e. 
This implies = 0 = in contradiction to our result from above. So our 
assumption was false, and 

M 

j = l 

is valid. In view of Definition 6.3, this is equivalent to p{T) < x^,i, and the theorem 
is proved. □ 

Theorem 6.21 can be interpreted in purely geometric terms. Actually, in view of 
Theorem 6.19 the following corollary holds. 

Corollary 6.22 (Number of Small Caps which Cover the Sphere). For all r G 

IN \ {1} there is a number Cr > 0 with the following property. For a// // G IN there 
exists a covering of by M[r^p) spherical caps of radius where M{r^p) < 

Cr • • 

Proof. With the help of Theorem 2.11 we get 

lim 

H—^oo 

where a = ^ . It follows that a constant 7 r > 0 exists such that 

/i • X/i,l < 7r 

holds for all /i G IN. Now we choose G IN so large that ^ 7 ^ ^ f is valid. Then 
we obtain from the last inequality, by replacing p by 

7T 

X.M,1 < ^ 
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for all /i G IN. Now let T = {^i, . • . , ^m} support a product Gaufi quadrature on 
with M = nodes. Then Theorem 6.21 yields 

M M 

S"-'cUc(ii,x.„,i)cUc(f„^), 

j=l ^ 

where the number of nodes satisfies 

see Theorem 6.19. Now it is easy to see that a constant > 0 exists, such that 

holds for arbitrary /i G IN. With M(r^p) := the statement of the corollary is 
true. □ 

In the following we investigate the distribution of the weights of a positive quadra- 
ture, where we consider the nodes to be weighted by the map 



T 3 tj I — > Aj G IR-|- 



Lemma 6.23 (Weight Distribution (I)). Let r G IN\{1}, p eJM, K := ^j^C^ , and 



let -0^4 denote the lowest positive zero of (cos0). Then the following is valid. 
If I is a positive quadrature on with nodes o.nd weights 



Ai,. . . ,Am, then 



E 

tj£C{x,'ip) 



Aj < 



[^(COS0)]^ ^(1) 



(6.61) 



holds for 0 < 0 < 0^^i and all x e S'^ where K := K/K{1) = . 



Proof. First recall that a positive quadrature is characterized by positive weights, 

* 

and that K is the reproducing kernel of So we get for all x G 



M 
J=1 



{tjX) 



/ 



K\Yx) = K{\). 



By the assumption on 0, iT(cos0) is monotonically decreasing for 0 < 0 < 0, 
which yields 



0 < iT^(cOS0) X; A, < ^ A,K\t,x)<K{ll 

tjE.C{x,'ip) tj^C{x^'il;) 



and (6.61) follows immediately. 



□ 
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Theorem 6.24 (Weight Distribution (II), Reimer). Let r G IN \ {1}. For // G IN 

r-2 

let Xfi,i denote the lowest positive zero of 0^“^ (cos0). Then a constant Cr > 0 
exists such that for all /a E IN \{1} the nodes tj and weights Aj of every positive 
quadrature on satisfy 

E ^ 71^ (6-62) 

tjeC{x,Xfi,i) 

for all X G S'^~^ . 

Proof. By the notation of Section 2.6, i is the lowest positive zero of C^(cos(/)), 
and is the greatest zero of itself. This is a monotonically decreasing 

function of A, see Szego [73], Theorem 6.21.1, (6.21.3). So we get 

= <.1 < V’.T < 4i. 

where we used (2.8) in the evaluation of Now we return to the notation of 
Lemma 6.23 and of Theorem 6.24, and obtain 

^ < X/x,i < (6-63) 

In particular we may apply Lemma 6.23 with -0 XuA 

E 

tjec{x,xn,i) 

where 

R{r,fj.) Wr-i [c^(cosX/x,i) 

Here K{1) has been evaluated by means of (4.6) and of (4.1). Moreover, Theorem 
2.11 yields 

Xm,i ~ (6-64) 

P 2 

for /i ^ 00 . Finally we use Theorem 2.8 and Theorem 2.6, and obtain 

(cOSX;U,l) = > 0. 

It follows that 

lim ^^“^i?(r, /i) > 0, 

fl^OO 

and since /i’^“^i?(r, /i) is positive for all /x G IN, a positive constant exists such 
that 

• R{r,fi) < Cr 

holds for all /i G IN. This finishes the proof. □ 
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Remark. For spherical designs, Theorem 6.21 was known to Yudin [76]. An in- 
equality like (6.62) occurs as the regularity condition in the work of Sloan and 
Womersley [65]. The first proof that it holds always of itself is given by Reimer 
[54]. 

Theorem 6.21 says, in view of (6.64), that a positive quadrature never leaves a 
larger hole on the sphere free of nodes, while Theorem 6.24 says that there are 
never too many weighted nodes on it. We make this more configurative by the 
following corollary. 



Corollary 6.25 (Weight Distribution (III)). Assumptions and Cr as in Theorem 
6.24- Then for a// /i G IN and all x G 5^“^, the weights and nodes of all positive 
quadratures onJP 2 ^{S^~^) satisfy 



E ^ 

^3 ^ ) 



Cf 



(6.65) 



Proof. Because of (6.63) we get 



E ^ 



E 

tjec{x,xn,i) 



and (6.65) follows from (6.62). □ 

By a combination of Theorem 6.21 and of Theorem 6.4, we investigate in what 
follows the sum of the weights which belong to a larger cap. We begin with the 
following lemma. 

Lemma 6.26 (Number of Small Caps Covering a Large Cap). Let r G IN \ {1, 2}. 

Then a constant kr exists, such that for all p e IN the following holds. Every 
spherical cap of radius 0; ^ ^ f ; can he covered by caps of radius ^ whose 

number does not exceed the value /c^(/isin0)^“^. 

Proof. Let /i G IN, and assume the cap to be covered has the center x G 
which is, geographically speaking, the ‘pole’. The ‘equator’ 

:= {u G I ux = o} 

is a unit sphere 5^“^. So we can cover it for every k G ,2//} by := 

m(t - 1,3(2/^ + 1)^ caps of radius Corollary 6.22. Now assume the 

centers of these caps to be the points 

€ 55 -'. (6.66) 

Then the following holds. For fixed k G 2/it} and u G there is some 

/c G {1, . . . , such that 

cos ^ — — < UUu < 1 (6.67) 

6{2k + 1) - ^ ^ ^ 



is valid. 
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Next we define a partition of the interval [^, f ] by introducing the angles 



K7T 



i)f^ .— , K — 1, . . . y 2/i, 

All 



and the midpoints 



• — 2 — 



{2k, + 1)7T 

Sfl 



, k = 1 ,..., 2 ii- 1 . 



After that we keep k e {1, . . . , 2// - 1} temporarily fixed. The geographical ‘zone’ 

c{x, ^K+ij \ c{x, ( 6 . 68 ) 

consists of all t G with a representation 

t = X ' cos (/) + u • sin (/), 

where u G ux = 0, and 

0/^+1- 

In particular it contains the points 

tj := x-cos0^+u^-sin0^, j = 

Now let t be an arbitrary point of the zone (6.68) again. The corresponding u 
satisfies (6.67) for some fc G {1, . . . , M^}. We want to estimate the trigonometric 
distance between t and To this end we introduce the intermediate point 

t := X ' cos 0^ + u • sin 0^. 

In view of the inequality |0 — 0^| < ^ and of (6.67) it satisfies the following 
inequalities, 



— = 2{l — tt) = 2^1 - cos(0 - 0^)^ = 4 s 



^2 

2 



^2 7T 



= ‘^{^-ttk) = 2sm^(j)^- {l-uul^ < 2sin2</>^ • (^1 -cos g( 2 ^) 

< 4[ 



A • 2 (2«:+l)7r • 2 tt 

4sm 12(2^ 



7T ^ 7T 

12 ' 7T 16/LX 



^ 4sin2j|^, 



and by the help of the triangular inequality we obtain 



l-«fc < 4(1- cos < 4(l-cos2^) 

= 2(1- cos < 2(l-cos2^) 



— 1 — COS 



2m’ 



This implies 
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and it follows that > cos and hence t G ^). 

In other words, the zone (6.68) is covered by the caps C{tj^^),j = 1, . . . , It 
follows that 

V 

C{x,^^+i)\C{x,(f>i) = U (C{x,<l>^+,)\C{X, <)>,)) 

K,= l 

U 

is covered, for i/ G {1, . . . , 2/i- 1}, by caps of radius and since C(x, (j)i) 

is contained in C(x, ^), we can cover C{x,(j)jy-^i) by 

V 

1 + 

K=-\ 

caps of radius ^ , in total. 

Next we recall the definition of and get with the help of Corollary 6.22 the 
following estimates, 

V 

K=1 K=1 

Now it is obvious that a constant G IN exists such that 

K=1 

holds for all 1/ G {1, . . . , 2/i — 1}. 

We turn to the last step of the proof. For /i = 1, nothing has to be proved. So let 
/i > 2 in what follows, let 0 G f ] be given, and define 

z. := r^l-1, 

which is a number contained in {1, . . . , 2^u — 1}. Because of 

c{x,<j)) C 

we can cover C{x^(j)) by at most 

sin ^ 

caps of radius , as claimed. □ 

Lemma 6.26 enables us to estimate also the weight sum of a positive quadrature 
in an arbitrary cap, where it is convenient to use the following definition. 



1 
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Definition 6.6 (Weight Sum Function). Let I be a positive quadrature with nodes 
tj and weights Aj. For x G S'^~^ the weight sum function : IR IR 25 defined 
by 

0 for </) < 0 , 

Ax{(t>) := < E Aj for 0<(l)< IT, 

tj EC{x,(f)) 

^ Ajj{7r) for (j)>7r. 

The weight sum function A^ is piecewise constant, monotonically nondecreasing, 
and right-side continuous. In particular, it is integrable in the sense of Riemann- 
Stieltjes, where we define the inproper Riemann-Stieltjes integral of / G C(IR) on 
the interval [a^jS] by 

(3 (3 

j f{4>)dA{4>) := j f{4>) dA{4>). 

OL OL — e 

This definition guarantees that the equation 

(3 

f f{<t>)dA{<t>) = 

Q, cos a<xtj <cos (3 

holds for 0 < a < < 7T. 

The weight sum function is subject to the following theorem. 

Theorem 6.27. Let r G 1N\{1, 2}. Then a constant exists such that for all /a E IN 
the following holds. For all positive quadratures on ^ ^ , 

the weight sum function A^ satisfies 

Ajj{(j)) < ar{sm(j)Y~^ 

Proof. By Lemma 6.26 we can cover C(a:,(/)) with at most kr{fxsm(t)Y~^ caps of 
radius The contribution to the weight sum of each of these caps is estimated 
by CoroUary 6.25. Together this yields 

Ax{(l)) < kr {fi sin (fY = a^(sin(/))^“\ 

with the constant ar '= Crkr- □ 

Remark. Note that Ax{(l)) < yprr holds for 0 < 0 < ^, see Corollary 6.25. Note 
also that the bound of Theorem 6.27 does not hold for </> = 0, if rr is a node. 
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6.6 Hyperinterpolation on the Sphere 



In Section 6.3 we discussed the question whether interpolatory projections : 
of all degrees exist, whose Lebesgue constants ||A||oo 

grow at the order of the minimal projection norms ||II^||oo, which is We 

mentioned that for r > 3 this question is not yet answered. So it is important to 
know that hyperinterpolation, to be introduced in what follows, is a generalisation 
of interpolation, which shares with it the advantage of an easy evaluation, but 
realizes simultaneously the growth order of the minimal projections, though at 
the price of some additional evaluations. This favourable detour was suggested 
first by Sloan [63]. 

The basic idea of hyperinterpolation is to evaluate the orthogonal projection (6.5) 
by a positive quadrature 

M 

4 = (6.69) 

i=i 

which is exact on We do not specify that the node system T = 

{^ 1 , . . . , ^m} and the weights Ai, . . . , Am > 0 depend on /i. With the abbrevi- 
ation K = rj^ and the kernel functions Kj = K(tj • ) the resulting linear operator 



is given by 

M 

[l^f){x) := '£A^F{t,)K,ix) 

for F G and x G S^~^. Note that ||F||oo < 1 implies 



{l,f){x) 



M 



< 









(6.70) 



for X G 5^ Writing Aj = ^J~Aj • we obtain 




< 



where we used (4.6) with N — NJ^ = 
operator with uniform norm 



M M 

i=i 3=1 



Ldr-l 



j K^{tx)du{t) 



Sr-l 

LUr-l • K{1) = N, 

dimPJ^(S'^“^). So is a bounded linear 



|l4lloo <Vn = c?(/i^) 

as /i — ^ oo. 



(6.71) 
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Next let F G ^). Then the evaluation of the integral (6.5) is exact, and we 

get L^F = = F, where we used that 11^ is a projection. Hence is also a 

projection. 

Finally assume that is a Gaufi quadrature (though such a quadrature exists, as 
we know, in particular situations, only). Then, by Theorem 6.16, T is a fundamen- 
tal system, the weights are all equal to 7 ^? and Kj = K{l)Lj holds. Together 
this yields 

In other words, is the interpolatory projection belonging to the funda- 

mental system T. This justifies the following definition. 

Definition 6.7 (Hyperinterpolation). A projection defined in (6.70) by a posi- 
tive quadrature on is called a hyperinterpolation operator 0 / degree 

/i. 

We put emphasis on the fact that hyperinterpolation operators of all degrees 
p G INo exist. For instance, it is possible to define by means of a product 
Gaufi quadrature, see Theorem 6.19. The bound occurring in (6.71) holds also for 
interpolatory projections if they are supported by the nodes of a Gaufi quadrature. 
For, in this case the eigenvalues of the fundamental matrix are all equal, see 
Theorem 6.16, {iv), and our statement follows from Corollary 5.20. Nevertheless, 
the problem is just the existence of Gaufi nodes, see Theorem 6.18. 

It was not difficult to derive the bound of (6.71). But this bound still fails the mini- 
mal projection order by To get the optimal order requires a deeper investigation 
of hyperinterpolation operators. 

Theorem 6.28 (Hyperinterpolation Norm, Sloan and Womersley, Reimer). Let 

rGlN\{l,2}. Then a positive constant exists such that for a// // G IN 

/s r — 2 

||F^ ||oo 'Jr ' P ^ 



holds for all hyperinterpolation operators of degree p. 
Proof. For F G ||F|loo < 1, we get from (6.70) 




< 5] Aj\K{t,x)\+ ^ A,\K{t,x)\. 

tjec{x,^) —tjec{x,^) 



(6.72) 



The second sum has the form of the first one, except that it belongs to the quadra- 
ture where all nodes are replaced by their complement. This is again exact of degree 
2p. So it suffices to estimate the first sum, but this for an arbitrary hyperinterpo- 
lation operator. 
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Let us decompose this sum as follows, 

^j\K{tj<r)\ = Eo + Si, (6.73) 



where So is defined by 



Eo := Yj 

while Si is the corresponding sum which is extended over all tj G C(x, |) \ 
(7(x, ^). Using (1.23) we can estimate the first sum in the form 

So < K{1) Y 

and in view of (4.6), (4.4), and (6.65), some constant dr^o exists such that 

So < dr,o (6.74) 

holds, independently of the value of p. 

With the help of the weight sum function see Definition 6.6, the second sum 
can be represented by the Riemann-Stieltjes integral 



2 

El = y \K {cos 

2/j, 



Now we estimate 




see (4.30), by means of Corollary 2.10, and get, with some constant 

\K{cos(l))\ < dr^i'P~^ ' {sm(f))~^ (6.75) 

for 0 < < 7T. Inserting this above we obtain 



Si ^ d' 



T,1 ‘ P 



2 

j (sin (A)' 



''^dA^{4)), 



2ax 



and integration by parts yields 
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Here we may estimate Ax{^) above by 

M . 

= / dhj{(t>) = LOr-l, 

J = 1 5r-l 

and Ax{(l)) by the bound of Theorem 6.27. Together this yields 

Si < dr^l ' ' ^Ldr - 1 ^ ttr J {sin (f))^ COS(/)d(^|, 

and in view of (6.73) and (6.74) it is now obvious that a constant 7 ^ exists such 
that 



Y1 ^ ■ 

^^(^5 "2 ) 

It follows from (6.72) that \{L^F){x)\ < "ir holds for all x E which 

finally yields 

for all F G (7(S'^~^) with ||F||oo < 1- This finishes the proof. □ 

Remark 1. If hyperinterpolation is supported by the nodes of a product GauC 
quadrature, then the number of nodes does not exceed the value 2{p + 1 )^~\ see 
Theorem 6.19. 

Remark 2. In an interpolatory quadrature, the average weight has the value 

1 ^ 1 

_ A — ^ 

" ~W ~ K{i)’ 

In view of (6.60) it is worthwile to introduce the weighted kernel functions Kj = 
Kj/K{l). Along the hypercircle tj coscf) + Uj sincj), tj J_ Uj G the weighted 

kernel function Kj takes the form 

r;(cos 0 )/r;(i). 



See Figure 6.1. 
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Figure 6.1. Hyperinterpolation: Weighted Kernel Function (cos(/))/rg (1), 
in Dependence on the Geodetic Distance (j) from the Pivot Node. 



6.7 Summation of Laplace Series 

In the preceding section we considered projections, only. We succeeded in the con- 
struction of discrete projections whose Lebesgue constants are growing not faster 
than the order of the minimal projection norms. So far they are favourable, though 
pointwise convergence in the uniform norm remains excluded by the Theorem of 
Banach-Steinhaus. This means that convergence takes place only under additional 
assumptions on the approximability, or smoothness, of the function which is to be 
approximated. In what follows we depart this setting by making the Laplace se- 
ries of a spherical function subject to a summation method. The result is linear 
operators, but in general no projections, which meet the following three claims, 

• they are positive operators, 

• their evaluation is easy, 

• they converge pointwise in the uniform norm. 

The second and third claim need not be explained. The first one is necessary 
to make sure that the approximation preserves the order, and eventually even 
the shape of the approximated function. Interpolation and hyperinterpolation fail 
this aim for /i G IN, as the Lagrange elements Lj and the kernel functions Kj, 
respectively, change the sign. 

Positive Polynomial Operators 

Let r G IN \ {!}. For F G we consider the Laplace series 

oo 

LF = 

1^=0 
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see Section 6.1. It converges to F in the L^-setting, i.e., in the average. But in 
II • Hoc the partial sums 

n^F = 

iy=0 

may happen to diverge, see Theorem 6.6, and it is impossible to get a better result 
by any other sequence of projections. For this reason, we consider in what follows 
mean values from the orthogonal projections Hq, . . . , of the form 

L^F = ^a^MuF (6.76) 

u=0 

for /i = 0,1, — Note that is formed with the aid of the p-th row of the 
subdiagonal infinite real matrix 

A = (o'lMyj 

Obviously, whatever the choice of A may be, by (6.76) a sequence of bounded 
linear operators 

^ M e INq, (6.77) 

is defined, and we ask for conditions under which it converges pointwise in the 
uniform norm. 

With the help of (6.4) we get easily the representation 

(L^F)(x) = J F{t)K^{tx)du;{t), (6.78) 

where the kernel is defined by 

:= e F^. (6.79) 

i /=0 

Note that L^l = a^o holds. So it is reasonable to assume a^o = T without 
restriction of generality if convergence is required. The kernel plays a main role in 
the following theorem, which meets our claims from above. 

Theorem 6.29 (Pointwise Convergence of the L^). Let r G IN \ {1}, and assume 
the infinite real matrix A = (a^i,) satisfies the following assumptions. 

{%) = 0 for e INo, > p, 

(a) OnQ = 1 for p G INo, and lim Oni = 1, 

(in) > 0 for - 1 < ^ < 1, /i £ INq. 
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Then the operators L^, p e 'No, defined by (6.76) or (6.78), respectively, are 
positive and pointwise convergent to the identity in the uniform norm. Moreover, 



holds for u = 1, . . . , p, p eN. 

Proof. Prom (Hi) it follows that the operators are positive. Moreover, by The- 
orem 5.4 the functions 1, xi, . . . , form a Korovkin set in In view of 

(4.12) the same holds for the functions Go, Gi(ex), e G But using (6.78) 

and (6.79) we get 

(l^Go) (x) = f Go{tx)K^{tx) du){t) = a^o ■ Go(x) 

Sr-l 

for X G where we used orthogonality and the reproducing property of Go 

with respect to the constants. Similarly we obtain 

(^L^Gi(e-)^(x) = J Gi{et)K^{tx)dw{t) = a^i • Gi{ex). 

Now we use assumption {ii) to get 

lim L^Go = Go, 

lim L^Gi(e-) = Gi(e-), 

/Li— >00 

both in II • I loo- Hence we get uniform convergence to the identity on a Korovkin 
set, and the remaining follows from Theorem 5.5, the Theorem of Bohman and 
Korovkin. 

Finally, for G IN and -1 < ^ < 1, we get from (2.16) 

1 ± G.^ (0 > 0, 

where equality is excluded almost everywhere. For fixed x G S'^~^ this implies in 
view of (6.79) 

0 < f K^{tx)(l±C^{tx)^ cko{t) = a^o±anK = 

Sr-l 

for K, = 0,1, . . . , p, which finishes the proof. □ 

Particular Summation Methods 

There are various summation methods available to realize the assumptions of 
Theorem 6.29. For a survey we refer to Beekmann and Zeller, [5]. Here we present 
two methods of particular interest. 
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Cesaro Method 

To a given real sequence ao, ai, . . . we consider the formal power series 

oo 

g{z) = 

i ^=0 

Formal means that we operate with it algebraically as if it converges in a neigh- 
bourhood of 2: = 0. Later the coefficients are to be identified with for 

instance. 

The partial sums 

‘ + <^^5 (6.80) 

// G INo, define the new power series 

00 

50 W = 

/i=0 



where 



00 

(1 - z)gQ{z) = + Y 



/i=l 



In other words, the partial sums are the coefficients of the power series 



= s = E 






/i=0 



Likewise we gain the partial sums 



af := ^ + <1 



for p G IN 0 from the power series 

9i{z) = 



gjz) 

(l-z) 



= E 

fj,=0 






and so on. So we generate the sequences {<7/^ A: = 0, 1 , . . ., by a repeated 

summation, where the elements of the fc-th sequence are the coefficients of 



gk{z) = 



g(z) 









( 6 ^ 81 ) 



Now we use (6.81) in order to extend the definition of to the case of an 
arbitrary k > —1. Comparing the coefficients of (6.81) and of 



9k{z) 



go{ 






(l-z) 



y=0 



K,=0 



(1). 



-2; = 









= 2:. 2. 



^=0 
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we get for arbitrary fc > -1 









^ . ^(0) 



(6.82) 



i /=0 



Temporarily we put g(z) := 1. This yields = 1 for £ INq, while (6.81) implies 

(fc) _ (fc+i), 

~ (1)^ 



. Inserting this in (6.82) we get the identity 



E 



1/ (fc ~h l)/i 






(1). 



which is of interest itself. It follows that the sum of the weights, which occur in 
(6.82), is different from unity, except for the case fc = 0. Therefore we put 



^ ' (fc + l)M^^ 



L ^(k) 



(6.83) 



in order to get a weighted mean. 

Definition 6.8 (Ces£u*o Means). For fc > -1 and p G INq, is called the p-th 
Cesaro mean of the partial sums ao H + of index fc. If 

lim 

) U — >-00 k ' 

exists, then is called the (C,k)-limit of the partial sums. It is written in the 
form 



Ak) 






1^=0 



Note that = ao + • • • + holds for p G INq. In the case of a general fc 

we get a similar result by inserting (6.80) in (6.82). It hats the form 



Ak) 






(6.84) 



K = 0 



(k) 

with coefficients to be determined in what follows. 

For a given u G INq we define g by g{z) := z^. This implies a^ = for G INq, 
and hence 



(1) 



M = Jk) . 

^ (fc + 1) 






where is the coefficient occurring with z^- in the expansion 



(fc + 1) 

il-,)k+i ( 1 )^ 



T = E 
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see (6.81). This yields hence 



^(fc) ^ (m~ ^ + l)i/ 

^ (fi — ly k l)iy 

for / 1 , 1/ G INo, ly < fi. We complete the coefficients by the definition 

•= 0 

for /i, G INo, V > fi^ and define the infinite Cesdro matrix of index k by 

■■= (cfj) 



(6.85) 



Cesaro Kernels and Cesaro Operators 

Let A: > -1. We identify 

A := C<‘^\ 

and define the Cesaro kernels Cesaro operators 

of index k by (6.79) and (6.78), respectively, and we ask for conditions to be put 

on k such that A satisfies the assumptions of Theorem 6.29. 

In the present case, the kernels are given by 






(6.86) 



i /=0 



for -1 < C < 1, and p G INq. We identify with G„{^), and s^^ .^vith 
respectively, both for fixed ^ G [-1,1]. Then (6.86) takes the form (6.84). In 
particular, we get 



GXJ CXJ ^ 

9o{z) = = E(E^-(o)^ 



/i=0 



/ j ,=0 i /=0 



The inner sum is well known from (4.28) and (4.30), and we obtain 



9o{z) = E(^M(0 + Cj_i(0)^'^ 

^ 1 n 



1 1 + z 

OJr-1 (1 - 2^2 + z2)i ’ 



see (2.3), (2.4), and recall Cf j = 0. It follows that 



g (^z) ^ _9o(^ ^ 1_+2 

(1-^)'= tOr-1 (l-z)'=(l- 2^2 + 22)5’ 

and we obtain the following generating function for the kernels, 



1 1 + 2 
' ( 1 - 2 )''( 1 - 2 ^ 2 + 22)1 



OO 



E 



(fc+i) 

(1)m 






(6.87) 



The crucial point is now, how can we determine the sign of the coefficients in the 
power series (6.87). The answer is contained in the following theorem. 




236 



Chapter 6. Approximation on the Sphere 



Theorem 6.30 (Kogbetliantz). For X > 1, k > 2\ - I, the coefficients 
p £ INo, in the expansion of 






1 z 

(1 - z)^{l - 2^Z + 






ljt=0 



are nonnegative for -1 < ^ < 1. 

Proof. Assume the statement is proved already for -1 < ^ < 1 and fc = fc 2A— 1, 
and let fc > L It follows from 






( 1-4 






11=0 



(1)^ / 



that is the product of two power series with nonnegative coefficients. 

Therefore its coefficients are also nonnegative. 



So it suffices to prove the statement for k = 2A-1, i.e., to prove that the coefficients 
of 






1 + 2 

(1_^)2A-1(i_2^^ + ^2)A 



CXD 






2 






are nonnegative for -1 < ^ < 1. For A = 1 this takes the form 



1 + 2 

{l-z){l-2^z + z^) 
see Section 2.1, and we get 



fi=0 






iy=0 



It follows that 



1 ^ / 

Aj^{cos(j)) = ^ f sin(i/ + !)(/) + sin = 
^ 1^=0 



\ _ 


sin(/i + 1)| 


) - 


sin f 



> 0 , 



see Problem 6.5, and the statement is true. Note that Aj^{cos4>) is, apart from a 
constant factor, the well-known Fejer kernel of degree fa. 

Next we assume A > 1, and write z) in the form 



fHcz) 



1 

(1 - z 2 ) A -1 



1 + 2 

(l-2)(l-2e2 + 22) 



1 A 



If A = z/ is an integer, then /^(^, 2 ) is again a product of power series with 
nonnegative coefficients, and the statement is true. 
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So it is left to prove the statement for \ = i/ -j- k, where n E IN and 0 < /^ < 1. In 
this case we write 






where 



h'^{^,z) 



1 1 

(1 - (l-2^z + z^)’^ 



OO 






By our result from above, the first factor gives rise again to a power series with 
nonnegative coefficients, and it suffices to prove the same for the second one. 

So let us investigate 2 :), which we write in the form 



1^=0 u=o 



see (2.3), (2.4). It follows that 



1/-0 

In view of Cg = 1 this yields 



i c-(i)+c«(o +^5: ic«(i).ic';_,(o. 



u=l 



Now we use (2.18), and obtain 



lim = 






> 0 



for /a E IN, provided ^ is no zero of the polynomial 1 + T^. 

Now let /i G IN be fixed, and let ^ E [—1, 1] be not the zero of any of the polynomials 
1 + Tiy, u = I, . . . , II. Then a j G IN exists such that 

> 0 



holds for = 0, 1, . . . , /i. Besides we can use the factorisation 

h'^itz) = hHtz)-hH^,z) 



to get 

iy=0 

By a repeated application of this formula we find that is a multivariate 

polynomial with positive coefficients with respect to 
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and we get > 0 almost everywhere in [-1, 1]. However, is a polyno- 

mial. So B^{^) >0 must hold for -1 < ^ < 1. Together with Bq (0 = 1, it follows 
that z) has a power series with nonnegative coefficients for — 1 < ^ < 1. This 
finishes the proof. □ 

Remark 1. For the original proof we refer to Kogbetliantz [29], where it is scattered 
over pp. 159-169. The presented proof follows the lines of [51]. 

Remark 2. Kogbetliantz proved also that the Lebesgue constants are 

bounded for k > , and unbounded for k < . 

Now we return to our original problem, and prove the following theorem. 

Theorem 6.31 (Positivity and Convergence of Cesaro Operators). Let r G 1N\ {1} 

and k > r — Then > 0 holds for —1 < ^ < 1. The Cesaro operators 

(r k) 

L)x ’ are positive and pointwise convergent in the uniform norm to the identity 
on C{S^-^). 

Proof. Let A = From (6.85) we get 

k 

a^o = 1 for /I G INo, = 1 for /i G IN, 

p + k 

such that the assumptions (i) and (ii) of Theorem 6.29 are satisfied. In view of 
(6.87), (Hi) follows from Theorem 6.30 with A = So all assumptions of the 
Theorem 6.29 are satisfied, and the statement is true. □ 

Corollary 6.32 (Operator Norm). Let r G IN\{1} and k>r-l. Then = 

1 holds for p G INq. 

Proof. In view of (6.78) we get, for F G ||i^||oo < T and x G 5^“^ 

< f dc.it) = = 1, 

Sr~l 

see (6.86) and (6.85). This implies HL^T’^^Hoo = 1, as claimed. □ 

A Summation Method Based on the Newman-Shapiro Kernels 

For z/ G INo let rjiy-i-i = cosXi/+i, 0 < Xiy-^-i < tt, be the greatest zero of The 
Newman-Shapiro kernels are defined by 

r 1 ^ 

= 9.+1 , ( 6 . 88 ) 

? “ Vi'+i 

where the constant is chosen such that 

f Kj[\tx)dujit) = 1 (6.89) 

5r-l 
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holds for X E S'^ ^ and p G INq. For arbitrary p G INq, is a univariate 
polynomial of degree at most p, which has an expansion 

(6.90) 

i/=0 



(r) 

with uniquely determined coefficients for z/ = 0, . . . , We extend their defi- 
nition by putting 

■■= 0 for ly > II. 

So we get a subdiagonal infinite matrix 



A(0 



^ ^=0,1,...' 



It defines a summation method, and by identification A = A^''^ , a sequence of linear 
operators is defined by (6.78) and (6.79), which we call the Newman- 

Shapiro operators. These operators have been used by Newman and Shapiro [40] 
in order to prove a Jackson type inequality for the sphere, which will occur as a 
corollary in Section 6.9. However, the operators are also good in our actual setting. 



Theorem 6.33 (Newman-Shapiro Operators). Let r G 1N\ {!}. Then the following 
holds. 

(i) The Newman-Shapiro operators L^f"^ are positive and in the uniform norm 
pointwise convergent to the identity on 

(a) The elements of the matrix satisfy a^o = 1, and 



0 < < 1 



for 1 / = 1, . . . ,/i, /i G IN. 

(Hi) For z/ G INq the constant in (6.88) is given by 

9u+i - J 

Sr -1 



Giy-^l {tX^ 

tx - 



du){t) = 



(2u -h r)^ 
o;^_i(z/ + l)sin^ 



/z/ -h r - 2\ 

V ^-2 ; 



Proof, (i) It suffices to consider the case p = 2z/. In view of (6.88) and (6.89) 
the constants are positive, and so the kernels are nonnegative, such that the 
assumptions (i) and (Hi) of Theorem 6.29 are satisfied. In particular the operators 

/ \ * 

Ljf are positive. Moreover, inserting (6.90) in (6.89) and using 1 G IHq, we get 

= 1- (6.91) 



* 

Because of ( • a;) G IH^, we get likewise 

= j {tx)Kl[\tx)duj{t). 

Sr-1 
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Together with (6.89) this yields 

gr-l 

= / G.+,{tx) duj{t) = 0, 

J tx- 

Sr-1 

again by an orthogonality argument. It follows that 

(6-92) 

r-2 

Now recall that = cosXi/+i is the greatest zero of and hence of . 

By Theorem 2.11, 

Xi^+I ~ • ^ 7 ^ (6-93) 

holds for z/ ^ 00 . This implies 

= 1 - 2 ■ iLi 1 • ^ + (6.94) 

as /i ^ 00 . Together with (6.91) this yields that the assumption (ii) of Theo- 
rem 6.29 is also satisfied, and the convergence of the operators follows from this 
theorem. 

(ii) It suffices again to consider the case /i = 2i/. So let A := and x G S^~^. 
Using (1.27) we get 

1 

G.(l)= J Gl{tx)Mt) =^r -2 1 Gl{^{l-e)"^d^ = ^r- 2 [Gu,G,]x, 

Sr-1 -1 

with the inner product [• , -]a defined in Section 2.3. So the polynomials 




are orthonormal, and the formula of Christo ffel-Darboux^ see Theorem 2.4, takes 
the form 



where the leading coefficients ky of Pj, are positive. Inserting p := we get 

Giy+i(0 _ V Gy-\-i{l)Giy{l) ^ G^(^)G/^(ryt/+i) 

^-ri^+i K Gy(r]^+i) Gk(1) 



ky Gu+i{0Gy{rj) - Gi,{^)Gpj^i{rj) _ GK,{i)Gn{rj) 
ku+i “ ri)x/ G^4-i(l)(?iy(l) ^«(1) 



(6.95) 
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where it follows from the interlacing property of the zeros of orthogonal polyno- 
mials that 

> 0 

holds for 0, 1, . . . , i/. In other words, 



^ - Vu+l 



K=0 



holds with well-known positive coefficients and we get 



l> u 

= 5.+1 • G.(0G.(0. (6.96) 

i=z0 K, = 0 

Finally we use the linearisation formulae of Rogers and Ramanujan^ by which 

r — 2 r — 2 — 2 

Ct'^ ' is a nonnegative linear combination of the polynomials 

r-2 

, see Gasper [20] . We bring them to the form 



GiG^ — 



[l “h A)(k -|- A) 
T2 

UJrp—lA 
min{i,K} 

E 



(A)fc {^)i — k (A)/t — fc — 2fc L-\-hi — k 



k=0 



(l)/e {^)i-k (l)/t-/e (2A)t+^_2/c (A + 



' G,Mk,- 



L-\-K — 2k 1 



which is more convenient in our context. Obviously, replacing the products 
in (6.96) with the help of these formulas, it follows, together with g^j^i > 0, that 
all coefficients in the expansion (6.79) of the kernel are nonnegative. 

The upper bound for the a^ff} follows from Theorem 6.29. 

(Hi) By definition. 






-I 



G^+i(tx) 
_{tx) -ry^+i 



duj{t) 



holds for arbitrary x G Using orthogonality and the reproducing property 

of the G^ we obtain from (6.95), 



9^1 



ki/+i 

K 



GuiVi'+i) G«(l) 



Using (6.95) once more, but with ^ tending to we get 



9uh 



ky 



\J Giy+l(l)Giy(l) 



G^_^i(y/t,4-i) 

Gjy{r]j^^i) 
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kjy is the leading coefficient of i.e., of 

which we evaluate with the help of (2.13) and of (2.5), if r > 3, and with the help 
of (2.8), if r = 2. In both cases we obtain for G IN, 



_ I Gjy-\-i{l) 2i/ + r — 2 
K y Giy{l) u + r -2 ’ 



and hence 



_ 2i/ + r-2 ^ G^+i(r/^+i) 



u + r -2 

For r > 3 this yields in view of (4.13), 



Gy{r)y 



+ij 



1 ^ (2v + rf 



(r-2)wr_i 

Finally we use the differential equation 



(i/ + r-2)Gi,^ 



(1 - = -{v + + (i. + r - 2)ci" , 

which holds for arbitrary r, see, e.g.. Problem 2.2. For ^ := it provides us with 
a simple expression for the derivative, and inserting this above we get, together 
with (2.13), 



{2v + rf ^ (r - 2)^+1 ^ 1 

(r - 2 } wr-i (1)^+1 1 - 772+1 

(2z/ + r)2 1 /i/ + r — 2\ 

ojr-isin^ Xi'+i (^ + 1 ) \ ’’“2 J’ 



as claimed. For r = 2 we get the same result, again by (4.13), which takes now 
the form Gi^ — see (2.8). 

So it is left to consider the case u = 0, i.e., to evaluate But in this case we 
get 



Gi(0 



r 



Cdr—l 






both for r = 2 and for r > 3, where rji =0 and and we get 




Sr-l 



again as claimed. This finishes the proof. 



□ 
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Numerical Evaluation of 

If the -summation method is to be applied in practice, all depends on a safe 
calculation of the submatrix needed. 

So it is important that the which occur as the coefficients in the represen- 
tation (6.90) of the kernel, can be generated by ‘linearisation’ of the right side 
of (6.96) by means of the formulae of Rogers and Ramanujan. This seems to be 
a rather complicated process. However, in spite of the large number of arithmetic 
operations, which is required in the evaluation of some of the first submatrices of 
A^^\ this is a numerically very stable method. For, the coefficients occurring in 
the formulae of Rogers and Ramanujan are large products, whose numerical eval- 
uation has the utmost stability with respect to the relative error. Moreover, the 
a)jil occur as the sum of many, but positive elements, whose numerical evaluation 
can be performed again by a very stable algorithm. 

A Comparison of the Cesaro and of the Newman-Shapiro Operators 

Assume A is one of the Cesaro matrices, or the Newman-Shapiro matrix, while 
the are the corresponding operators (6.78). In both cases we get a^o = 1 and 
hence L^l = 1 ior p e INq. Next let e G S'^~^. We define F by F{x) ex for 
X G S'^~^. Then we get from (6.78) and (6.79), 

F{x)~ (^Lf,F^{x) = {l-a^i)F{x) 

for X G 5^“^, and hence 

||F - L^FlIoo = |1 - 
In the Cesaro case A == C^^^ we obtain 

k 

1 - = — -y for ^ G IN, 

see (6.85). In the Newman-Shapiro case A = A^^^ we get 

1 - a^i - 2 • fr-3 . • ^ 

for p oo, see (6.94). So the operators differ in their behaviour essentially, namely 
by satisfying 



||F — L^^^F||oo ^ in the Cesaro case k ^ 0, 

||F — L^F||oo ^ in the Newman-Shapiro case, 

both for // — > oo. In the Cesaro case k ^ 0, and in particular in the case k > 
r — 1 where the operators are positive, a simple function such as F cannot be 
approximated better by F than at the order F Nor does it help to impose 
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further conditions on the function, like smoothness of any order, since F has 
already all desirable properties. For this reason, the Cesaro methods are said to 
be ^-saturated. Likewise the Newman-Shapiro method is -^-saturated. 

Remark. By a theorem of Korovkin, it is already in the univariate case impossible, 
to obtain by positive polynomial operators a better saturation order than - 3 , see 
Lorentz [34], p. 94. We investigate the approximating behaviour of the Newman- 
Shapiro operators in more detail in Section 6.9. 



6.8 Generalized Hyperinterpolation 



In this section A = ( a,ni^ ] is an arbitrary, but fixed matrix which satisfies 

the assumptions of Theorem 6.29. By (6.78), this means by 

{L^F){x) = I F{t)K^{tx)cLv{t), 

Sr-1 

it defines a sequence of positive linear operators 
11 G INo. 

Now let us combine this sequence with a sequence of positive quadratures 

M 

j=i 



ji G INo, where is exact of degree 2 /x, and to be used in the evaluation of the 
defining integral of Then we obtain a sequence of discrete operators 

which have the form 

M 

[l^F^x) = J2AjF{tj)K^{tjx) (6.97) 

j = l 



for p G INo, F G C{S'^ ^), and x e S'^ L We do not specify that M, the weights 
Aj, and the nodes tj G depend on p. 

Formally (6.97) agrees with (6.70), i.e., has the form of a hyperinterpolation 
operator. In particular, in case of the matrix 



A = = 




1 

1 1 



\ 



VI 



1/ 



1 



1 
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it follows from (6.79) and (4.28) that = Ylu=o ^ holds, such that the 
are, actually, hyperinterpolation operators. This justifies the following definition. 

Definition 6.9 (Generalized Hyperinterpolation). Let r G IN \ {!}. Assume A 
satisfies the assumptions of Theorem 6.29, and is a sequence of positive 

quadratures which are exact of degree 2p. Then the operators are called 
generalized hyperinterpolation operators. 

Theorem 6.34 (Convergence of Generalized Hyperinterpolation). Every sequence 
of generalized hyperinterpolation operators on converges in the uniform 

norm to the identity. 

Proof. The proof is necessary since, compared with the L^, the form a quite 
new operator sequence. 

So let be a sequence of generalized hyperinterpolation operators. By 

their definition, they are positive operators. Moreover, for G IN and e G 
we get, using (6.78) and (6.79), 

(L^l)(x) = {L^l){x) = a^o-l, 

{Li,{e-)){x) = (Li,{e-)){x) = a^i-{ex), 

for X G 5^“^ In view of the assumption {ii) of Theorem 6.29, this implies 

lim LuF = F 

in II • Iloo for all F G {l,xi, . . . ,Xr}, which is a Korovkin set in see 

Theorem 5.4. So Theorem 5.5 yields lim LnF = F in || • ||oo for all F G 

)Li^OO 

cLS claimed. □ 

Remark. The evaluation of generalized hyperinterpolation uses the same number 
of function values as the evaluation of hyperinterpolation or interpolation itself. 
The unique change is now that the kernel is no longer a pure Jacobi polynomial, 
though it is still possible to evaluate it by a three-term recurrence relation, as 
follows. 

Evaluation of the Kernels by a Three- Term Recurrence Relation 

Using (4.12), we bring the kernel (6.79) of a generalized hyperinterpolation oper- 
ator to the form 

1^=0 

where A := We do not specify that the coefficients depend on p. We are 
going to use the recurrence relation of the Gegenbauer polynomials, which we 
write in the form 
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p = 2,3, Note that the coefficients are well known, see Problem 2.1. We use 

it in order to replace, step by step, C^, C^_i , ... by Gegenbauer polynomials of 
lower degree. In the first step we get, for instance, 

Ijl—3 

Kfi = {bij, • /3/i-i • ^ + (6/i • 7/i-2 + b^- 2 ) C^_2 + ^ K 

u=0 

In the second step, is replaced likewise, and so on. This furnishes, finally, 
the following algorithm. 

Algorithm {Evaluation ^ 1 -^ ^/x(0) 

• — b^, 

Su := + for u = p-l,p-2,. . . ,0, 

K,{0 := so. 

Complexity 

The algorithm hides the influence of the matrix A. Apparently, in a single evalu- 
ation it uses, in the general case, 3/i multiplications and 2p additions, this means 
up to at most 2p multiplications more than the well-known Clenshaw algorithms 
use. But, most important, the costs are still of order p. 

The evaluation of L^F from (6.97) requires M evaluations of the kernel. By means 
of the fast Fourier transform (FFT), p 1 evaluations can be performed simul- 
taneously at 0{p\ogp) arithmetical operations. It follows that the evaluation of 

(6.97) is possible at o(^M • logp^ = o(^p'^~^ log p^ arithmetical operations, if a 
product GauC quadrature is used, see Theorem 6.19. 

Stability 

In the case r = 4, i.e., A = 1, where the are the Chebyshev polynomials U/j, 
the evaluation algorithm from above can be identified with the backward directed 
Clenshaw algorithm of the second kind. This is known to be extremely stable, as 
its error norm, which is a measure for the relative error caused by round-off and 
by the initial value errors, grows at the order p“^ log p, only, where p‘^ is a minimal 
possible order, see Reimer [44]. So there is reason to assume that the error norm 
grows at a low polynomial order also in the general case. 

Final Remarks 

Generalized hyperinterpolation is a convergent approximation process by positive 
operators, which are order preserving, of low complexity, and presumably numer- 
ically stable of polynomial order. In the next section we show, that if hyperinter- 
polation is based on the Newman-Shapiro matrix A^^\ convergence takes place, 
in some sense, even at the best possible order. 
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6.9 Moduli of Continuity and the Approximation Order 

In this section we assume A = , such that the and are the Newman- 

Shapiro operators and their kernels, respectively. They are of particular value in 
what follows. 

For FeC(S^-^) 

hm ||F - L^FlIoo = 0 

holds, see Theorem 6.33. We ask how quickly convergence takes place. Because of 

E,{F) < ||F-L«F|U, 

every upper bound for the right side provides us also with an estimate of the 
minimal deviation Ey,{F) of F in This is important, in particular, in 

view of the inequality 



||i^-A^F|U < (l + ||A^||oo)F^(F), 

which holds for arbitrary projections onto see Theorem 5.11. 

Moduli of Continuity 

Moduli of continuity are used to measure the approximation error. Before we 
introduce them on we recall their univariate versions for the space C 2 tt 

of 27T-periodic continuous real functions on IR. 

For o > 0, j G IN, the j-th forward difference of / G € 2 ^ at the point ^ G IR can 
be represented in the form 

k=0 ^ 

For (f)>0 the modulus of continuity of order j is defined by 

•= max { I (^a/) (01 : ^elR, |a| < 4 >). 

Note that (/>) is a monotonically nondecreasing function of 0, which vanishes 
at 0 = 0. 

The first two moduli are given also by 

uji{f;(t)) = max {1/(0 - /(Ol : O^elR, <d>}, 

W 2 (/; (j)) = max (|/(^ -a)- 2/(0 +f{^ + a)\ ■ ^ € M, |a| < </>}, 

respectively, and it is easy to see that 

uJ2{f,<t>) < 2o;i (/,</.) (6.98) 



holds, again for 0 > 0. 
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Moreover, with the help of a well-known representation formula for differences, we 
get for / G C 2 J the inequality 

ujj{f,cl>) < (6.99) 

where || • ||oo is the maximum norm on C 2 t:- And finally, the inequalities 

Wj{f,4>) < + (6.100) 

hold for (^ > 0 and arbitrary ju G IN. For the proof we refer to Lorentz [34], p. 48. 

Now let F G C{S'^~^), where r > 2. For arbitrary u,v e u L v, the 

restriction Fu^v of F onto the main circle S'^~^ r\span{u, u} has the representation 

Fu,v{4>) = F{ucos(l) F vsincl)), (6.101) 

0 G H, where Fu,v is a function belonging to € 2 ^’ This enables us to define the 
moduli of continuity for F G C{S'^~^) by 

o;j(F, 0) := max {u)j{Fu^v^(l>) u^v ^ u _L u} (6.102) 

for 0 > 0 and j G IN. Note that uj^F^cj)) is monotonically nondecreasing, and 
vanishing at 0 = 0, again. Note also that (6.98) yields 

^2(F,0) < 2c^i(F;0). (6.103) 

Now cissume 0 > 0 and /i G IN. From (6.100) we get for all u^v e satisfying 

u 

^j(Fii,D5 0) ^ (/^0 4“ f )"^ (Tu,1!5 ”), 

which implies immediately 



c.,(F,0) < {^d> + iyujj{F,l) (6.104) 

for F G as in the univariate case. 

Before we extend (6.99) to the multivariate case, we have to replace by a 
proper subspace of C{S'^~^). To this end we call a function F G C{S'^~^) for j G IN 
j-times continuously diflPerentiable, if Fu^y G (72^^ holds for arbitrary u,v e 
u Fv.ln this case Fifu(O) is the directional derivative of F at the point x G 
in the direction ofu^ u ± x, and F^^^ is defined by the set-valued function 

X F^^\x) := {F^^liO) : u G S^~\ u 1 x}, 

which is the set of all directional j-th derivatives at the point x G 5^“^. 

Now we may define 



IlF^lloo := sup{||Fif)|U: u,v e S’-^ 



u ± x}, 
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and may introduce the subspace 

CO)(S’-^) {FeC(S’-^) : ||fW|U<oo}. 

Obviously, for F e and all u,v e 5’’“^ with u 1 v, we get in view of 

(6.99) , 

||F«||oo 

for (/) > 0. By the definition of iOj{F,4>) and of this implies 

< <^'||F«||oo (6.105) 

for F e which is the desired multivariate version of the inequality 

(6.99) . 

The Approximation Error 

Now we return to our original problem, namely to estimate the error ||F-L[rV||oo 
of the Newman-Shapiro operator L^][\ After that, the error of its discretized ver- 
sion is also investigated. The following lemma is basic in both cases. 

Lemma 6.35. Let r G IN \ {!}. Given a constant Cr > 0, a constant dr exists 
such that the following holds. If A : [— 1, 1] —» IR zs an arbitrary monotonically 
nondecreasing function such that 



(0 

(ii) 

(Hi) 



J K^l\cos(f))dA{(t)) = 
0 



J G^+i(cos(?i) 

J COS(t)-COSX^+l 



dA{(p) = 0, 



/ dA(ct>) < 
0 



holds for all G IN, then 



J K 2 J (cos(l)){ii(l) + 1)^ dA{(l)) < dr 

0 



is valid for j G {1,2}, and again for arbitrary z/ G INq. The integrals are defined 
in the sense of Riemann and Stieltjes. 

Proof. The proof is technical and lengthy, and can be found in the Appendix (C). 

The Approximation Error of 

Theorem 6.36 (Approximation Error of Let r eJN\{l}. There is a constant 
kr > 0 such that the following holds. For all F G C(S'^~^) and /i G IN, the 
approximation error of the Newman-Shapiro operator L^ff^ satisfies 

11F-LWF|U < kr-LJ2{F,^). 
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Proof. is defined by (6.78), with the kernel (6.88). It suffices to consider 

the case p = 2iy, ly E JN. 

So let F e and x E S'^~^ be given. In view of (6.89) we obtain 

(i«f)(x)-F(:r)= j [F{t)-F(x))Kl:Htx)duj{t) 

Sr -1 

1 

= jK^;\e I {F{^x + y/T^u)-F{x)){l-e)^M^)d^, 

-1 

where du){u) is the surface element of the ‘equator’ 

5^-1 := {u e I ux = 0}, 



which is a unit sphere Replacing u by -u we get a similar equation, and 

taking the average we get 

(l(;^f)(x)-f(x) = Ij4^\0 I 

-1 sj- 

+ \/l-e u) - 2F(x) + F(^x - - ^ 2 )"^ du>(u)d^. 

Substituting ^ = cos0 and using (6.101), we bring this to the form 

(ijl^F-F^x) 

= Cl K j:\cos <P) f (F,,^(<f>)-2F,jO)+F,J-<p))(sin<py-^dcu(u)d^ 

0 cr-1 ^ ^ 

and with the aid of (6.102) and (6.104) we get 



[L]:>F-F 



)(a;) < ^ j kI[\cos (f>) J W 2 (IF', (sin </>)’’ ^dw(u)d4> 

0 5 J -1 

< ^cj 2 (F,j^)-jK^^\cos^)(/j, 4 > + iy(sm4>y~^d4>- f du){u). (6.106) 



It is left to prove that the integrals 



Iiy,2 = j KjC\cos(f)){p(l) F l)^{sin(l)Y d(j) 
0 

are bounded. To this end let A be defined by A(0) = 0 and 

dA{(j)) = {sin(j)Y~‘^ d(j). 
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We check the assumptions of Lemma 6.35. Apparently, (i) holds in view of (1.27) 
and of (6.89), and (ii) holds likewise by an orthogonality argument. Moreover, 

Xiy+i Xi^ + i Xu + i 

j dA{(l)) = j {sin d<t> < j ^ • (Xi.+i)''“^ 

0 0 0 

is valid, and in view of (6.93) a constant Cr exists such that (Hi) holds. 

Now that the assumptions of Lemma 6.35 are satisfied, a constant dr exists such 
that Ij ^^2 ^ dr is valid for u G INq. Finally we define the constant kr by 

kr ^ ’ dr ■ f dcd(u), 

1 

and the statement of the theorem follows immediately from (6.106). □ 

Corollary 6.37 (Jackson’s Inequality on Newman-Shapiro). Assumptions 

and kr > 0 as in Theorem 6.36. Then 

holds for all F G C{S'^~^) and arbitrary // G IN. 

Proof. In view of (6.103), the statement follows from Theorem 6.36. □ 

Corollary 6.38. Assumptions and kr > 0 as in Theorem 6.36. For j G {1,2} and 

\\F~-L<Y^F\\^<jK-\\F^^^\\oo-f 

holds for /i G IN. 

Proof. In view of (6.105), the statement follows from Theorem 6.36 and Corollary 
6.37, respectively. □ 

Remark. We remarked at the end of Section 6.7 that the approximation by positive 
polynomial operators cannot be better than of order 0{-^). In this sense the 
are approximating smooth functions at the best possible order. 

^ (r) 

The Approximation Error of ^ 

(r) 

In the preceding, the approximation error of the Newman-Shapiro operators 
is estimated by the moduli of continuity of the first and of the second order, 
respectively. If we evaluate ^ by a positive quadrature which is exact of degree 
2p to get the generalized hyperinterpolation operator Lr^ ’ , 

M 
j=l 



(6.107) 
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F G (7(5'’’“^), X e then the estimation is disturbed, and it is quite uncertain 
whether similar bounds hold for instead of Fortunately we can give a 
positive answer for the modulus of continuity of the first order. 

Theorem 6.39. Approximation Error of L^ff \ Reimer] Let r G IN \ {!}. There is a 
constant kr such that the following holds. For all F G and // G IN, 

is valid. The constant does not depend on the choice of the quadratures used in the 
definition of L]j . 

Proof. It suffices to consider the case /x = 2i/, i/ G IN. By the assumption on the 
quadratures we get 

M p 

J=0 

for X G see (6.89), and for arbitrary F G C{S'^~^) we obtain 

M 

(U;^f){x)-F{x) = YAj{F{tj)-F{x))Kjf\t,x). 

j=0 



Every t € 5’’“^ can be written in the form t = {tx)x + a/1 - {tx)‘^u, where 
u G 5’’“^, u ±x. Hence we get, with tx = cos (f, 

\F{t)-F{x)\ - < Lu,iF,4>). 



Using the weight sum function from Definition 6.6, we get 



(L^;^f-f){x) 



< "Y {f, arccos(tjo;)^ {tjx) 

j=0 

7T 

= j LOi{F,(j))Kjf\cosf))dA:c{<t>) 

0 

< co,iF,j^)-jKjf\cosf>){p<t>+l)dA,{<l)), (6.108) 

0 



where we used (6.104). We want to apply Lemma 6.35 with A A^, so we check 
its assumptions. 

(i) Using (1.27) and (6.89), again, we obtain 




such that (i) is satisfied. 
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(a) Likewise we obtain, again using orthogonality, 

= / G,+i(to) • du{t) = 0, 

J tx- ry^+i 

Sr-l 

{Hi) Finally we get from Theorem 6.24, with Xc^i = Xc-\-i,h 

Xiy + l 

Q tjX>COSXu + l ' 

with some constant c^, and (Hi) holds at this choice of c^. 

So, all assumptions of Lemma 6.35 are satisfied, and a constant kr exists such that 
the factor occurring with uJi{F, in (6.108) is bounded by kr. As the constant 
does not depend on x, this finishes the proof. □ 

Remark 1. Corollary 6.37 yields lim \\F - = 0. In view of LnF G 

this is a direct proof of the Theorem of Weierstrass for the sphere 

D = S'-\ 

Remark 2. An estimate of the error with the help of ui 2 {F, -) would require that 
if " 

tj = {tjx)x + yjl — {tjxY Uj, 

Uj G 5^“^, Uj ± X, is a quadrature node, then its counterpart 

tj = {tjX)x - - {tjX)^^ Uj 

is also, and this for arbitrary x G S^~^. In general this condition cannot be satis- 
fied. 

Remark 3. Apart from the particular shape of the kernel, (6.107) has exactly the 
form of (6.70). So it is worthwhile to compare the weighted kernels. The weighted 
kernel F^/F'^{1) has been discussed in Remark 2 at the end of Section 6,6. We 
refer in particular to Figure 6.1. Now let 

be the corresponding weighted Newman-Shapiro kernel, which is, of course, non- 
negative for -1 < ^ < 1. It follows from (6.88), (4.13), Theorem 6.33, and Theorem 
2.11, that 

J := lim - 4- « 0.1724 



Cdr-2 



7T 

/ 



G^+i(cos^) 
COS(j) — COSXi,+i 



dAx {(J)) 



and (a) is also satisfied. 
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holds. The behaviour of these kernels is demonstrated by Figure 6.2. Actually, 
they are rapidly decreasing to zero left from unity, thus making visible a strong 
localisation property of the discretized Newman-Shapiro operators. 




Figure 6.2. Weighted Newman-Shapiro Kernels 
(r = 3, /i = 6, 12, 20, and 40). 

Remark 4. takes advantage of the local behaviour of F, and so does F. 

So it is reasonable to truncate the sum (6.97) by omitting all contributions of 
tj-s which do not belong to a given neighbourhood of x {truncated generalized 
hyperinterpolation). This method reduces the arithmetical cost essentially. 

6.10 Truncated Generalized Hyperinterpolation 

Let r G IN \ {1,2} be fixed. In what follows, we explain the concept of trun- 
cated generalized hyperinterpolation in case of the discretized Newman-Shapiro 
operators. 

For 1 / G IN let jU := 2z/, and note that = cosxi^+i > 0 holds. We introduce 
truncation radii which are assumed to satisfy 

Xu+i < I3u+1 < f , (6.109) 

and put := cos/Jj^+i, such that 

9 ^ Vn-\-l 1 

is valid. On the right side of (6.107) we omit all the terms which belong to a node 

tj ^ C{x,(3u+\), 
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and obtain the truncated discretized Newman-Shapiro operator defined by 

for F € C{S^~^) and x G whose evaluation is much cheaper than the 

evaluation of itself. In what follows we investigate, first, the error caused by 
truncation. After that we compare the result with the cost reduction. 

To begin with, let us write (6.107) in the form 

(l«f)(x) = (mWf)(x) + i? + 5, (6.110) 

where 



S = Y. A,F{t,)K^{t,x). 



-l<t,a:<0 



In view of the kernel definition ( 6 . 88 ) we obtain 

|5| < ||f|U-3.+i- Y 

— l<tjx<0 
M 






tjX 'Oiy+1 



< iiFiu -5.+1 • ^ 

%+i 

= ||-P||oo • • f [Gu+i{tjxy dw(t) 



1 



Sr-1 



— Halloo • 9u-\-l ' ~2 • Gi^+i(l), 

where we used the reproducing property of the kernel in the last step. By the 
well-known interlacing property of the zeros of orthogonal polynomials we obtain 

0 < 7/2 < 7^3 < • • • < 1, 



and hence 

|5| < ||F|U-ff.+i- 4 -G.+i(l), 

% 

where g„+i w (i/ + 1)“(’'+^) follows from Theorem 6.33, and Gt,+i(l) w + 
from (4.12) and (4.2). Together this yields that a constant 7^,1 > 0 exists such 
that 

|5| < 7r,l-(^/+l)-"-||F|U 

holds for all z/ E IN, independently of the choice of x. 



( 6 . 111 ) 
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Likewise we get for \R\ the not so optimistic estimate 

1 X > .1 r ^ / . \ 1 2 



|-R| ^ Halloo ' 
— Halloo ' 






1 



- v-y+i? 



2 

• f [G^+i{cos<p)]^dA^{(l)), 

du + l 



with the weight sum function Ax of Definition 6 . 6 . 

Now it follows from (4.12), (1.23) and Theorem 2.9 that a constant ^r ,2 > 0 exists 
such that 



1^1 < Halloo • 9y-\-l 



7r,2 



- V.^+1? 



2 

[Gi.+i(l)] f 

(3u+i 



1 



(i/ + 2) sin^J 



r-2 



dAx{4>) 



holds for all 1 / G IN and x G 5^ \ and integration by parts yields 



\R\ ^ ll-^lloo ■ 9j^-\-1 



7r,2 



(i/ + 2)^-2 

cos (j) d(j) 

^x[(P) • - 

Pu + l 






Now we use Theorem 6.27, and obtain 



\R\ < ll^'IU •5i'+i ' 



7r,2 [G'l^+lCl)] 



- Vi'+i? iy + 2)’ 



L . -(- (r — 2) Or f cos (f) ■ dcf)^ . 

0.+1 



Moreover, using the growth orders of g^+i and obtained already above we 

get 

[Gjy + l(l)]^ 1 






r-2 ^{(i, + l)3) 



{p + 2Y 

and it is now obvious that a constant 7^,3 > 0 exists such that 
4 • 7r,3 1 



1^1 < 



[6+1 - J?i.+l]^ {l' + 1)^ 

7r,3 



{v + 1)^ 

‘xisti 

lli^llc 



[sin ■ sin (i/ + 1)3 

is valid for all 1 / e IN and x € S^~^. 



IXIIc 
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Now all depends on the choice of the truncation radii where we assume that 
they are chosen such that Xi^+i = holds for i/ oc. Then a constant 

7 r ,4 > 0 exists such that 



holds for G IN and x G 5^“^, and summarizing (6.110)-(6.112) we see that a 
constant 7 r > 0 exists such that 

||F - mWfIU < lli^ - (l + • ||F|U (6.113) 



is valid. 

Next let us choose a truncation order a, satisfying 0 < o < 1, and let us define 
the truncation radii by 

~ (2z/ + l)“' 

In view of (6.93), the assumption is satisfied, and the assumption 

(6.109) is valid for all sufficiently large i/ G IN, say for v > u{a). Moreover, a 
constant 7 r(o;) > 0 exists such that 

||F - M^FIloo < \\F - lWfIIoo + 7r(a) • (m + 1)'“"' • Halloo (6.114) 

is valid for p = 2v > 2u{a). Note that the constant 7r(<^) depends neither on F, 
nor on the choice of the positive quadrature used in the definition of . 

Before we discuss this result in detail, let us consider the expected value E{a,p) 
of nodes tj which are contained in the cap C(x, {p + 1)~^)- If M = is the 
total number of nodes in the quadrature, then 

E{a,ii) ^ |C(a;,(^ + l)-”)| ^ / 1 

LUr-l r — 1 UJr-1 V /X + 1 / 

holds for ^ (X), see Problem 6.4. 

Now assume that product Gaufi quadratures are used, such that 
M^<{r-l)\N^ ~ 2(^+1)’'-' 



holds with = dimP;)(5'-i), 
obtain 



2^ 

E{a,n)^ 



see (6.59) and (4.4). Inserting this above we 

. ^ . [(r - 1)7““ . ivy 

UJr—l 



(6.115) 
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for p = 2i/ ^ 00 . In the important case r = 3 this takes the form 

(6.116) 

Now we turn to the estimate (6.114). In view of Corollary 6.38 and of the Remark 
following, the best possible approximation order is It occurs for F e 

( 7 ( 2 ) ( 5 ^- 1 ) exact integration. On the other hand, for a := j we get 

||F-M7f|U < ||F-L7f|U + C1(m-^)-||F||oo, 

which is saying that the approximation order is not destroyed by truncation, 
whereas the cost reduces to an expected value of 



function evaluations. 

For ot = ^ the effect is more dramatic, since we get from (6.114), in view of 
Theorem 6.39, 



\\F-M(^^F\\^ < krUj,{F,j^)+0{fi-^)-\\F\U 
at the expected value of 

F{lf^)=0{N^) 

function evaluations. Again, the order of the estimate is not destroyed. In partic- 
ular, for F € we get 

||F-MWf|U = • I|f Iloo, 



see (6.105). 

Finally, for arbitrary c G (0, |) and a | — e we still get pointwise convergence, 
i.e., (6.114) implies 

lim = F 

11—^00 ^ 

for all F G C{S'^~^) in || • ||oo, at the expected value of 

F{a,,j)=0{NF") 

function evaluations. These results are summarized in Table 6.1. 
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a 


function class 


approximation 

order 


order of 


upper bound for 

r =3 


0+ 








(m+ 1)^ + 1 


1 

4 


(7(2) (^r-l) 


*) 


nI 




1 

2 


(7(1) (5^-1) 




n! 


5(11+1) 


3 

4 




0(1) 


ivT 





Table 6.1. Truncated Discretized Newman-Shapiro Operators, 
Approximation Order and Cost (Product Gaufi Quadrature). 

As yet proved for the undiscretized operators, only. 

Remarks. If the truncation order a is chosen suitably, then the approximation 
order is not destroyed by truncation, but the evaluation cost reduces significantly. 

To give a numerical example. Let r = 3, and assume product Gaufi quadratures 
are applied. For p — 1024 the evaluation of uses 1050626 function 

values, while requires, on the average, at most 16408 evaluations for 

a = and at most 513 evaluations for o; = where we recall that the guaranteed 
approximation order is not destroyed in either case. Moreover, if the approximated 
function is just continuous, the parameter a should be chosen close to the value 
|, where only about 16 evaluations are needed in the average. 

If a function behaves differently in different regions of 5^“^, an adaptive method 
can be used which changes the value of a in dependence on the local order of 
smoothness. 

Reduction of the Truncation Cost 

It is very expensive, in general, to determine the quadrature nodes which are 
located in a given spherical cap with center x G S^~^. Therefore it is important to 
know that the problem can be inverted, in some sense, by solving it just once, for 
instance at the pole 63 , and applying locally a quadrature which is gained from 
the original one by a rotation, which maps 63 to the point x of interest. Actually, 
we did not yet decide which quadrature should be used, and all quadratures which 
do not differ apart from a rotation, are equal in our sense. In particular they agree 
in their degree of exactness. 

Now let ^ 1 , . . . , be the nodes of a (high precision) quadrature, which we assume 
to be ordered in advance by their distance from Cr. Say 



1 t ... t“2 f t\ j' 1 
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holds, where tj^r = Moreover, let us assume that a truncated approximant to 

(lWf)(x), xeS'^-\ 

is wanted, which uses m nodes of a quadrature, nearest to x. Of course, depending 
on X, a rotation B — exists such that 

Btr — X 

is valid. And since it does not matter which quadrature is applied, we decide to 
use the quadrature whose nodes and weights are given by 

tj:=Btj, Aj:=Aj, j = 

respectively. In view of 

tjX — tjO'p — tj^f'^ 

it is obvious that, among the new nodes, 

5 • • • 5 tm 

are located nearest to x, such that truncation means that (6.107) has to be replaced 
by the sum 

m 

[Mj,%F)ix) = ^AjF{ij)Kj[\tjx). 

In other words, using the fixed numbers 

Cj := Ay j = (6.117) 

which can be calculated also in advance, we obtain the approximation 

m 

[m]:If){x) = Y^cy F{BJ^), (6.118) 

to F){x)^ whose evaluation is quite easy. Note that the operator is 

positive again. The choice of m should conform with Table 6.1. For instance, in 
the case r = 3 , a good choice would be m = /i + 1 , if a C^^^-function is to be 
approximated. 

Numerical Example 

Figure 6.3 shows the restriction to S\ of a truncated approximant of de- 

gree p = 160, which uses only m — A1 quadrature nodes. Figure 6.4 presents 
the corresponding approximation error. The approximation is based on a product 
Gaufi quadrature of degree of exactness 161, whose poles are located on the equa- 
tor. This implies that the node density is minimal at the north pole 63 , such that 
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the method does not use unnecessarily many points. The serious question, how 
a spherical function should be represented figuratively, is solved by means of an 
area preserving parametrisation of the sphere, given by the map x : 2B^ 5 ^, 



Xi 





X3 = 1 - 



u\ + ^2 



2 



for u\-\- u\ < 4. Note that the distortion is modest in the northern hemisphere 
5^, which corresponds to the parameter domain uf -h U 2 < 2. The approximated 
function is given by 



F[x{u)) = 5(1 + sin[5 • (ui - U 2 ) ■ (u 2 -§)])• 

The (relative) error has an absolute value up to about 5 • 10“^, but is far less in 
areas with a minor curvature — in correspondence to our theory. Note that, in 
comparison to the number m = 41, the complete product Gaufi quadrature uses 
13122 nodes, half of them being located on a hemisphere. This makes the efficiency 
of our cost reduction method visible. 




Figure 6.3. Truncated Approximant // = 160, m = 41. 

Restriction to 5^, under an Area Preserving Parametrisation. 




Figure 6.4. Error Function belonging to Figure 6.3. 
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6.11 Problems 

Problem 6.1. Prove: 

j F{x)dm{x) = 

SI 

holds for F e JP2^{S^), if the nodes • • • , ^ 2 /x are equidistantly distributed on 



Problem 6.2. Prove: 




7T rf 2z/ + 1 




holds for all / G IP^/^+i- 

Problem 6.3. Let rGlN\{l}be arbitrary, and assume the vertices of a regular 
simplex are located on Then they support a Gaufi quadrature, which is 

exact of degree 2. 

Problem 6.4. Calculate the content of a spherical cap C(x, (^) asymptotically for 

0 ^ 0 +. 

Problem 6.5. Prove the identity 




( sin(i/ + l)(j) + sin 

iy=0 



sin(/i + l)f 
sinf 





Chapter 7 

Approximation on the Ball 



In this chapter the domain is the unit ball r > 2. Of course, all that has been 
said in Section 5 with respect to an arbitrary compact domain is valid also for B^. 
But there are particulars now which require a separate consideration. 



7.1 Orthogonal Projections and Appell Series 

Let r 6 N \ {!}, s G INq. By we denote the spaee of all measurable 

functions ^ JR for which 

j F'^{x){l-\xf)^dx 

Br 



exists, with the usual identification of equivalent functions. Ll{B^) is provided 
with the inner product 

[E,F]r,s-^ j E{x)F{x){l-\xf)^dx, (7.1) 

Br 

E^F e Ll(B^), which extends the definition (4.89) for E,F e C{B'^). In both 
spaces II • ||r,s induced norm. Note that F G C{B'^) implies 

||F||,,, < ||F|U-||l||r,s- (7.2) 

In view of Theorem 5.8, the Theorem of Weierstrass, this implies that JP^{B^) is 
dense in C(B^), both in || • lloo and in || • ||^^s. 

B^ contains interior points, so we are allowed to identify polynomials and their 
restrictions onto B^. In particular we get by identification 
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The Appell spaces were introduced in Definition 4.2. 

In what follows, X is either the space C{B'^) or one of the spaces respec- 

tively. We are interested in the orthogonal projections 



n 



r,s 

u 






and 






with respect to the inner product [ • , 



n 



r,s 



•]r^s for e INq. Note that (4.99) yields 

= (7-3) 

I /— 0 



The nj)’® are called Appell projections. The following theorem corresponds to The- 
orem 6.1. 



Theorem 7,1 (Convergence of the Appell Projections). In || • ||^ 5 , the orthogonal 
projections IT^^, /i = 0, 1, . . ., are pointwise convergent to the identity on X. 

Proof. The proof follows exactly the lines of the proof of Theorem 6.1. □ 

The result of Theorem 7.1 can also be written in the form 

CXD 

= F, (7.4) 

t ^=0 

which holds in |1 • \\r^s for all F e X. 

Definition 7.1 (Appell Series). The Appell series operator : X ^ X is 

defined by 

oo 




u=0 



in the sense of pointwise convergence in || • \\r^s- For F ^ X the series (7.4) is 
called the Appell series of F. 

Note that convergence of an Appell series means that the partial sums converge 
to F in the quadratic mean, which is the same as 



lim 

/i.— >oo 



L 1^=0 



(l-|x| 



2 dx = t). 



Moreover, using Theorem 4.27, we confirm that 




\n\=v 




r,s 



= 0 
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holds for \m\ = u e INq. In view of (4.93) this implies 



EK 

\n\^iy 



r,s 






= 0 



for all V G and hence 

\n\=u 

see Definition 5.6 and Theorem 5.12. Similarly we get 

\n\=u 

We formulate these results in the symmetric form 



[U:’\F]r,s ■ [F,K 

\n\=i' \n\=u 



r,s'| 

n \r,s ■ . 



Because of (7.3) this yields 



^ [fx 

\m\<ii |^|<M 



r,si ^ TTFX 
m J'TjS ' jn 5 



(7.5) 



(7.6) 



and, correspondingly, the Appell series (7.4) takes the two different for ms 



E E ■ K-- = f = E E !'"• ^ (7.7) 

z ^=0 \n\ = iy 1^=0 \n\=/j, 

where convergence holds in both cases in || • ^ for F G X. 



7.2 Summation of Appell Series 

We are interested in summation methods which make the Appell series of all 
continuous functions convergent to F in the uniform norm. Our knowledge of the 
summability of Laplace series will help us solve this problem. 

Let r G IN \ {1}, s G INq. We define the linear map $ : C{B^) C{S^^^) by 

{xi,...,Xr,Xr+l F{xi,...,Xr) (7.8) 

for F G C(S^) and + • • • + + x^_^i + • • • + ^r+s+i — which implies, 

obviously, xj + x^ < 1. $ is injective, and maps C{B'^) bijectively onto the 

subspace C{S'^^^) of which consists of the functions that do not depend 
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on Xr+i, . . . ,Xr+s+i. Those functions are invariant under all rotations of 
which keep ei, . . . , fixed. 

In what follows we consider $ as a map 

$ : C{B^) (5(5’'+*), 

which is an isometry. For (m, 0) G INq x INq+^ we get, in particular, 

^ yr+s+1,-1 

see (3.58). These polynomials are linearly independent. But in view of (4.86) and 
of Theorem 4.24, the subfamily with |m| = p. is even a basis for the (ei, . . . , e^)- 

kernel of the space which we denote by It follows that 

maps bijectively onto and we get 

~ TUr+s+l 
^11 — 

for p G INq. Moreover, using (1.25) we obtain 

($Fi,$F2)sr+, = j (^^Fi-^F2j{Xl,---,Xr+s+l)di^{Xl,...,Xr+s+l) 

Sr+s 

= j (^Fi- F2j{xl,---,Xr)(Fj{xi,...,Xr+s+l) 

gr+s 

= j (^Fi- F2^{x){l-\x\'^)^dx 

S'- 

for Fi, F 2 G C{B^), where du{ • ) is the surface element of 5 ^"^^“*"^. Because of (7.1) 
we may write this result in the form 

(4>Fi,$F2)5^+. = o;,.[Fi,F2].,,. (7.9) 

In particular, $ preserves orthogonality relations. For instance it maps orthogonal 
spaces onto orthogonal spaces. 

For u^p ^ INq we consider now the orthogonal projections 

: c(5^+") ^ ih:;+^+i(*s^+^) 

and 

which belong to the inner product ( • , • ) iiote that 

iy=0 

holds, see (6.1) with r replaced by r + s + 1. 



(7.10) 
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We investigate the action of fly on for F E C{B^). By definition, does 
not depend on Xr+i ,. . . ,Xr+s+i. So it is natural to ask whether fty^F does. We 
decide this question as follows. 

Let ly G INq. For x — (a:i, . . . , . . . , ' G 5^+^ we put x := 

(xi, . . . , Xr) ' G and so on. Using (6.4), with r again replaced by r -t- s + 1, we 
get, returning to full notation, 

= j Gl+^+\ix)- (^^Fyix)dCj{i) 

Sr+s 

= j Gl+^^\ix)-F{t)(£){i). 

Sr+s 



Now assume A is an arbitrary rotation in with fixed points ei,...,6r. 

Using the substitution i = Au we obtain 

= f Gl+^+\i'Ax)F{t)(Fj{i) 

sr+s 

Sr+s 



Therefore fty^F belongs to the (ei, . . . , e^)-kernel of which is, in 

view of Corollary 1.5, the same as 



Qy^F G IH[;+"+L 

It follows that ^~^fly^ is a map C{B^) ^ with the property that 



F-^-^fly^F, V 

J r,s 



=0 

\ / 5^+s 



holds for all F G C(B^) and V G Here we used that fly is a projection, 

together with $U G C Therefore, has the 

defining properties of the orthogonal projection and we get 



^'^fly^ = fll^^. (7.11) 

Moreover, by summation we obtain 

= n;;" (7.12) 



for p G INq. 
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Theorem 7.2 (Summation of an Appell Series). Let r G IN \ {1}, s G INq. Assume 
A=(anj^) is a real subdiagonal matrix such that the operators 

Lf2 ^ ^ 
u=0 

p G INo; converge for /x — > (X) m || • ||oo pointwise to the identity on C{S'^'^^). Then 
the operators 

iy=0 

p G INo, converge in || • ||oo to the identity on C{B^). 

Proof. Let F G which implies G and hence, by assumption, 

lim ||$F-L^^F||oo = 0. 

/Lt— >00 



Since $ is isometric, we obtain, with the help of (7.11), 



u=0 

1^=0 

= ||#F-5]a^,A$F||oo = ||$F-L^$F|U, 

I/=:0 

where the right side tends to zero for /x oo. □ 

Provided the assumptions are satisfied, the result of Theorem 7.2 can be written 
in the form 



1^=0 |n|=F 



F 

^ 5 



= E E 

F =0 |n|=i/ 



[K’^F 

which holds now for all F G C{B^) in || • ||oo- Here we used (7.5) 



(7.13) 



Corollary 7.3 (Positive Operators). For r G IN \ {1}, s G INq, the matrices 
k > r F s, and satisfy the assumptions on A of Theorem 7.2. So the 

operators are positive, in their case. 

Proof. Using (7.11) we get 

(7.14) 

where, in the present case, all three factors are positive operators, the operator 
by the particular assumptions on A, see Theorem 6.31 and Theorem 6.33, 
respectively. □ 
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Corollary 7.4 (Order of Convergence). Assume A = is the Newman- 

Shapiro matrix in r G IN \ {!}, s G INq, and assume F G C{B'^) is 

j-times continuously differentiable in a neighbourhood of B'^ , where j G {1,2}. 
Then 

\\F-Ll;^F\U = 

holds for /i 00 . 

Proof. Let j G {1,2}, and let F G C{B^) satisfy the assumptions. Then we get 
and by Corollary 6.38 we obtain 

||$F-L^$F|U = 

for p 00 . Now we use (7.14), and get 



as claimed. 



□ 



7.3 Interpolation on the Bcdl 

In Section 5.4 we discussed interpolatory projections onto an arbitrary finite- 
dimensional subspace of C(D), where D is compact. It was favourable to base 
the theory on reproducing kernels, whatever the inner product has been. 

In the case D = 5^“^, the inner product has been induced by the invariant mea- 
sure in a quite natural way, but now that we consider the case D = B^, we are 
more or less free in its choice. Nor is it indispensable to use reproducing ker- 
nels, provided there are plain functions with comparable properties available. It is 
quite impossible to discuss all thinkable settings, so we consider in what follows 
four examples, only. 

(A) Fundamental Systems Distributed on Certain Hyperplanes 

Temporarily we forget that we are considering the ball. Actually, every fundamen- 
tal system for gives rise to various fundamental systems for just by 

mapping it to B^ by means of an affine-linear transform. 

In what follows we construct a fundamental system for from known funda- 
mental systems for the spaces The construction follows the lines 

of the construction of Theorem 6.9, where we begin by recalling the well-known 
fact, that every /i + 1 pairwise different points in IR^ form a fundamental system 
for P}. 

H' 
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So let r G IN \ {1} and /i G INq, in what follows, and assume that for every 
G {0, . . . , /x}, a fundamental system 

for is known. Then, in particular, 

is valid for j = 1, . . . , where 



m;-i = dimp;:-^ 



/v + r -1\ 

V ^-1 ) 



see (3.8). Now assume that the abscissae 

e IR (7.15) 

are pairwise different. With their help we define the nodes 

tj'- ;= e JR*- (7.16) 

for j = 1, . . . , z/ = 0, . . . , /X. Their number is 

= M;= dimp;, 

1^=0 

such that there is hope that they form a fundamental system for Actually, 
the following holds. 

Theorem 7.5 (Recursive Construction of Fundamental Systems). Let r G IN\{1}, 
/X G INq. Assume that for every z/ G {0, . . . ,/x}, 

is a fundamental system for Then the system 

:= {t;’‘'|j = l,...,M;-\ i/ = 0,...,/i}, 

whose members are defined by (7.16), is a fundamental system for IP^^. 

Proof. The proof is similar to the proof of Theorem 6.9. We have to show that the 
interpolation problem 



FitJ’l = yh 
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j = l,...,Ml \ i/ = 0, . . . , /i, has a solution F E for arbitrary data y J E IR 
on the right side. So, assume these data are given. 

In the first step, we solve the system 

by a polynomial E This is possible by the assumption on Af- 
ter we define E IP^ by Q^{x) := Q^{x), where x =■ (x,x^)' E x IR^ 

Obviously, in view of (7.16), this is a solution of the system 

Q,{t;n = y^. 

since does not depend on Xr. It follows that is an element of 

which solves the equations 

P,{t;n = y^, 3 = i,...,m;-\ 



In the second step, let Q^-i G IP^-i solve the equations 






r — 1 ,) U — 1 \ 









’ Q fi—i\x) . 



This is possible by the assumption on ^ After that we define E IP^_i 

by Qi^-i{x) := (5^_i(x), it solves the system 

Now we define 

q/i-l - 

Then P^_i is an element of which solves the equations 

= t/;, j = 

for 1/ E {/i,/i - 1}. 

We continue this construction by defining for E {/x - 2, . . . , 0} such that 
E JP^^ is a solution of the system 



= Vj - i = 1, . . . , m: 



r— 1 



and by putting 



Pk •— Pk-\-i + Y\ 

X = K-\-l 



Ck ~ ^A 



Q/.. 



Then is a polynomial of JP^^ which solves the equations 

P^itp"') = yj, j - i,...,m;~\ 

for 1 / € {/X, — 1, . . . , Ac}. 
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Obviously, F := Pq E solves the problem posed in the beginning, and since 
there exists a solution F G for arbitrary data on the right side, is a 
fundamental system for P|^. □ 

Remarks. As indicated, we may assume that the nodes of are all located in 
Moreover, because of = Mq = 1, we may assume = {0} and 

which implies == 1- The remaining may be assumed to be in the 
alternating order defined by 



-1 < < ^3 < • • • < ^2 < ^0 = T 



The advantage is now that the nodes can be put, in the increasing numbers 
at intersections of B^ and hyperplanes Xr = which have increasing content. It 
is even possible to get a more or less regular node distribution by a proper choice 
of the abscissae. 

A distinguished choice for is the zeros of the polynomial (1 where 

is the Legendre polynomial of degree /i. Actually, by a result of Fejer,[18], they 
form an extremal fundamental system for P^(P^). 

For a radial distribution of the nodes see Siindermann, [72]. 

(B) The Reproducing Kernel of Belonging to [ • , s 

Let r G IN \ {!}, again. We use the notation of Section 7.2, and are interested in 
the kernel function of P|^(P^) with respect to the inner product [• , 

In view of (4.99), the kernel is given by 

i /=0 



and (4.100) yields 

u:^\x)v:^^{y) = r/{x,y) = ^ [/;;-* (y)C^(x) (7.17) 

\n\<fi \n\<fi 

for x,y e B^. Of course, this representation of the kernel by means of the bi- 
orthonormal Appell systems is of great theoretical interest. However, the space 
) is rot at ion- invariant, therefore Theorem 1.2 says that it must be possible 
to represent the kernel also in the form 

ri:\x,y) = h''/{\x\,\y\,xy), (7.18) 

where is a continuous function of three real variables. Actually, in the 

applications, where complexity plays a dominant role, the representation (7.18) 
seems to be more useful than (7.17) is. For this reason, we derive the explicit form 
of (7.18), in what follows, but only in the most important case s = 0. 
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So let s := 0. In particular, we define x G 5^ for x = (xi, . . . , x^, x^+i ) ' e hy 
X := (xi, . . . ,Xr ) and for F G C{B^) and (x,Xr+i) ' G we put 

F(x,x^+i) := ($F)(x,x^+i) = F(x). 

Now let jU G INo and F G such that F G holds. Using our 

knowledge about the space we represent F(x,x^+i) in the form 

F(x,x^+i) = j + Wi^r+i)do;(t,U+i), 

Sr 

which yields 

F{x) = j F{t)r^'^^{tX + tr+lXr+l)dF;{t,tr+l). 

sr 

This is no longer a reproducing kernel representation. However, by replacing x^+i 
by — x^+i, we get an additional equation for F(x), and taking the average we 
obtain 

F{x) = ^ j F{t){FJ^'^^{tX + tr+lXr+l) + Fj^+^{tx -tr+lXr+l)} dib{t,tr+i). 

sr 

But for (t,U+i ) ' ^ either 

U+i = +\/l - F or U+i = - a/i - 
holds, and we get in both cases, together with \xr\ = Vl - x^, 

F{x) = i Jm{ + 

sr 

+ (tx — — — x^ I d dj{t^ U+1 ) • 

In view of (1.24) this implies 

F{x) = J F{t)F;’^{t,x)-^^ (7.19) 

RV 



with 

F^’^{x,y) = ^ I (^xt/ + \/l - a;2 y 1 - t/2^ -|. - \/l - a;2 V”! - I 

(7.20) 

for x,y e B^. Actually, it is easy to see that the right side of (7.20) has all defining 

properties of the reproducing kernel of with respect to the inner product 
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[■ , see Definition 1.1, such that the identification (7.20) is correct. Moreover, 
(7.18) holds with defined by 

(7.21) 

The ceise s > 1 would require a symmetrisation with respect to further arguments. 

Remarks 

a) The evaluation of r^’^(a:,y) is still possible at reasonable cost. 

b) Since we know the kernel of P^(B^) with respect to the inner product [ • , 
explicitly, the general results of Section 5.4 and of Section 5.5 on interpolation are 
applicable in practice at a reasonable order of complexity. 

c) If ^ B^ form a fundamental system for ^^(S’^), then the diago- 

nal of the fundamental matrix is occupied by the positive numbers |{T’^“^^(1) -f 

— 1)}, j = 1, . . . , AT. It follows that the weights of a Gaufi quadrature, 
if it exists, are no longer equal, except all of the nodes are located on a unique 
sphere, see Corollary 5.34. 

(C) Interpolation in the Spaces 

As in the preceding example, we can write the kernel in the less complex form 

= gl’"{\x\,\y\,xy), 

instead of (4.100). See Theorem 1.2 again. Another way to reduce the complexity 
is indicated by the following theorem. 

Theorem 7.6 (Basis inV^’^). Let r G IN\{1,2}, s G INq, and u G INq. And assume 
that the points ti, . . . , G S'^~^ form a fundamental system for P^(5^“^). Then 
= span[Gl+^+\tj ■)\j = l,...,x] 



holds, where Niy = dim JP^ — dimVJ^’^. 



♦ 

Proof. Of course, = dim holds by the definition of the fundamental system. 



Now recall that is the reproducing kernel of It follows from 

(4.13) and (3.51) that 



Gl+^+\tx) 



2u Pr s — 1 

(r + S — 1 ) (Jr-{-s 



E ^n\x)r 

\n\=iy 



holds for (ti, . . . , 0, . . . , 0)' G and (xi, ..., G i.e., for 

X e B^ and t G respectively. So we obtain 



\n\=iy 



(r T 5 1) ujrp-^g 

2i/ 4- r -h s — 1 
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for j = \,...,Ny. The matrix [t^) is regular, see Theorem 5.14. So there are 
coefficients ^ , such that 

i=i 

holds for \n\ = i/, and the first statement is true because of (4.93). 

It follows that dimVJ^’^ < Njy. But in view of (3.54), the |n| = u, are linearly 
independent, while their number is which implies 

N, < dim\r’^ 

Together this yields dimVJ^’^ = as claimed. □ 

Remark. Theorem 7.6 closes the gap which occurred in the beginning of Section 
4.4. In particular, in view of this theorem. Corollary 4.30 now gives notice how 
the average operator 11^^“^^, T = {ti, . . . , orthonormal, 1 < fc < r - 1, acts on 
the space V^’^, where the result is formulated by means of the reproducing kernel 

Gk,s ofvM. 

(D) Interpolation in the Vertices of a Regular Simplex 

In what follows, the spaces treated for r G IN in formula, as one of the 

few examples where this is possible. Actually, 

dimJP[{B^) = r + 1 

holds, see (3.8), and this is exactly the number of vertices of a simplex in IR^. 

So, assume ti, . . . ,^r+i G are the vertices of a regular simplex. Then 

holds for j, /c = 1, . . . , r + 1, see Solution of Problem 6.3. For example, the regular 
tetrahedron can be moved into a position where 





■ 1 ■ 




r 1 “ 

3 




r 1 1 

3 




r 1 1 

3 




0 


5 h — 


^/8 

3 


5 h = 


V2 

3 


, ^4 — 


V2 

3 




_ 0 _ 




0 




[2 

_ V 3 _ 




I 

I 

I 



The reproducing kernel with respect to the inner product [•, *]r,o is given by 
(7.20), and using (4.30) together with (2.5), we obtain 

i (0 + (O) = ij; ((»' + 1)^ + 1) • 
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It follows that the elements of the fundamental matrix are given by 






— •( 

rUJr [ 



r{r + 2) , if k = j, 

-1 , if k^j, 



for j, A; = 1, . . . , r + 1. For instance, in case of the regular tetrahedron, the funda- 
mental matrix takes the form 



/ 15 -1 -1 -1 \ 

-1 15 -1 -1 

-1 -1 15 -1 ■ 

\ -1 -1 -1 15 / 

The inverse is given by 

1 1 \ 

1 1 
13 1 ’ 

1 13 / 

where Li,...,L 4 are the Lagrange elements belonging to See (5.34) 

and (5.30). The fundamental matrix is not diagonal, so the vertices of a regular 
simplex do not support a GauC quadrature for see Theorem 6.16, though 

they support a GauC quadrature for ^^(5''^“^), see Problem 6.3, again. 

It follows from (7.22) that the Lagrangians are given by 

Lj{x) = :p^(r{tjx) + 1^ 
for j = 1, . . . , r + 1. Moreover, 



Lj , Lk 



3,0 ^ 






UJs 



/ 13 1 

1 13 
1 1 
V 1 1 






j,k=l,...,4 



1 

3^3 



r+1 

'^L]{x) < 1 
j = l 

holds for all x e B^, which implies 



||-I^l||oo *'* — ||-I^r+l||oo — 1- 

The proof is left to the reader, see Problem 7.3. 



(7.23) 



7.4 Quadrature on Sphere and Ball are Related Topics 

In this section we restrict ourselves to the discussion of a principle, by which results 
on quadratures obtained for the sphere can be used to derive quadratures for the 
ball. 
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Let r G IN and s G INq, and assume a quadrature on is known, such that 



M 



F{i)Mi) = Y^AjFii,) 



(7.24) 



Sr+s 






holds for all F G where /i G INq, and where ij G is valid for 

Every polynomial F G IP]^(jB^) can be understood to be a spherical polynomial 
F G by the definition 



for (xi , . . . , Xr-\-s-\-i)' ^ With the help of (1.25) and of (7.24) it follows that 



I 

Br 



. s— i 

") 2 cJx = 



— [ F{i)(Fb{i) 

J 

Sr+s 



1 

LUg 



M 



^A,F{i,). 

J = 1 



Now we assume the nodes tj to have the representation 



ij — (^j,l? • • • 5^j,r+s+l) ^ ^ ■) 



and define the points 

• • • 5 ^j,r) ^ B 

for j = 1, . . . , M. Then we obtain, finally. 



/ 



M 

F(x)(l - 

i=i 



(7.25) 



with weights defined by 




for j = 1, . . . , M. The quadrature (7.25) inherits the degree of exactness from the 
quadrature (7.24). For instance, if it is gained from a product Gaufi quadrature, 
then it is exact of degree 2p 1 and provided with positive weights. The only 
disadvantage of this method is that the constructed quadrature might use more 
nodes than necessary, though their number is restricted, in the present case, by 



M < 2(// + l)^+^ 



see Theorem 6.19. For s = 0 this is the order of dimP^,. 

To get rid of the factor 2, we make a new and more general approach to the 
quadrature problem on the ball in what follows. The method is similar to the 
method used in case of the sphere. 
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Product Gaufi Quadratures 

Let r G IN, A > — For F G C{B^) we define the integral 



r,F := 




In particular, we get 



.|2\A- 



^dx. 



1 

iiF = I = 

-1 



J F{cos (j)){sm (j))^^d(l). 
0 



(7.26) 



A quadrature with p+1 nodes and positive weights, which is exact on is al- 

ready known, for instance the Gaufi-Gegenbauer quadrature (6.49). It corresponds 
to the cosine Gaufi quadrature (6.53). 

So we may assume, in what follows, that a product Gaufi quadrature on 
r > 2, is known, and we construct a similar quadrature on IP^^x+i its help. 

Theorem 7.7 (Product Gaufi Quadrature on B^). Forr > 1, A > and arbitrary 
p G INo; there exists a product Gaufi quadrature satisfying 

M 

I{F = Y,AfF{xf) 
i=i 

for F G IP 2 /U +1 M = {p-\- 1)^ nodes x^f^ G B^ and positive weights A^f^. 

Proof. We use mathematical induction. Of course, for r = 1 the statement is true, 
see formula (6.49), again. 

Next let r G IN \ {!}, and assume 

M 

^ (7.27) 

holds for all F G IP^^+i, where M = {p-\- 1)^~\ ^ B^~^, and where the 

weights are positive. 

After that let F G IP^^-fi- We write the integral (7.26) in the form 
1 

I{F = f f F{y/1 - X^,U, Xr){l - | u | 2 )^- 5(1 - xD^+'^dudXr 
-1 

F{sin(j)-u, cos^)(l - | (siri(/>)^^+’'(i(/>. 

0 ' 
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If we replace in the inner integral u by -u, then we see that this integral is an even 
trigonometric polynomial of degree 2/^ + 1 with respect to 0, such that we may 
evaluate the outer integral with the help of the cosine Gaufi quadrature (6.53), 
with K := \-\- ^ instead of A. It follows that 

M+l p 

= / ^(sinC-w,cosC)(l-NY“^iiS. 

Now we apply (7.27) to the integrals occurring on the right side, and get 

M+l M 
1^=1 j=l 

which is a positive quadrature with M = + 1)M = 1)^ nodes in 5^, and 

which is exact on We write it in the form 

M 

I{F = 

with nodes G and weights > 0 for j = 1, . . . , M, and mathematical 
induction finishes the proof. □ 

Remark 1. For A | it follows from Theorem 7.7, in particular, that for every 
p G INo there is a positive quadrature which is exact on P 2 /i+i(-^^) with respect 
to the standard integral 




Br 



which is supported by at most nodes. In other words, positive quadratures 

of all degrees exist. 

Remark 2. In view of Remark 1 it follows now from Theorem 5.31 that for all 
// G INo a positive quadrature exists, which is exact of degree p with respect to /, 
and which is supported by at most = dimP^ = (^^^) nodes. 

We do not investigate quadratures on in more detail. Our main purpose has 
been to show that positive quadratures of all degrees exist, and in particular 
that the degree 2// + 1 is attainable with {p + 1)^ nodes. For more sophisticated 
quadratures we refer to the literature. 
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7.5 Hyperinterpolation 

and Generalized Hyperinterpolation 



Evaluating the orthogonal projection 

(n;’^F)(x) = j F{t)r/{t,x)dt 

Br 

by means of a positive quadrature of degree 2/i, we obtain a linear operator 

L, : C{Bn - IP;(Bn 



of the form 



M 

j=l 



(7.28) 



for F e C{B^)^ X G 5^, which corresponds to (6.70). We call which is again a 
projection onto F^(5’^), a hyperinterpolation operator on B^ . 

Similarly we may treat the operators of Theorem 7.2 to get generalized hy- 
perinterpolation operators of the form 



M 

(l;’*f)(x) = (7.29) 



F e C{B^), X e B^, where the kernel is defined by means of a proper subdiagonal 
matrix A in the form ^ 

•= (7.30) 

i /=0 

In general, L))’® is no projection, but it is a positive operator, if the kernel (7.30) 
is nonnegative. This is valid, for instance, in the situations of Corollary 7.3. 

We do not go into further details, since it is more convenient to understand gen- 
eralized hyperinterpolation on the ball from its originating from the sphere 
where the whole theory of Section 6 is ready for application. 



7.6 Evaluation of Multivariate Orthogonal Expansions 

If we replace in (7.30) by means of (4.100), then (7.29) takes the form 
ar^iF)Un(x) = (l;’^f)(x) = E bAF)V:’^{x), 

\n\<^i \n\<l^ 

and the question arises, how can such expansions be evaluated. We give a quite 
general answer, which uses the following definition. 
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Definition 7.2 (Multivariate Orthogonal Polynomials). Let r G IN be furnished 
with the inner product [ • , •], which has the property that [EG, H] = [F, GH] holds 
for arbitrary F, G, G Then a polynomial F G P^ \ /i G INq; is called 

an orthogonal polynomial of degree p, if [F, Q] = 0 holds for all Q G with 

P-I = [0]. 

Remark. For r > 2 and p > 0, orthogonal polynomials are not uniquely deter- 
mined, apart from a constant factor, by their degree. For example, let [•, •] := 
[• , ']r^s-> where s G INq. Then the polynomials and Uff are orthogonal, see 
(4.99), (4.93), and (4.88). But by no means are they uniquely determined apart 
from a constant factor, except for p = 0. 

It is of great importance that multivariate orthogonal polynomials satisfy a three- 
term recurrence relation — as in the univariate case. 

Theorem 7.8 (Three-Term Recurrence Relation). Let r G IN, and let {VF^jmeiNg 
be a family of linearly independent orthogonal polynomials with the property that 

PJ^ = span{Wm \ \m\ < p} 

holds for all p G INq. Then a recurrence relation 

Wm — ^ ^ b m,n 

|n| = |m| — 1 |n| = |m| — 2 

holds for m G INq, |m| > 2, with coefficients am,n ^ IR^ o^^^d bm,n,Cm,n ^ IR^ where 
Wn is defined by Wn := 0 for n 0 INq. 

Proof. Let // G IN \ {1} and \m\ = p. By assumption, 

Wm = Wm,l -\-TLD 

|Z|=M 

holds with real coefficients Wm,h where TLD is some term of lower degree. For 
every I G INq with |/| = p, a component /j, > 1, G {1, . . . , r}, exists, such that 

— O’ . 

IP 

is valid with contained in Pr,_i. This monomial is a linear combination of 

the Wn, \n\ < p — 1, by assumption. Using this we obtain for Wm a representation 
of the form 

Wm = E, {am,nX)Wn+TLD, 

\n\=ii-l 

with coefficients am,n ^ IR^, and TLD denoting some polynomial of degree p — I, 
which is a linear combination of the Wn, \n\ < p — 1 , again. Together this yields 
that Wm has a representation 

FF772, = ^ ^ bm^n^'Wn “t“ ^ ^ T^m 

\n\=ii—l \n\=ii —2 
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with additional coefficients bm,n,Cm,n ^ IR, and with a remainder Ym G 
In the case p = 2 we get Ym = 0, and (7.31) is true. 

In the case p>3we obtain, using orthogonality, 

~ ~ ^ ^ [{(^m,n^)Wn^Ym] 

\n\=^-l 

— ^ ^ [l^n? (,^m,n^^Ym\ O5 

\n\=ii-l 

since {am,nx)Ym is a polynomial of degree at most p - 2. It follows that F = 0, 
and (7.31) is true, again. This finishes the proof. □ 

Since the Appell polynomials are orthogonal polynomials, their three- term recur- 
rence relation can be used in a low cost evaluation of or expansions, 
respectively. 

7.7 Problems 



Problem 7.1. Let ti, . . . , e \ r G 1N\ {1}, be the vertices of a regular sim- 
plex. Determine the eigenvalues of the fundamental matrix (rl'^{tjtkfjj^k=i,...,r-\-i- 

Problem 7.2. Use the result of Problem 7.1 to get an upper bound for 



r+l 

'^L^j{x), x£B^, 

where the Lj are the Lagrange elements in with respect to U, • • • 

Problem 7.3. Let Li, . . . , G JPl{B^) be the Lagrange elements belonging to 
the vertices U, . . . , tr+i ^ of a regular simplex. Give a direct proof for 



r+l 

max{ y^L^(x) 

S=i 



xG^"} - 1. 



Problem 7.4. The nodes of Problem 7.3 support a Gaufi quadrature. 
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Tomography 



In this section we consider a recovery problem for real functions F, which are 
hidden in a given function space X and which are to be reconstructed from the 
values XF, where A varies in a family A of linear functionals on X. In practice, F 
will be some density function, while the values XF are accessible to measurement. 



Of great importance is the case where A consists of integrals which are extended 
over a certain affine hyperplane of dimension k, k G {0, ...,r — 1}. The case 
k = 0 corresponds to point evaluation, and hence with traditional interpolation. 
For fc = 1 the integrals are stretched over a line and can be measured by X-ray, 
for instance (computer tomography, CT). For fc — r - 1 we get the important case 
where the integrals are extended over hyperplanes of co-dimension 1. In the case 
r = 3 they can be made subject to nuclear-spin magnetic-resonance tomography 
(MRT). 

Not even in interpolation is it self-evident that reconstruction is possible at all, 
and it was necessary to prove Theorem 5.4 on the existence of a fundamental 
system. This is the framework within we have to judge the work of J. K. A. 
Radon, [42], who showed already in 1917 that tomography is possible in rather 
general geometric situations. 

Integration of a function F over a hyperplane of dimension fc > 1 requires that 
|F| decreases rapidly enough at infinity. This holds in so-called Schwartz spaces. 
A stronger, but nevertheless realistic assumption is that F has compact support. 
In this case we may assume without restriction of generality that the support is 
contained in the unit ball More serious is that we assume F to be continuous, 
where we are aware, however, that C{B'^) stands even for more general spaces, as 
L‘^{B^), for instance. 




286 



Chapter 8. Tomography 



8.1 Radon Transform 



In this section we are concerned with the case rGlN\{l}, fc = r- l, which is 
ruled by the Radon transform. 

Let denote the cylinder := [— 1, 1] x We consider the traditional Radon 
transform TZq as a, map 

TZo : C{B^)^C{Z^), 



defined by 



{TZoF){a, t) 



/ 



v±t 

1)2 < 1 — ( 7 ^ 



F{at + v) dv 



( 8 . 1 ) 



for F G C{B'^) and (cr, t) G Z^. The integral is extended over the intersection of 
B^ and the affine hyperplane tx = a. 

Substituting v — y/l — we obtain 



(TZoF){a,t) = (1 - a^) 2 J F{at + \/l — ix) du, (8.2) 

u±t 

\u\<l 



where, in particular, 

{nol){a,t) = (8.3) 

holds for (<j, t) G Z^. Obviously, TZq is a positive linear operator with uniform 
norm 

||7^o||oo = ^r-1. (8.4) 

In practice, F will occur as a density function, which is provided with a cer- 
tain physical dimension. This dimension changes by integration over the (r — 1)- 
dimensional space area. We restore it by considering the ratio 1ZF := KoFflZo 1. 
Prom (8.2) and (8.3) it follows that 

(lZF){a,t) = — — - [ F{at 1 - u) du (8.5) 

Ur-l J 

u±t 

|u|<l 



holds for F G C{B'^) and (cr, t) G thus defining a map 



7^ : C(B^) C{Z^) 



which we call the normalized Radon transform. TZ is again a positive linear oper- 
ator, its uniform norm is given by 



||7^||oo = 1. (8.6) 

The normalized Radon transform is provided with the pleasant property of map- 
ping polynomials onto polynomials. This is a consequence of the following theorem, 
which is basic for the whole theory. 
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Theorem 8.1 (Davison and Griinbaum). Let r G IN \ {1} and G IN. For /i G INq 

and a G 

[nG'-+^a-)]{<7,t) = G;+^{a)G^+^{at) 

holds for (a,t) G where G;,+^ = /G^+^il) = . 

Proof. In view of (8.5) we obtain 

[7iG^+'^{a-)]{a,t) = j G^^'^ {a' [at + ^/l - a'^ u]) du. 

u±t 

\u\<l 

Replacing the integrator u by Au, where A is a rotation in with fixed point t, 
we obtain 

[7^G;+'^(a•)](a,^) = ^ j G^+^{a'A[at+ Vl^u])du. 

u±t 

\u\<l 

For fixed cr, t and u, the integrand is a continuous function of A. So let us apply 
the average operator T := (t), from Section 4.4 to both sides. Because of 
(4.108), the left side remains unchanged. On the right side we may commute the 
average operator and the integral by a continuity argument, and using Corollary 
4.31 we obtain, with x = [at \/l - u], 

[nGl+^{a-)]{a,t) = ^ / G;+^{at)G''+'^{a)du = G^+^{a)G^+^{at), 

u±t 

\u\<l 



as claimed. □ 

For the original work see Davison and Griinbaum [14]. 

Corollary 8.2 (Action of 1Z on the spaces Let r G IN \ {1}, 5 G INq. Then 

{nF^){a,t) = {a)F^{t) 

holds for G (a, t) G Z'^ , and G INq. 

Proof. Put /^ := s + 1, such that 

~ ~ r+s — 1 

^r+/^ — (J 2 

Theorem 7.6 says that every F^ G is a linear combination of functions 

whose images under TZ are known from Theorem 8.1. Together this yields the 
statement. □ 
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8.2 Adjoint Operator and the Inverse 

Action on the Spaces and the Adjoint Operator 

We consider the particular case s := 1, i.e., we assume G where /i G INq. 

_ r + 5-l _ r 

Then we have the marvellous situation where the factor (7^ ^ ^ which 

occurs in Corollary 8.2, is apart from a constant factor the reproducing kernel of 
* 

and moreover the following lemma is valid. 

Lemma 8.3. Let r G IN \ {!}, /i G INq. Then 

W = Th I F,{t)cHtx)duj{t) 

Sr-l 

holds for all G and x e . 

Proof. We begin the proof by considering the statement for an arbitrary s G INq 

r+s — 1 

instead of s = 1. Because of = const ' ^ , and of Theorem 7.6, 

Fji G has the representation 

N ^ 

i=i 

for X £ B'' with some points tj £ 5''“^ and real coefficients 7 j. For fixed x we get 

i-tx) = (tx), 



^+-g — 1 * 

which says that C/_i ^ (tx) is an element of with respect to the variable 

t G 5^“^. It follows that 

^ {tx)dw{t) = y'Tj / C'fi " ^ {tx)(kj{t) 

<^r-l J J 

Sr-l 3-^ gr-1 

N r _i 

j=i 5/-1 



We arrived at a point where we have to assume s = 1. At this choice, only, the 



first factor of the integrand is the reproducing kernel of ^), and it follows 

that 






1 /• r ^ r 

— J F^{t)C^{tx)dio{t) = ^yjC^itjx) = F^{x), 

Qr—l j — ^ 



as claimed. 



□ 




8.2. Adjoint Operator and the Inverse 



289 



* 

It is worthwhile mentioning that is not the reproducing kernel of 

Next we restore in Corollary 8.2 the original meaning of a — tx, this means we 
consider the equation 



which holds for G x G 5^ and t G S^~^. In view of Lemma 8.3 we get 

[ {TlF^){tx,t)duj{t) = ’F^{x), (8.7) 

( 1 ) 



^r-l 



such that F^{x) is reconstructed from apart from a constant factor, which 

depends on //, unfortunately. For else we would know the inverse of TZ. Neverthe- 
less, we are inspired to investigate the operator 

TV : C{Z^) ^ C{B^) 



defined by 



{n*G){x) -.= / G{tx,t)duu{t) 



( 8 . 8 ) 



for G £ G{Z^) and x £ B^. Actually, with its help, (8.7) takes the form 



n*TlF^ = 



To be more precise, we have defined already the inner product 

[Fi,F 2 ]^^^ = J F,{x)F 2 {x)dx 



(8.9) 



for Fi, F 2 G C{B^), see (4.89). Now let us provide the image space, and more 
generally C{Z'^) with the inner product defined by 

(Gi,G2)^ := j Gi{a^t)G2{cr^t)d{a,t) 

Zr 



for Gi, G 2 G G(Z^), with d{a, t) := daduj{t). Then we get for arbitrary F G C{B^) 
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and G G C(Z^), 

[F,n*G]^^^ = j F{x)(^ j G{tx,t)duj{t))dx 

Br gr-l 

= j 

Sr-1 

1 

Fiat + u) G(a, t) du da^ d(j{t) 
j [FqF) (ct, t) G{a, t) da du{t) 

Sr-l -I 

= {W,G)^. 

In other words, Tl* is the adjoint operator of Fq. Besides, replacing TZqF by 
TZF ’TZqI, we find that TZ* is also the adjoint of TZ, but with respect to a slightly 
modified inner product in G{Z'^). So we get a better understanding of formula 
(8.9), which says that the spaces are eigenspaces of the operator TZ*TZ with 
respect to the eigenvalue 

In this setting the a^ are called the singular values of IZ. Naturally, the spaces 
must be orthogonal with respect to [• , — which has been anticipated by 

Theorem 4.28. For a general s we refer to Rosier [60]. 

The Inverse 

Equation (8.9) shows that 7Z* is not far off the inverse, except that the singular 
values are not all equal. So we change the operator a bit, and consider, instead of 
(8.7), the following integral, with 

I (D;-l7^oF^)(te,^)da;(^) = j [D:~^[il-a^)^TZF^]){tx,t) Mt) 

Sr-1 gr-1 

= Qr-i j 

sr-1 

Here we used the definition of IZ together with (8.3) and Corollary 8.2. 

Now we assume r to be odd, such that the identity 
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holds, which is proved in the Appendix (D). Inserting this above we obtain 



D;-^noFj{tx,t)(Lj{t) = 2{2wir-^ / ^Q{tx)F^{t)(L;it) 



= 2(27ri)’-i • i=;(x) 

for arbitrary p E INq, and x E B^, where we used Lemma 8.3 in the 

last step. But in view of (4.99), every polynomial is a linear combination of 
and we get 

1 r 



- I (^D:-^noFytx,t)dw{t) = F{x) 



for arbitrary F and x e B^. It follows that 



—n*Dl-^Tlo = 



and we obtain 






but for r E {3, 5, . . .}, only. 

For r G {2,4, . . .} an identity similar to (8.10) exists. It has the form 






where H denotes the Hilbert transform^ which we need not explain here. Of course, 
in this case we get 






The equations (8.11) and (8.13) are well known as the Lorentz-Radon inversion 
formulae. 

We do not go into further details, except for the following remarks. If 

F{x) = f{tx), 

/ E C'[— 1, 1], t E 5”'“^ X E B'' , is a zonal function, then we obtain from (8.2) 



(FoF)(cr,t) = j f{(j)dh 






This formula says, that if / is not differentiable at the point a E (—1,1), then 
IZqF is not partially differentiable with respect to the first argument at (a, t). So 
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the Lorentz-Radon inversion formulae, which hold on the image of are not 
even applicable on the full image space of But even if D'^~^TZoF exists, by 

suitable smoothness assumptions or in a generalized sense, a finite approximation 
to this partial derivative is required, for instance by a divided difference. The price 
for safe convergence is even smoothness assumptions of an order higher than r — 1, 
which are unacceptable in higher dimensional spaces. For this reason we look for 
an alternative reconstruction method. 



8.3 Reconstruction by Approximation 



In what follows, s G INq is arbitrary, again. Theorem 4.28 says that 



oo 




holds, and since F^ is dense on Corollary 8.2 describes the action of the 

bounded linear operator TZ onto completely by its action onto the polyno- 

mials. 

To be more concrete, let us assume that the summation matrix 

A = ( ) 

satisfies the assumptions of Theorem 7.2. Realisations of this assumption are de- 
scribed by Corollary 7.3. 

Now let F G C{B'^) be the function to be reconstructed from its image IZF, which 
is assumed to be known. We introduce the Appell projections 



F, := QJ'/F G V;’" 

for V G INo, such that Theorem 7.2 yields 

F — lim 

a-^oo ' 
u=0 

where convergence takes place in the uniform norm on B^ . Since TZ is bounded, 
this implies 

u=0 

and using Corollary 8.2 we obtain 

{nF){a,t) = lim ^ {a)F^{t), 

^ ' u— >oo ' 



(8.14) 
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uniformly for (a,t) G Z^. Actually, this formula describes the action of TZ on 
C{B^), as indicated. 

In the following we try to regain F from TIF, at least approximately, by construct- 
ing the approximants 

L^F = (8.15) 

to F for /i G INq. 

First let v G INq, and choose an arbitrary nonzero element Fj, G By Theorem 
7.2 we get 



F, = lim UfF, 
and it follows that 



lim = lim 

U^OO [ 1^00 

K=0 



lim anu = 1 

fl^OO 



(8.16) 



for arbitrary i/ G INq. 

Now it is easy to regain Fj,{t) from (8.14). Actually, by the orthogonality of the 
Gegenbauer polynomials, see Theorem 2.3, we obtain 

1 

f {TlF){a,t)Cy ^ ((t)( 1 - dcr = lim c''f F^{t) = d'f ■ F^{t) 

-1 



for u G INo and t G 5^ \ where the constants are defined by 

1 



/ 

-1 



a 






{a)Cj, ^ (o-)(l - ^ da. 



(8.17) 



(8.18) 



They are positive. But note that by formula (8.17) the restriction of Fy onto S'^~^ 
is reconstructed from IZF, not F^, itself. Here we have arrived at a point where we 
have to distinguish the case 5 = 1 and the general case. 

The Case 5 = 1 

Let 5 = 1. Then Lemma 8.3 provides us with just the information needed for the 
full reconstruction of F^. Actually, using (8.17) and Lemma 8.3 we obtain, now 
for X G 

1 

F,{x) = ^ / [ {nF){a,t)cHtx)cl{<j){l-a^)^dacLo{t)- 

LO'p — \Cy J J 

Sr-1 -1 
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Replacing TZ with TZo/TZq 1 we get, using (8.3) again, 

Fj,{x) = Ai,y* (TZoF){a,t) (tx) Cy {a) d{a,t) (8.19) 

zr 

with 

\y (ur-l • Slr-l • 

We evaluate the parameter as follows. Prom (8.18) we get in view of (4.13) 






2z/ + r 



i 

-1 



da. 



With an arbitrary x G we can write this equation in the form 



^r,l 



r _ UJr+ l 

2u -\-r LOr 



- j CJ {ix)Gl'^‘^{ix)du{i), 

Sr+l 



where du(t) is the surface element of *9^+^, see (1.27) with r + 2 instead of r. 

Here CJ {• x) is an element of IH^‘^^(5^'^^), where is the reproducing kernel 
function. Together this yields 

r 






2u T T u)j> 

Inserting this above we obtain, together with (1.8), 

2i/ + r 



A. - 






( 8 . 20 ) 



( 8 . 21 ) 



r—1 



We summarize our results in the following theorem. 

Theorem 8.4 (Reconstruction of Approximants, s=l). Let r G IN\{1}, and assume 
the summation matrix A satisfies the assumptions of Theorem 7.2. Then 

[LfF){x) = I {noF){a,t)K^{a,tx)d{a,t) (8.22) 

zr 

is valid for F G C{B^), x e , and p G INq, where the kernel is defined by 

■= T,Ka^^uCS{a)Cd{T) (8.23) 






for (cr, r) G [—1, 1]^. In particular, 



lim L:fiF = F 



holds in || • ||oo for arbitrary F G C{B'^). 
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Proof. We obtain the first statement by inserting (8.19) in (8.15). Convergence 
follows from Theorem 7.2. □ 

Remark 1. The approximants of Theorem 8.4 are of particular value if A is the 
Newman-Shapiro matrix see Corollary 7.3 and 7.4. In this case the oper- 

ators are positive, and convergence takes place up to the best possible order 
which depends on the smoothness of F. 

Remark 2. The operators (8.22) approximate the inverse of the positive operator 
TZq. So not all of the kernels can be nonnegative. See Figure 8.2, for example. 

The Case s arbitrary 

Let s G 1^0 be arbitrary, again. In this case. Lemma 8.3 is not available, such that 
we need a different method for the reconstruction of from its restriction onto 
5^-1. We indicate in advance that the result will be rather unsatisfactory because 
of its complexity, but for completeness, and to be able to judge the extra role of 
the parameter 5 = 1 more precisely, we do not omit it. 

We begin by recalling (4.93), which says, for instance, that G u e JNq, 
has a uniquely determined expansion 

F,{x) = 'ynK’^x), (8.24) 

\n\=iy 

X G with real coefficients 7 ^. Moreover, from (4.91) we obtain 

• r (8.25) 

for t G S'^~^ and |n| = with the positive constants 

:= G + ( 8 - 26 ) 

It follows that the restriction of Fy onto is given by 

F.(i) = d;-* (8.27) 

\n\=u 

for t G and our aim is to reconstruct (8.24) from (8.27). 

In (8.27), Fiy{t) occurs as the restriction of a homogeneous polynomial, whose 
coefficients are determined by their representer Pn, see (4.44). By a comparison of 
the expansions (3.51) and (4.36) we get 



and (8.27) yields 

7n = 

LUr— \ cli/ J 

Sr-l 
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again for |nl = u. It follows that (8.24) takes the form 
1 



F.{x) = ■ j F.{t)[ U:^%x)V:^\t)) Mt), 

c.r-1 |n|=fy 



now for X ^ B^. This finishes the reconstruction of Fj^ from its restriction onto 
which is given by (8.17). Inserting this we obtain finally, using (8.3) again, 

F,{x) = j {noF){a,t)K:'%a,t,x)d{a,t), (8.28) 

Zr 



with the kernel defined by 



Kl,’^{a,T,x) := 



CUp — \ Cl/ 



r-|-3 — 1 

■Cu ^ ((t) 



L 

\n\=u 



v:’\t)u:’%x) (8.29) 



for (cr, t,x) e X B^. 

Theorem 8.5 (Reconstruction of Approximants, s Arbitrary). Let r G IN \ {1}, 
s E INo, and assume the summation matrix A satisfies the assumption of Theorem 
7.2. Then 

(l;’*F)(x) = j {noF)ia,t)K^'^'^a,t,x)d{a,t) (8.30) 

zr 

holds for F G C{B^), x e B^, and /i G INq, where the kernel is defined for 
(<j, t, x) £ Z'^ X B^ by 

F:^’"'’%(r,t,x) := Y^a^^yKl’\cr,t,x). (8.31) 

iy=0 

Proof. The statement follows by inserting (8.28) in (8.15). □ 

Remark. In comparison with (8.23), the kernel (8.31) is rather complex. But just 
for s = 1 we get, in view of (4.100) and of (8.25), and for t G S'^~^ and x G B^, 
the following reductions, 

|n|=i/ |n|=i/ 

\n\=F 

= dl'Fcl{tx), 



where we used (3.51) to get the last equality. If this is inserted in (8.29), the kernel 
(8.31) breaks down and takes the form 

K^’''’\cr,t,x) = K^{a,tx), 

exactly, see (8.23) and (8.21). 
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8.4 Complexity and Stability 

By the choice of the Appell index s G INq we decide on an embedding of the given 
IR^-problem in the larger space this means on the treatment of C{B^)- 

functions as (7(*S'^'^^)-functions, with some advantages. It seems to be advisable 
to keep s as small as possible, so the first guess would be s = 0. But in this 
case we would be forced to use the reconstruction formulae of Theorem 8.5, which 
are rather complex in comparison with the formulae of Theorem 8.4, which hold 
however only for s = 1. So it is quite natural to use only the parameter value s = 1 
in practice. 

Complexity 

So let s := 1, again. The evaluation of (L^’^F)(x) from (8.22) at a single point 
X e requires the evaluation of an integral over = [-1, 1] x for instance 
by the product of a Gau6 quadrature on [—1, 1] and a product Gaufi quadrature on 
with nodes (cTj,t/e). In this case the number of 7?.F-evaluations is bounded 
by 2(/i + 1)^ = see Theorem 6.19. In comparison, the evaluation of the 

Lorentz- Radon formulae requires the evaluation of an integral over by at 
most 2{/j + 1)^“^ = evaluations of TZF, only, however at the price of an 

additional numerical differentiation, — if this makes sense at all. 

We must not forget the necessary kernel evaluations at the points {(Tj^tk) G Z^. 

H L. 

They require evaluation of the {cj) and of the Cf {tkx) for = 0, . . . , /x together 
at (/i + 1) + 2(/x + points (at most), with a need for (9()U^) arithmetical 

operations in total, if the recurrence relation of the Gegenbauer polynomials is 
applied, see Problem 2.1. But apart from their number, the kernel evaluations 
may be much cheaper than the evaluations of TZF, and could also be organized in 
tabular form. Moreover, for every fixed j G {0, . . . , //}, K^{aj^ • ) is a polynomial 
of degree /x, which can be evaluated simultaneously at the points t^x by means of 
the fast Fourier transform (FFT) at log/^) arithmetical operations, such 

that the total arithmetical costs are of the order 0(/x^~^ log/x), only, instead of 
0{fF), Here we neglected the necessary organisation work. 

In practice we may even argue that all quadrature points may be omitted, 

which define an affine hyperplane {x G JR^\xtk = cr^}, which is not intersecting 
a given neighbourhood of the evaluation point xq G B^. For instance, if this 
neighbourhood is the open ball {x G IR^ : \x — xq\ < d}^ then all quadrature 
points could be omitted which satisfy the condition 

\ocotk ~(Tj\> d. 

This technique corresponds to truncated generalized hyperinterpolation and re- 
duces the evaluation cost essentially. 

Stability 

We assume s = 1, again. The reconstruction formulae of Lorentz-Radon are prob- 
lematic with respect to the necessary, but often unallowed partial differentiation. 
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Actually, TZq^ is an unbounded operator, and so every reconstruction method must 
show some instability. This holds also for the reconstruction method suggested by 
Theorem 8.4. 

We investigate the corresponding stability problem by introducing for /i G INq the 
linear operators M^, defined by 

:= fir -1 y G{(7,t) K^{a,tx) {I - d{a,t) (8.32) 

Zr 

for arbitrary bounded integrable or square-integrable functions G : ^ IR, 

which means that 



||G||oo = sup{|G((j,i) : {a,t) G Z**} < oo 
or 

Il<^ll2 j < OO 

zr 

holds, respectively. The constant 7 ^ is chosen such that || 1||2 == 1 is valid. Because 
of (1.27) this yields 




2 da — 

UJr 



(8.33) 




Figure 8.1. AT^(si,S 2 )(l ~ ^ the Kernel of MJ^. 
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Figure 8.2. Zero Set of 

The definition of is such that (8.22) takes now the form 

(l;:^f)(x) = (MinF){x), 

where we used (8.3), again. For the kernel see Figure 8.1 and Figure 8.2. 

In what follows we assume that TZF is not known exactly (for various reasons, of 
numerical or physical nature), but that IZF is replaced by some approximant G. 
Then the reconstruction error can be estimated in the form 



\\U^F - M;G||oo < ||m;||p,oo||71F - GIU (8.34) 

for p G {2, oo}, where 

||m;||,,oo sup{||m;g|U : l|G||p < i}, 

and the stability of our method can be measured by these operator norms. They 
are subject to the following theorem. 

Theorem 8.6 (Reconstruction Norm). Let r G IN\{1,2}, and assume the summa- 
tion matrix A satisfies the assumptions of Theorem 6.29. Then 



I|m: 



< 1|M, 



2,00 < 



r (r + 1) 



(// + r + !)"■ 
(r--2)! 



(8.35) 



holds for // G INo . 
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Remark. The assumptions on A in Theorem 6.29 are stronger than in Theorem 
7.2. 

Proof. ||G||oo < 1 implies ||G ||2 < || 1||2 = 1, and we get 

\\m;\u^ < |1 m;ii2,oo. 

Therefore it suffices to estimate the operator norm on the right side. To this end 
let ||G ||2 < 1 and x G Prom (8.32) we get 

\{M;G){x)f < \Kya,txy{l-ay-^d{a,t). 

Zr 



Using the kernel representation (8.23) and orthogonality we obtain 



I (x) 1^ < ^ ('^)] ^ (^^)] ^ (1 - ' duj{t)da. 

-=0 45-1 



Prom Theorem 6.29 we get < 1. Moreover, the integral can be factorized. 

The first factor is 



i 

j [dw]'(i 

-1 



^2^ da = Cd{\) ■ 



r <^r+l 



2u y-r Ur 



CHI). 



Here we used (8.18) and (8.20). The second factor is given and estimated by 
j [Cu (tx)]^ du{t) < {r - l)‘^Ur-iCJ {1). 



Por the proof of this inequality we refer to Appendix (D), Lemma D,2. By inserting 
these results above and replacing with the help of ( 8 . 21 ), 7 “^ by ( 8 . 33 ), we get 



\{M;G){xf<{r-lfnl_,- 



LUr+1 1 ^ 

- (jj (jjfp - 



r-^(2i/ + r)[C'|(l)]^ 



1^=0 



Prom (1.8) we get (r — l)0^_i = Ur- 2 , and hence we obtain, in view of Cq (1) < 
Gf (1) < •••, see (2.13), 



\{M;G){xy < 



' <^r-2 
- Ur 



^r-\-l 1 ^ 
Ur— I - 



cj(l)y;(2z. + r)C'|(l). 






Again from (1.8) we get 

Ur~^\ 27T 

Ur-l r ’ 
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and using (4.28), (4.30), and (4.13) we obtain 



J](2i. + r)c|(l) = r - [C;^'(l) + C2i(l)] < 2rCi,"^\l). 



u=0 



Inserting these results above we get finally 



\{M;G){x)\^ < 2r^ 



rr - li2 



( 1 ) 



/i + r-l\//i + r + l 



< 



2(r - if 
2 

r(r + l) [(r-2]!]2 



r — 1 
{H + r + if'’ 



r + 1 



which yields (8.35), as claimed. □ 

Remark 1. The estimate (8.35) might be too pessimistic, but says that ||M^||oo 
increases at most at the order of dimPJ^. In the important case r = 3, the estimate 
takes the form 

ik/3 II / (m + 4)^ 

||JW^||2,oo < — • 

In view of (8.34) this says that the error, caused by replacing TZF by some G, is 
bounded for p G {2, oo} by 

||L3>1f-M3G||oo < 



The estimate is valid, for instance, in case of the Newman-Shapiro operators. 
Remark 2. In the case r = 3, Theorem 8.4 establishes an approximation method 
for MR-tomography. In case of the Newman-Shapiro matrix A = the approx- 
imation order is 0(/i~^) for functions which are twice continuously differentiable 
in a neighbourhood of B^. If (8.22) is evaluated by means of a product Gaufi 
quadrature, then an operator arises from as in the case of generalized 
hyperinterpolation. U. Maier [35] investigated L^’^-approximants up to the degree 
p = 160 by numerical experiments, thus making visible the validity of our theory. 
For theoretical reasons she investigated the exact, i.e., untruncated operators. But 
actually, as in the case of generalized hyperinterpolation, truncation promises a 
significant reduction of the evaluation cost without loss of the accuracy order. 



8.5 k-Plane Transform 

The Radon transform TZq = is defined by means of integrals stretched 

over the intersection of and an (r - l)-dimensional affine hyperplane, which is 
orthogonal to span{t}. As a generalisation, the (r — /c)-plane transform 1Z^ 
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— 1}, is defined by means of (r — fc)-dimensional afSne hyperplanes. 
For convenience we denote by k their co-dimension, but have to remark that in 
case of the fc-plane transform TZq ’ itself, the dimension of the hyperplanes is just 
k. 

Let T = (^ 1 , . . . , t/c) consist of orthonormal columns ti,. .. ,tk G IR^. An element 
G IR^ is orthogonal to span{ti , . . . , t/J exactly if v'T = 0 holds. In this case we 
write V ±T. Every a G span{ti ^. . . , t/J has a uniquely determined representation 
a = Ta with a = (<7i, . . . , cr^)' G IR^. Because of 

|ap = a' a — a'T'Ta = a'a = jap, 

a e holds exactly for a E Therefore, every (r — fc) -dimensional affine 
hyperplane which is orthogonal to span{ti ,. . . , tfc} has the form 

{x G IR^I X = Ta -h i’, V it], 

and it intersects B^ exactly for a E B^. 

After these preliminaries, we generalize the definition (8.1) for F E C{B'^) by 
putting 

{n^y''^F){a,T) := J F{Ta + v)dv (8.36) 



for a E B^ and T as above. Substituting v = y/l — a‘^u we obtain, again, 

= (1 j F{Ta + \/l - a'^ u) du. (8.37) 

ii_LT, u2<i 

In particular we get 

{ll^y^h){a,T) = (8.38) 

And as above, we normalize by the definition 



which implies 

= 1 . 

We do not go into further details, except for showing how the spaces are 
transformed, where it suffices in view of Theorem 7.6 to investigate the action of 
basic functions ■), a E S^~^. 

Theorem 8.7 (/c-Plane Transform). Let r E JN \ {1}, k E {l,...,r}, s E INq, 
p E INo; and a E . Then 

(TZ(^-k)Gy^+\a' ■)){a,T) = — (a', a 'T) 

OJr+s — k 



(8.39) 
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holds for a ^ and T = {ti, . . . ,tk), . . . ,tk E S'^ ^ pairwise orthogonal, where 

is the reproducing kernel function of . 

Proof. Let hi := s + 1. From (8.37) and (8.38) we obtain for all rotations A E 

(n(r-k)Gr+^^a'-)){a,T) 



= ^ ■ [ (?;+''(«' [Ta + u]) du 

^'r — k J 

u±T,u^<l 

= ^- [ G;+'^{a'A[Ta + Vl-a^u])du. 

^'r—k J 

u±T, u2<l 

Applying the average operator 11^'^ to both sides, and using Corollary 4.30 we 
obtain 

= ^- [ fa 'T, [a'T' + ^/l- a^u']T)du 

^tr—k J ^r-{-K,— l~k ^ 7 

u±T, u2<l 



1 

1 — A: 



/o k, r-\-K,— l — k 



{a'T, a'), 



where we used u'T = 0 and T'T = I. In view of the symmetry of the kernel this 
is exactly (8.39), as claimed □ 

Remark. The right side of (8.39) is given explicitly by 



1 



^r-\-s — k 



^^’'+^-'^(<71,. ..,ak) . . .,atk) 

\n\=i2 



for + • • • + < 1 and pairwise orthogonal h, . . . ,tk E \ see (4.100). For 

k = 1 this takes the form 



1 

^r+s— 1 



u, 



1, r+s — 1 



(cTi) ^{eiti) = const • 






" {ati), 



see (4.107). In view of = const ■ C/x ^ this result corresponds exactly to 

the result of Davison and Griinbaum, see Theorem 8.1. 



8.6 Problems 

Problem 8.1. Let r > 2, and assume the ball A:={xeJR^: |x - a| < p}, a E 
p > 0, is a subset of B^. For a > 0 let F G C{B'^) be defined by 

F{x) := {p^-\x-a\^)l 

for X E B^, where ( • )+ is the usual basic spline-function. Calculate TZqF. 




Appendices 




Appendix A 

Legendre Basis 



Let r G IN \ {!}. For a fixed u e {0, 1, . . . , let H be an element of Ml \ and 
* 

hence also of It is not dependent on Xr, so we get 

* 

CrgradH = 0. (A.l) 

Next let P be an arbitrary element of Q^_^, such that 

P{x) = 

is a homogeneous polynomial of degree fJL — u^ whose restriction onto depends 
on Xr^ only. It follows that 

* * * 

F HP 

is a homogeneous polynomial of degree /i with respect to all of the variables 
Xi, . . . and we ask for conditions on P which let this polynomial become har- 
* 

monic. Note that AF is also homogeneous (of degree // — 2), such that it suffices 
to let this polynomial vanish on S^~^. 

♦ 

Obviously, because of AF = 0 we get 

AF = 2 gradH • gradP + H AP (A.2) 

By a tedious, though elementary, calculation it is possible to evaluate the right 
side for the arguments x G With the abbreviations H = H(x)^ P = P{xr), 
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and so on, we obtain the following equations, 

* 

gradP = {p — u)P • x + P' • • x), 

AP = (1 - x^)P" - (r - l)x^P' + (// - iy){p -u + r- 2)P 

Using the first one, together with Euler’s partial differential equation 

* * 

X gradH = u 

see Theorem 3.3, and taking into account (A.l) we get 

grad H • gradP — [u{p — u)P — vXrP ]H^ 
again for x G S^~^. Inserting these results in (A. 2) we obtain 

AP = [(1 - x^)P" - (2z/ + r - l)x^P' + (/i - v)[p Pv Pr - 2)P] • P, 
still for X G 

Now let P take the form 

P = const • 

Then we obtain with the help of Theorem 2.1, 

* 

AF = 0, 

* 

as yet for x G only. But since AP is homogeneous, this equality is valid 

for arbitrary arguments. Moreover, in view of (4.12) and of (2.10) and (2.11) the 
constant can be chosen such that P takes the form 

p = Gir\ 

where is the i^-th derivative of the kernel function Our results can 

be summerized by the statement that 

F(x) = . . , Xr-i) ■ Irrr-'^GM (g) (A.3) 

is a harmonic homogeneous polynomial of degree p for arbitrary H in 
Next let X = (xi, . . . , x^_i)'. For x G we get [xj ^ y/l - x^, and (A.3) is 
equivalent to 

Fix) = i(^)-(l-x2)^GM(x,). 



(A.4) 
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With respect to the first r - 1 variables, the first factor is here a spherical harmonic 
of degree u, it is combined with a univariate function of the last variable. Apart 
from a constant factor, the function 

= 0, 1, is a so-called Legendre function^ see (5.101). 

The presented construction of a harmonic homogeneous polynomial can be used 
to generate a complete basis. 

Theorem A.l (Legendre Bases). Let r G IN \ {1}, // G IN. For i/ G {0, 1, . . . , //} let 
Blr^ he a basis of and define 

Then the family 
* 

is a basis of IH^. 

* 

Proof. The members of have the form (A. 3). So they are elements of IH^. By 
the diagram (4.26) their number is 

y^dim = y^dim 

1^=0 u =0 

= dim 4- dim 

- dim e;;, 

where we used (4.1) and Corollary 3.11. Therefore it suffices to prove that they 
are linearly independent. 

So let us assume that a linear combination from B]', vanishes. This can be written 
in the form 

=0, (A.5) 

iy =0 ' I 

where every is a linear combination of basis elements from Bl~^. Therefore it 
suffices to prove that Hq, Hi, . . . ^ vanish, and it suffices even to prove that this 
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holds on S'^ Actually, for x e ^ we can write (A. 5) in the form 

u=0 ' ' 

Now choose Xr G (-1,+1) such that none of the polynomials vanishes at 
Xr. The values of ||y cover S'^~^ while x varies in under the side condition 
\x\^ = 1 - x^. Moreover, by Theorem 4.10 the spherical harmonics 

are pairwise orthogonal, see Theorem 4.10. Together this yields = 0 for i/ = 
0, 1, . . . , /i, and the theorem is proved. □ 




Appendix B 



Zeros of the Kernel Function 



Lemma B.l. For n e IFl let < . . . < denote the zeros of the Jacobi 

polynomial y = ^ . Then holds in the particular case r = S. 

Proof. Let r = 3 and // G IN. For /i = 1 the unique zero of y is given by By the 
interlacing property of the zeros of orthogonal polynomials it follows that < 0 
holds for arbitrary /i G IN. Moreover, the polynomial 

F(x):=(-iry(-^^) (B.l) 

has a positive leading coefficient and the roots 

Xy = (f ^ ~ f 5 • • • ? /^? 

which are in the order 

-3 < xi < . . . < < 1. 

In particular, it follows from < 0 that even 

-1 < < 1 

holds, and it is easy to see that is also valid. 

Now assume that the statement of the lemma is false. Then we get 

(B.2) 

Moreover, it is well known that y satisfies the differential equation 
(1 - x^)y'' - (1 + rx)y' + y{y-\-r - l)y = 0, 
see, e.g., [13] or [75]. It follows that Y satisfies the differential equation 
[2(1 — x) + {1 — x‘^)]Y" — [r — 2 + rx]Y' + /i(/i + r — 1)F = 0. 



(B.3) 
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Note that Y"{x) > 0 holds for < x < oo. So we get, in the interval < a; < 1, 
(1 - x’^)Y” - (1 - rx)Y' + p{p + r- l)r < 0, (B.4) 

where we replaced r-2 by its actual value 1. Next we use the well-known transform 



p{4>) ■- (m+^) + 



r-^2 I l-(y-l)^ 



-t- 






2 ^ ' 16(sin|)2 ^ 16(cos|)2’ 

r r — 2 

u[^) := (sin(/)) 2 (cos(/))”^^(cos(/)), 

fp 'p — 2 

[/(0) := (sin(/)) 2 (cos(/))~^y(cos(/)), 

and define (j)^ G (Oj^r) by = cos0^. Then (B.3) and (B.4) take the form 
u"+p{^)u = 0, U"+p{(t))U <0 

for 0 < 0 < 0^, where (j)^ is the lowest positive zero of U. Moreover, since /7((/>) is 
positive in this interval, there exists a continuous function P > p such that 

U" + P{(^)U = 0 

holds, again in this interval. Finally we get, using r = 3 again. 



lim 

( f >^0 



u'{(^)U{^) - u{cj))U'{cP) 



= 0 , 



and it follows by Sturm’s Theorem^ in the form presented by Tricomi [75], p.l75, 
that U has a root -0 satisfying 



0 < 0 < 0^, 

which is a contradiction. So the statement of the lemma is true. □ 




Appendix C 

Newman-Shapiro Operators 



We repeat the lemma to be proved: 

Lemma C.l. Let r e IN \ {!}. Given a constant Cr > 0, a constant dr exists 
such that the following holds. If A : [— 1, 1] ^ IR is an arbitrary monotonically 
nondecreasing function such that 



(*) 



(m) 

(m) 



j 4l\cos 4>)dA{4>) = 
0 



r Gl+i{cos(f>) 

J COS^-COSXi/+l 



dA{4.) = 0, 



Xi^+1 

I dAW < 

0 



holds for all u e IN, then 



J K 2 ^J {cos ly dA{(j)) < dr 

0 



is valid for j G {1,2}, and again for arbitrary v G INq. The integrals are defined 
in the sense of Riemann and Stieltjes. 

(r) 

Proof. Note that ^ is defined by (6.88). We prove the statement of the lemma 
for a fixed j G {1,2}. 

r-2 

= cosXiy+ 1 , 0 < Xiy-j -1 < f ^ IS the greatest zero of i.e., of . In view 

of (6.93) a constant ar exists such that 



0 < 1 + 1 < 

holds for all 1/ G INq. We split the integral in the form 



(C.l) 
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with 

Xi^+i 

K',j-= j Kl[\cos(f>){fi(f) + iydA{<f>). 

0 

Because of (C.l) and of the assumption (i), this term can be estimated as 

I'r < . [ K^;){coscj>)dA{ct>) = 

J ^r-2 

0 



In particular, is bounded. 

Next we investigate the complement 

7T 

Kj = j Kj^\cos(f>)(^fi{ 4 >-x,.+i) + I^X>^+i + iy dA{(l>). 

Xu + 1 

With the help of the integrals 

7T 

Xi^+1 



it can be written in the form 



I 



I'd 




such that it suffices to prove that the k are bounded for v G INq, separately for 
fc€{0,l,2}. 

For fc = 0 we get, by the assumption (i), 

7T 

B,,o < [ Kl:Hcos4>)dA{4>) = 

J — 2 

0 



as wanted. 

For fc = 1 we have to investigate 



-^1^,1 — J 

Xi^+i 



G^+i(cos0) 

cos x ^+1 - cos (/) 2 sin sin 



0 - Xiz+l 






where we used (6.88) to get the explicit form. Note that 



2 - 2 



2 
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and 



sin - 



0 + X 1/+1 



> mm I sm Xiy+i , sm 1 



hold for Xi^+i < (/> < 7T. In view of 



. TT-Xiy+l sin(7T-Xi.+i) . 1 . 

sm = > - smY^y+i, 

2 2cos^^:^ " 2 



the last inequality implies 



. 0 + X^+i ^ 1 . 
sm > - smx^+i. 



Inserting this above we obtain 



Bi/,1 ^ P Qu-\-i . 



7T 



7T 

/ 



Gl_^^{cos(j)) 






sin Xi.+i J cos Xi/+i - cos 0 

Xiy+i 
Xi^+i 

7T f G^_^l(cOS</)) 



/ 

smXi.+i J 

0 



coscj) — cos Xj/+1 



dA{(j)) 

dA{(t)). 



Here we used the assumption {ii) in order to reflect the influence of the large 
interval [xi/+i, vr] to [0 , Xj^+i]? Ihe small one, which happens to be possible because 
of the special choice of the kernel. 

In view of (4.12), (2.10), (2.11) and of (2.16) it follows that 



Xu + l 

- • G,+i(l) • G;+i(1) [ dA{4>), 

sinxi/+i J 

0 



and together with [Hi) this yields 



< pgu-\-i 



7T 

sinx^y+1 



•G,+i(1)-G;+i(1). 



Cf 



Now we use (6.93), (4.12), Corollary 3.11, Markoff’s inequality, and Theorem 6.33, 
(Hi), to prove that the right side is bounded, again. 

For k = 2 we get likewise 



G^_^i(cos(A) 






P 9 J 

Xi^+i 


COSX1.+1 - cos(A 2 sin 


sin 


4 >~Xi^ + l 

2 


2 

M ffu+i ■ Y 


J Gl+j^{cos(f)) 


sin 


■ dA{(j)) 


J COSX 1 .+ 1 -cos^ 


sin 



■ dA{(f>) 



Xi'+l 
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where the function 



sin 



(/)-Xiy+l 



Sin 






is monotonically increasing for Xi/+i < 0 < 'TT, such that 



sin 






0 + Xt^ + l 



< 



sin 



TT-Xt^+l 



Sin 



TT+Xt^+l 



= 1 



Sin 



2 """" 2 

holds. Inserting this above and using again the assumptions (ii) and (in) we get 



B 



v,2 



< 



< 



^ Xi^+i „ 

M 9u+i ' — 



^ Xi^+: 

0 



(cos (j)) 



COS(/) - cos Xiy+1 






dA(0) 

Crp 



and the 8^ 2 prove to be bounded, again. 
Summarizing our results we see that 



is bounded above for z/ G INq by some constant dr, which depends on Cr, only. We 
choose it so large that the statement of the lemma holds both for j = I and for 
j = 2. □ 




Appendix D 

Reconstruction 



Theorem D.l (A Gegenbauer Polynomial Identity). Let r G IN 6e odd and ix G INq; 
and let D Then the following identity holds, 

[(1 - (a)l = 2{2my-^ ■ (<r). 

L J ^r-1 

Proof. By defining 

f{a) :=Q.r-iD''^^[{l-a‘^)^C^{a) (D.l) 

we obtain a univariate polynomial / of degree fx. It can be expanded in the form 

/(tr) = ^a,c|(a). (D.2) 

1^=0 

We want to show that = 0 holds for u = 0, . . . , /i — 1, where the formula of 
Rodrigues, see Problem 2.4, will help us. In the present case we bring it to the 
form 

(D.3) 

where z/ G INq is arbitrary, and where 

X,(a) = (l~a^y+^, (D.4) 




Obviously, inserting (D.3) in (D.l) we obtain 



(D.5) 






(D.6) 
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r 

The CJ are orthogonal, see Theorem 2.3, so ao = • • • = a^_i = 0 holds if and 
only if the inner products 

1 

-1 



vanish for i/ = 0, . . . , jU — 1. Actually, for fixed v G {0, 1} we get, using 
(D.6) and (D.3), 






i 

y.c'i], = j 



De+r-ix 



D^X,. 



da. 



and integration by parts yields 



1 

DI^+t-2x^ \ “ / 

-1 



Oe+r-2x^ . • da 



= ± 



£)M+ 









t1 



J-1 



i 

/ 






r— 1 
2 






where we used that the expressions [ • ]Li vanish since the second factor vanishes 
for a = ±1. By a change in the argumentation, only, we can continue this process, 
and get 



7/x7^ 



[/Xl]r 



= T 



De+ 






■D‘'+'^X^ 



i 

/ 






• da 



_2^i/+r-l I 






r-2 






]■-/ 

-1 









Xjy • da 



}> 



where we used now that the first factor in [ • ]3ii vanishes for a = ±1. X^^ is a 
polynomial of degree 2z/ + r - 1, such that is, finally, some constant. 

It follows that 



1 




const • J 
-1 



• da = const • 







= 0 , 
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and ao = • • • = a^_i holds, as claimed. Now we get from (D.l) and (D.6) 
amelia) = 

and together with (D.5) we obtain 

a.clia) = (- 1 )^ • ■ cl ( 1 ) ■ - a^r+^ . 

^ V 2 



The leading coefficient of (<j) is known from (2.5), and a comparison with the 
leading coefficient on the right side yields 

• 2^ = (“1) " ■ 2„, ^r+l^ ■ + l)Ai+r-l. 

or, in view of (1.8), 






(- 1 ) 



r— 1 
2 



(-1)' 



^ (2M + r-l)! r 

22M(r-l)r(^) (iU^)^ 

!LZ: n2M + r)r(|) . 



Now we apply Legendre’s formula 



r(2/i + r) 



22m+ 



r— 1 



r(/i + §)r(/i + ^), 



and obtain 



= (-l)^.2’^-V-^r(i)-C;f(l) = (-1)^.2^7 t-i.^C,M1). 



Inserting this above, together with ao = ... = a^_i = 0, we get 



/(a) = 2(27Ti)^-i.^c|(a), 



which finishes the proof. 



□ 



Lemma D.2. For r G IN \ {1, 2}, /i G INq, and x G the following inequality 
holds, 



■ / 

Sr-l 



1 2 



(tx) duj{t) < (r - 1)2 • (1). 



Proof. For p = 0 the statement is evident. So let // G IN in what follows. 

The integral does not change its value if we replace t by At, A an arbitrary rotation. 
So it suffices to confirm the statement for x = ^ ei, 0 < ^ < 1. Moreover, if it holds 
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for 0 < ^ < 1, then it is also valid for ^ = 0, by continuity. Therefore it suffices to 
prove it under the assumption 0 < ^ < 1. 

In view of (1.27) the integral now takes the form 




Because of r > 3 it follows that 

F(0 < (D.7) 

^r-1 S J 

For ^ = 1, this means for x = ei, we get in particular 

1 r r n 2 

F{1) = / Cl(tx) duj{t) = C|(l), (D.8) 

LUr-l J L -I 

Sr-l 

where we used the reproducing property of ( ' ^)- 

For ^ ^ < 1 we obtain from (D.7) and (D.8) 

F(0 < i-F(l) <r-C|(l) < (r-l)2.cj(l), 

as claimed. 

Next let 0 < ^ < ^. We want to apply the inequality (2.33) with A = It is valid 
in the interval [0,x^], defined by (2.31), i.e., by 




where the last inequalities hold in view of /i > 1, and of r > 3, again. Because of 
- < the inequality (2.33) holds in particular for 0 < x < which is just the 
interval of interest. 

So we may use (2.33). In view of (2.13) and p>l it implies that 
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which is valid in particular for 0 < a < ^. Inserting this in (D.7) we obtain, in 
view of 



m < 



^r -2 r r_ 
4 ^ 









< 



UJr-2 r 






Finally we use (1.8) and the Beta function, see (1.4), in order to get 



^r -2 ^ -^(j) ^ r-2 /I r-2 \ ^ r-2 /I 1\ _ r - 2 

Wr-i v/ir(^) 2n \2’ 2 / - 27t V2’2/ 2 



where we used r > 3, again. It follows that 



^"(0 < 



r(r - 2) 



(!) 






again as claimed. 



□ 




Appendix E 

Solutions 



Chapter 1 

Problem 1.1 

a) Let rGlN\{l}. By Fubini’s Theorem we get 






xf + ...+x2<l 

Substituting 



/ dXi...dXr = i:a I 



dXi...dXr 






we obtain 






Xi = ... , Xr-l = 

+1 1 

= J (1 - xl)^Q.r-ldXr = 



dXr • 2Qr 



-1 

1 



0 

where we used (1.4). It follows that 
with fli = 2. Using (1.4) again we obtain 

r 

7T2 



Ur = 



r(^)' 



b) Next we generate B'' from spheres of radius p, and obtain 



Qr 



f 

JQ 



r 
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Together with the result from above this yields 



CJr—l 



27T2 

iW 



Problem 1.2 

The hemispheres and are defined by > 0 and Xr < 0, respectively, 
and have the parameter representation 

x(x) = (x', ±y/l - |xp) 

The normal at the point x = x{x) is given by x itself. So the surface element takes 
the form duj{x) = dx/\erx\ = dx / - |xp, and we get 



j F{x)du{x) = j 

^r— 1 Qr—1 



F{x) 



dx 



-\/i ~ 



This yields (1.24). 

Problem 1.3 

In view of (1.24) and of luq = 2, formula (1.25) is valid for s = 0. Next we assume 
that (1.25) holds for s - 1 G {0, 1, ... ,r - 3}, and that F{x) = F(xi, . . .,Xrs-i) 
does not depend on Xr-s^ . . . , Putting x = (xi, . . . , Xr-s-i) ^ and using (1.25) 
and Fubini’s theorem, we get 

J F{x) (1 - |xp - x^_ d(x, Xr-s) 

Bv-s 

+vTH^ 

cjs-i f F{x)(^ [ (1 - |xp dx. 

1 



J F{x)duj{x) = 

Sr-l 



Substituting ^ = y^l - |xp rj we obtain 

1 

j F{x)duj{x) = cjs-i j {1 - drj - j F(x)(l-|xp)^ 

gr-l -1 

Finally we use (1.4) and (1.8) to get 



dx. 



(^S—l 






dr) = uj^ 






— r) 2 dr 



Ws-1-S(i f) = 



27rt r(i)r(f) 

r(f)' r(^) 



LUg . 
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Therefore, (1.25) holds for s G {1, . . . ,r — 2} instead of s — 1, and recursively we 
obtain this formula for s = 0 and s = 1, . . . , r - 2. 



Problem 1.4 

With /(^) = formula (1.27) yields, in view of (1.4) and (1.8), 



1 

j {txY<Lj{x) = UJr-2 • j ^^(1 - ^^) 

5-r-l _l 



e)^d^ 



tOr-2- j T‘^(l-T)^dT = oJr-2 ' , ^) 

0 

27t"^" r(^i±i)r(^) 

~ Z7T 2 






n^) 






Chapter 2 

Problem 2.1 

First assume A ^ 0. With the help of the operator D = z-§^ we obtain, with 
= 0 and similar to the proof of Theorem 2.1, 

OO r 

E (m + ^K+i - 2(m + A)a:C^ + (m + 2A - l)C^_A 

/j.=0 ^ ^ 

OO oo OO 

= E M - 2a; E (m + A) + 2: E (m + 2A) 

M=1 )U = 0 yLt=0 

= - 2a;(D + A)G^ + z{D + 2X)G^ 

= 2X(z - x)G^ + (1 - 2xz + z^)G^ = 0, 

and the first recurrence relation is proved. 

Next let A > - A, such that is defined, see (2.13). Inserting 






0)7^^" 



in the equation just proved, we obtain the second recurrence relation after a mul- 
tiplication by (1)^/(2A)^. The initial values are easily obtained from (2.5). 
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Problem 2.2 

First let A ^ 0, and recall (2.3) and (2.4). Using the operator D we get 



y^{-pxC^ + (p + 2X- l)C'^_i} 

^=0 

1 



= —X ' D 



-X • D 



(1 - 2xz + z‘^)^ 
1 



+ z^{p + 2X)C-^ 



IJ,=0 



(1 - 2xz + z 



+ z 



(f> + 2A) 






1 



(1 - 2xz + z^) 



2\X 



2A(1 - x‘^)z 



(1 - 2xz + ^ 2 )A+ 



- = J^2X(i-x^)c;;ll-z^. 



/i=0 



Now the statement follows in view of (2.10) by a comparison of the coefficients. 
Next let A = 0. For ju = 0 the equation is valid, obviously. For /i G IN it is 
equivalent to 

i(i-x2)r; = -xT, + T,-u 

see (2.8). By the substitution x = coscf) this equation takes the form 



- sin (/)(cos ficj))' = — cos (j) cos + cos(/i -!)</>, 



and so it is valid because of the addition theorem. 

Problem 2.3 

For /i G IN it follows from the recurrence relation that xC^{x) is a positive linear 
combination of C^_^i{x) and of C'^_i(x). In the Chebyshev case A = 0 this is well 
known, for A > 0 we refer to the result of Problem 2.1. Using this argument twice 
we get for /i G IN \ {1} that x‘^C^{x) is a positive linear combination of 

Cll+2{x), C^{x), and C^_2(x). 

Now we turn to the statement of the problem. Obviously, because of 1 = Cq{x), 
X = \Ci{x), and x = ^C^(x) for A > 0, it is valid for fi G {0, 1}. 

Next we assume that it holds for some fi G INq, i.e., x^ is a positive linear combi- 
nation of the polynomials 

for this value of /i. Then is a positive linear combination of 
and by our preceding result also of 
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So the statement holds for /i + 2 instead of and mathematical induction finishes 
the proof. 

Problem 2.4 

Let A>-i , /i G IN, and define the functions 

Y{x) := (1 - and F{x) := (1 - Y^^\x). 

Applying the Leibniz rule in order to get Y^^^ from 
Y{x) = (1 — • (1 + 



we obtain 



F{x) = Q (m + A - 1/ + i)^ (A + z. + i)^_ - xr-^{i + xr, 

i /=0 ^ / 

and hence F e Pj,. We want to show that F is orthogonal to P^_i- Actually, for 
arbitrary G 6 we get by integration by parts 



[G,F]; 



1 +1 

= j GF-{l-x^)^-idx = J C 

-1 -1 



GY^f^Ux 



= + 






+1 

L-/«' 



dx 



+1 

/- 



Y^^-^'^dx 



-1 






1+1 



+1 



+1 



I + j G"Y^^-^Ux ^ + j G"Y^>^-^Ux 
-1 -1 



= ± 



+ 1 

^ j Q^Ydx = 0, 

-1 



where we used that the derivatives . . . , y(°) vanish for x e {+1,-1}. 

So F is contained in the orthogonal complement of P^_i in which has the 
dimension 1. In view of Theorem 2.3 it follows that 



F = const ■ C^. 

H' 



We get the constant from the equation 

const = F{1) = (-2)z^(A+ 1)^. 
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Together this yields 




y (A ' +I)^ ~ {-hV 



as claimed. 

Problem 2.5 

We have to prove that the expression 

A{x, z) := (1 - - xG^] 

vanishes identically, where G^ is defined by 



G^(x,z) := 



1 

(1 — 2xz + z‘^)^ * 



Actually we get 



" (1-2xz + ^2)a+i’ 

X ^ 4A(A + 

(1-2xZ + z2)A+2’ 

It follows that 



A ^ 2A(x - Z) 

" (1-2xz + ^2)A+i’ 

^ 4A(A + l)(a:- 2 )^ 2A 

(1 - 2 X 2 : + ^ 2)^+2 (1 - 2 X 2 : + 2 : 2 )^+! ■ 



zG^ - xGt 



-2Az2 

(1-2xz + z2)A+i’ 

2A(2A + 1)z2 



(1 - x^)G^^ + z^G"^ 



(1 - 2xz + z2)^+i ’ 



and together this yields A(x, z) = 0, as claimed. 

Problem 2.6 

By assumption we have a> The ja,k, fc G INq, are the nonnegative zeros of u. 
Moreover, 



'^{ja,k) — 0 — x(2jct^k ja,k — l) 

holds for fc G IN. We want to show that u has a zero in the interval ja,k < x < 
‘^ja^k - ja,/c-l for fc G IN. 

By the transform z = x~^~^u we get from (2.24) the differential equation 
u" + f{x)u = 0, where f{x) := [1 + (| - 
V satisfies, correspondingly, 

i;" + g{x)v = 0, where g{x) := /(x + - ja,/e)- 
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In the interval ja,k < x < 2j^^k ~ ja,k-i we get g{x) < f{x). So it follows by 
Sturm’s theorem that u has a zero in this interval. The lowest zero of this kind is 
ja,fc+i, and we get 

ja,k+l ^ja,k jcx^k~\i 

equivalently to what is claimed. 



Chapter 3 

Problem 3.1 

The multinomial coefficients are the coeffients in the expansion 



(Xi -\- X2 ... + 




Using (3.26) we get 



Problem 3.2 

From 




1 

m! 



D^(x\ + X2 ... + Xrp 






m! ' 



(Xi + X2 + ... + 

(Xi + X 2 + ... + Xr)^ ^ 
{Xi +X2 + ... -^XrY 




we obtain 




and the statement follows by a comparison of the coefficients occurring with x^ . 

Problem 3.3 

In the case m Y 2?^, n G INq, at least one component is odd, and x"^ is an odd 
function with respect to Xy. Hence the integral vanishes. Next assume m = 2n, 
n G INq, and let u \n\. We integrate the expansion 
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t,x e \ with respect to x. The integral from the left side is given by (1.26). 
In view of + • • • + = 1 we may write it in the form 



/ (t^r 

Sr-l 



dx = 27 t 2 



r(^) 




.2k 



In view of the result from above, the integral from the right side takes the form 




By a comparison of the coefficients occurring with we get now the result 
wanted. 

Problem 3.4 

It suffices to prove the formula for pairwise different xj. In this case the divided 
difference has the representation 



r r 

with empty products to be put to unity. The assertion is trivial for r = 1, and 
evident for r = 2 because of 



E- 

lm|=/i 



X^^^ - X 



Xi - X2 



M+1 



Next assume that the statement is true for r — 1 G IN. Then we get 

\m\=}i 1^=0 \ffi\=iy 

where x = (xi, . . . ,Xr_i ) ffi = {mi, . . . ^nir-i)' . We use our knowledge with 
respect to the inner sum, and obtain by some calculation 

^ a:™ = ri(2;i - ^i)- 

\m\=fi j=l ^=1 






Prom 
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we obtain 

-Y^xY‘^lf\{Xj-Xi) = - X^). 

j = l ^=1 2=1 

Inserting this result above we obtain the statement for r instead of r — 1. Mathe- 
matical induction finishes the proof. 

Problem 3.5 

To begin with, it is easy to see that if a nontrivial bivariate polynomial P{x,y) 
vanishes for y = 0 identically in x, then it can be written in the form P{x^y) = 
yQ{x,y) with a bivariate polynomial Q{x,y) of lower degree. Using affine linear 
transforms, we can generalize this result as follows. If P(x, y) vanishes on the affine 
line p(x, y) — 0, defined by the non-constant polynomial p G Pf, then P(x, y) can 
be written in the form P{x^y) = p{x^y) Q{x.y)^ where Q{x,y) is a polynomial of 
lower degree. 

Now let A, B, C be the vertices of the non-degenerating triangle £), and define 
the map L : P2 ^\d- Moreover, recall the identity 

dimP2 = dimP2(U^) + dimker(L). 

Now let P G ker(L), and let pi(x, y) = 0 be the affine line defined by the vertices A 
and B. The restriction of P to this line is a univariate polynomial, which vanishes 
on an open interval, and hence identically, i.e., on the whole line. Therefore, P 
contains pi as a factor. Likewise P contains the non-constant polynomial factors 
P 2 and p3 defined by the vertices and (7,^1, respectivly, and there exists a 
factorisation 

P = Pi P2 Pi Q, 

where Q is again a polynomial. Now we see by a comparison of the degrees that 
Q = 0 must hold, which implies P = 0 and hence ker(L) = [0]. It follows that 

dimP2 = dimP2(D), 

where the common dimension equals 6, see (3.8). In particular, there is no reduc- 
tion of the dimension, though D does not contain an interior point. 

Problem 3.6 

It is obvious that ||Mo|| = 1 holds. Next assume m 7^ 0, and put p, := \m\. \x^\ 
attains its maximum value on for |x| = 1, only, i.e., under the side-condition 
|xp — 1 = 0. Lagrange’s maximality conditions take the form 

rriyX^~^^ - A = 0, = 1 , . . . , r. 

Together with the side-condition, multiplication by x^ and addition of the resulting 
equalities yields A = px^. So 
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must hold for 1 / = 1, . . . , r at every extreme point. This implies 

Chapter 4 

Problem 4.1 

Note that 

F{x) = 

is homogeneous of degree /i. For t G 0 / x G IR^, put ^ := For u = 

1, . . . , r we obtain 







For |x| = 1, and hence for ^ G [—1, 1], we get 

AF = {l-e)f'-{r-l)U' + Kl^ + r-2)f, 

and (4.10) implies (4.11). Vice versa, (4.11) implies AF = 0 for x G S^~^. But AF 
is a homogeneous polynomial, so it must vanish identically, and (4.10) is valid. 

Problem 4.2 

We use the abbreviation K := and write ^ G [-1,1] in the form ^ = xy, 
x,y G By the reproducing property of K we get, using Cauchy’s inequality, 

KHO = K\xy) = {K{x -),K{- y)f < {K{x ■ ), K{x ■ )){K{ • y), K{ ■ y)) = K\1). 

Problem 4.3 

Let F G V. For x G S'^~^ we represent F(x) in the form 

F{x)= I F{y)K{xy)cLjiy), 

Sr-1 
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where K{xy) is the reproducing kernel ofV. By Cauchy’s inequality we obtain 
F‘^{x)< J F‘^{y)dio{y)- j K'^{xy)(L}{y) < \\F\\^ ■ Wr-i ■ K{1) = N ■ \\F\\l,. 

Sr-1 ^r-1 



Problem 4.4 

In (3.56) we replace x by and t by |x| t. Then we get 



1 

(1 - 2xt + 



M=0 |m|=^ 



for x,t e B^, |t| < 1. Note that A := ^ is positive by assumption. With the 

abbreviation := 1 — 2xt + x^t^ we get for = 1, . . . , r 



d 1 
dx^ m 
1 

(dx^)'^ 




2A 



ty Xyt 

AT^+1 ’ 

|2(A + l)(t^ - 2xyti,t^ + xl\tf^ - , 

{2(A + l)-r}. 



^\+2 

2\f 

AT^+i 



Therefore, = 0 holds if and only if A = i.e., exactly for s = —1. The 

* 

family is the unique family of its kind whose members are all harmonic. 



Problem 4.5 



In (3.63) we replace x by 
get 



X 



+ •••+2: 



2 

r+s + 1 



T 

2 



and thy [xl-i h 2 1. Then we 



1 

[(1 - Xt)2 + (^r+l H ^r+s+l)^^] ^ 



EE (^1 7 • • • 5 ^r+s+ 1 ) ^ 5 

M=0 |m|=)U 



where 



h;;: e P, 



r+s+l 



holds by definition. It is left to prove that is harmonic with respect to the 
variables xi, . . . ,Xr+s+i, and it suffices to prove this for the generating function. 
Using the abbreviations 



N := (1 - xtf + (ar2_^i + • • • + a^^+s+i) 
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and A := #, we get 



d 


1 


dXy 


N\ 


d 


1 


dxi, 


ATA 


d^ 


1 


{dx^Y 


ATA 




1 



(1 - xt)t^ 
' jV^+i 



r|2(A + 1)(1 - xt)^tf, - tlN} for n = 

^|2(A + l)a;y|t|^ — for = r + 1, . . . ,r + s + 1. 



Together this yields 

1 r+s+l 02 1 9X^2 , . 

1^=1 ^ ' 

The generating function is harmonic with respect to xi, . . . ,Xr+s+i 5 and so are 
the , and we obtain G 



Chapter 5 

Problem 5.1 

In the case \\A\\ = 0 the statement is evident. So let us assume ||i4|| > 0 in what 
follows. Then we obtain for x G X, ||x||x < 1, 

11(5 o A)x\\z = \\B{Ax)\\z = \\A\\ ■ ||5(^ • Ax'j \\z, 

where 

lllCT ’ 

It follows that 

||(5o^)x|U<P|| -11511. 

Since this holds for arbitrary x G X with ||x||x < 1, the statement is true. 

Problem 5.2 

The Bj form a basis of V. For fixed x G D, G(x, • ) has a representation 

N 

■) = ^aj{x)Bj{-) 
j=o 

with real coefficients aj{x). By the reproducing property of G(x, •) we get for 

N 

Ak{x) = {G{x, -),Ak) = 'Y^aj{x){Bj,Ak) = ak{x), 

j=0 
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and hence 



as claimed. 



N 



G{x,-) = Y.A,{x)B^{-), 

j=l 



Problem 5.3 

The Lagrange elements and the kernel functions are biorthogonal, and the state- 
ment follows from the result of Problem 5.2. 

Problem 5.4 

[ • , • ] is a positive semidefinite bilinear form, where 



N 



[F,F] = Y,FHt,) 



vanishes for F G V if and only if F{tj) = 0 holds for j = 1, . . . , F'. Since the 
tj form a fundamental system, this is equivalent to F = 0. So, [ • , • ] is an inner 
product. Moreover we get [L^, Lk] = Sj^k for j, fc = 1, . . . , A^, obviously. 

Problem 5.5 

From 

(*»)“ = E 

|m|=/x ^ ^ 

we get for arbitrary ai, . . . , ajv G IR 



N N . N N 

a,{t,tuTau=Y. 

3 = 1 k=l lm|=M ^ ^ 3 = 1 k=l 





and the matrix is positive semidefinite. Equality is valid if and only if 









= 0 



holds for \m\ = /i. This system has a nontrivial solution if and only if the nodes 
form a fundamental system, see Theorem 5.14. 

Problem 5.6 

We identify F = Lj and F* = 0. Then tj is an extreme point of F - F*, and we 
get 

(F{tj)-V*{t^)) G{tj) = 0 

for arbitrary G E Xj. In view of (5.80) the Kolmogroff criterion is satisfied, and 
we could decide this with the help of a single extreme point. 
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Problem 5.7 

Every monomial M^,, |m| = /i, m ^ /iei, vanishes at ei, which is an extreme point 
of M^ei • So the statement follows by the Criterion of Kolmogoroff. 

Problem 5.8 

Because of the assumptions on D, we may define F G C(D) for F G C(D) by 
E(. . . , Xj , . . .) . E(. . . , — Xj , . . 

The condition on V can be written in the form 

V 3 V implies F G V. 

Now assume that F G C{D) satisfies F = (-l)^E for some e G { 0 , 1 }, such that 

F = i(F + (-l)^F), 

and let F be a best approximation to F in V. Then the following inequalities are 
valid, 

\\F-V\\ < ||F-i(T + (-irt^)|| = ||i(F-T) + i(-ir(F-f)|| 

< l\\F-V\\ + l\\F-V\\ = ||F-T||. 

So, equality must hold everywhere. In particular the element W eY defined by 
W (— is a best approximation to F. It satisfies 

w = ^{VF i-iyv) = {-lYiiv + i-iyv) = (-i)w, 

and the problem is solved. 

Problem 5.9 

By the result of Problem 5.8 a best approximation to M2,i,i in P3 exists which 
is even in xi, and odd in X2 and in X3. So it must have the form CX2X3, c G IR, 
and we have to determine c such that the norm on of the polynomial F{x) = 
(xf - c)x2X3 attains its minimum value with respect to c. 

First let us determine this norm for fixed c. It is easy to see that if F has a relative 
extremum at an interior point x G then F(x) = 0 must hold. Therefore |F| 
attains its absolute maximum value on the surface S^. 

Under the restriction xf + x| + X3 = 1 we get 

F{x) ^ /(X2, X3) := (1 - c - X2 - xj)x2X3, 

and we have to determine the extreme points of / on the disk x| + X3 < 1. An 
inner point furnishes a relative extremum /(x2, X3) 7^ 0 only under the conditions 
-1 < c < +1 and X2 = X3 = where the value of |/| is 

|/(X 2 ,X 3 )| = 1(1- C)^ 
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On the border x^i- = 1 we have |/(x2,o:3)| == |c||x3|y^l - X3, and it is easy to 
see that the maximum of this function is given by ^|c|. Together we obtain 

f max{-l|i, for -l<c<l, 

\\F\\ = ^ ^ ^ ^ 

y ^ for |c| > 1. 

The right side attains its minimum value for c = 3 — \/8. The remaining follows 
immediately. 

Problem 5.10 

For z/ G {1, we get 

7T 2tT 

= j y(sinz^^)^ • P^‘')(cosV’) d4>di> 

0 0 

7T 

= 7T y* (sinV^)^^“^^ P^'^^(cos^) 

0 

where 

see (2.10). Putting r := 2z/ + 3, we obtain 

7T 

\\SixA\l = 7T ■ [{2iy - ly.lf ■ j C^(cosV’) 

0 

= • [(2i^- 1)!!]2 . f [(7^(tx)j doj{x) 

Ur-2 -I 

5r-l 

with an arbitrary t G 5^“^, see (1.27). Because of (4.13) it follows that 

1IVII2 



= 7T ■ — ■ [(2i/ - 1)!!]2 . 



2(/i — z/) + r - 2 



Cnluit ^) Gu-Atx)dio{x) 






where we used (1.8) and the reproducing property of Finally we get with 
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the help of (2.13) 



Mi = 






fl — v 



{v+\)(v-\)---\n^ 2p+i (i)^_, 

27T {p + u)\ 



2p + l (p-i/)!’ 

Moreover, we obtain 

7T 27T 



I|C'a«^II 2 = j j{cosu(f>f ■ {sinipf''^'^ P^‘'\cos7p) 
0 0 



d(j)dxfj 



7T 

7T J (sint/))^'"”'"^ 



p(‘^)(cosV’) # = llVIli 



For 1 / = 0 we get by similar arguments 

\K,o\\l 



47T 

2/i -f- 1 



Chapter 6 

Problem 6.1 

Without restriction of generality we may assume to = ei. Then the nodes are given 



by 



to- 



cos (/)j 
sin (bn 



? YJ 



(f)j 



27Tj 
2/i H~ 1 



for j = 0, 1, . . . 2/i. Now let F G IP^^, and put 

f{(f)) := F(cos(/^,sin(/)). 

Then / is a trigonometric polynomial of degree 2/i, and in view of 



2tv 



it suffices to prove that 



j F{x)(hj{x) = j f{(j))d(j) 



7 2m 
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holds for all / G {l,sin0,cos</), . . . ,sin2/i(/),cos2/i</)}. For f = I this is evident. 
For the remaining functions, the integral on the left side vanishes, and it suffices 
to prove that the right side vanishes for the functions 

ek{(j)) := cos k(j) -\- i sin kef) = k G 2//}. 

But actually we get 

2 m 2 m -j 

- l) • (e^fr _ =0, 

j =0 j =0 

and the quadrature formula holds as claimed. 

Problem 6.2 

It suffices to prove the formula for the Chebyshev polynomials k = 0, 1, . . ., 

2jU + 1. 

For To it is obvious. For Tk^ k e {l,..., 2/i + l}, the integral vanishes, so it suffices 
to prove the same for the right side. But, actually, we get 









i/=0 






r k-Fi Jewi "I f kiri ~ 1 1 

= 0 . 






kni __ kiri 

g 2 ^~ F 2 — ^ 2^-|-2 



Problem 6.3 



The unit points ei, . . . in are the vertices of the regular simplex E^, 

which is contained in the hyperplane H := {x G I ex = 1}, e Cl + • • -+67^4.1. 

The point • e is the center of this simplex, and the vertices have the distance 



a := \ 6 j 



1 I 
r+l ' 




from it. So the points 



1 . 1 . 
tj . — ( e T ~ e j , 

^ r + 1 ^ 



j = 1, . . . , r + 1, are the vertices of a regular simplex contained in Hf]S^, which 
is a unit sphere S'^~^ by a proper identification. It is easy to see that 






{ 



1 

1 

r 



, if j, 
, if 



holds for j,k = 1 , 



r H- 1. 
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The reproducing kernel of lPi(S^ is given by 
This implies 

for j, fc = 1, . . . ,r + 1. In view of dimPi(5^“^) = r + 1, it follows now from 
Corollary 5.34 that support a Gaufi quadrature. It is exact of the 

degree 2. 

Problem 6.4 

For r > 2, the content of a spherical cap C(x, 0), x G S^~^, 0 < </> < tt, is given by 



\C{x,ct>)\ = I 1 • du{t) 

tx>cos 4> 



id'} — 2 



0 

J dip. 



0 



This implies 



0 

\C{x,<j))\ < UJr-2 j dip 
0 



From below we get the estimate 



r - 1 



0 

\C{x^(p)\ > UJr -2 [ {sin ipY~^ COS Ip dip = • {sin (pY~^- 

J r - 1 

0 



Both together yield 



UJr 






r—1 



as 



0 + . 



\C{x,cP)\ 



r — 1 
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Problem 6.5 

Using well-known trigonometric formulas, we obtain 
1 



7 -— ^ ( sin(i/ + 1)0 -h sin ucf)) 



sin0 



1^=0 



2 A , ,0 0 

^ — 7 > sm(2i/ -h 1) ^ • cos - 

sin0A 2 2 






sm 



2 (f> 



2^sm(z/-h -)0-sm- 



1 



2 i/=0 



O • 2 ^ (cos //(/.- cos(i/ + !)(/)) 
2sm f 



^1 - cos(;U + 1 ) 0 ) = 



2 sin^ I 



_ 


sin(/i + l)f 




sm f J 



Chapter 7 



Problem 7.1 



Let r G IN, and let Z = circ(0, 1, 0, . . . , 0) be the circulant (r + 1) x (r + 1) basic 
matrix. The eigenvalues of the (r + 1) x (r + l)-matrix 



/ 1 
E : 

V 1 



1 \ 

: = I + Z + Z2 + • ■ • + =; f(Z) 

1 



axe given by f{u>), where = 1. This yields 



spec(E) = {0, r + 1}. 

Now we use that the fundamental matrix can be written in the form 
see Section 7.3, Example (D). It follows that 

spec[r\\t,.U)) = T^f + l.r} = ^ + 



see (1.8). 
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Problem 7.2 

In view of the result of Problem 7.1, the minimum eigenvalue of the fundamental 
matrix is 

_ r + 1 

^min — • 

Ur 

Besides we get from (7.20) for x e 



rl'yx,x) = + rp\2x^ - 1 )} < rp\i), 



where 

r[+i(i) = = — dimpr+i = 

Ur Ur 

Now we use Theorem 5.17, and obtain 



r+l 






< 



r + 2 

Ur 



Ur 

r + l 



r + 2 
r + l 



for arbitrary x E B^. 

Problem 7.3 

Let ti, . . . , tr+i ^ S'^~^ be the vertices of a regular simplex, and assume Li, . . ., 
Lr-\-i G Fi(lR^) are the corresponding Lagrange elements. Since tjtk = —^ holds 
for A: ^ j, see Problem 6.3, we get 

Together with t\ + h tr+i = 0, this yields 

f r+l 

= J+WV E(<ja:)2+r + l}. 
j=i ^=1 

The maximum value is attained under the side condition — 1 = 0. The corre- 
sponding Lagrange condition is given by 

r+l 

Y^{tjx)tj = X-x, 



and implies 



r+l 



for fc = 1, . . . , r + 1. Therefore, A is an eigenvalue of the matrix 



{tjtk) = (l + +I-iE. 
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The spectrum of E is known from Problem 7.1. It follows that 

spec(^tjtk^ = {0,1 + i}. 

On the other side we obtain 

r+l 

= A, 
i=i 

where A = 0 is definitely does not furnish the maximum value. Therefore, 

r+1 

= 1+1 

j=l 



must be valid, and since x is a maximum point, this yields 

r+1 



max 






= 1 , 



as claimed. 

Problem 7.4 

See characterisation {ii) of Gaufi quadratures in Theorem 6.16. 

Chapter 8 

Problem 8.1 

Let G{a^t) := {TZoF){a^t) for (a, t) G Z^. Using formula (8.1) we get 

G{a,t) = J - \v - {a ~ at) dv . 

V±t 

By the substitution v = u + a — {at)t it follows that 

G(cr, t) = f (p^ - [u^ -h (a - at)^]) ^ du. 

u±t 

Apparently we obtain 



G(cr, t) = 0 for \a — at\ > p. 

So we may assume \cr - at\ < p in what follows. Then we get by the substitution 
u = • X, 

G(a,t)= j (1 -x^)“ da:’ - (cr-at)^)"'^~, 

X±t 
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Appendix E. Solutions 



with the constant 



j = j (l-x^)^dx 

x±t 

1 

= ujr-2 j (I -err^d^ 



= iwr_2/(l - d?7 = ^UJr-2B{a + l,^). 

0 

Using (1.4) and (1.8), again, we get the final result 
G{a, i) = 
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